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UNITARY REPRESENTATIONS OF THE
GROUP 𝐺𝐿(3, 𝑅) OF REAL NONSINGULAR
MATRICES OF THIRD ORDER
(Presented by Academician P. S. Aleksandrov, 11 XII 1965)

In this note all irreducible unitary representations of the group 𝐺𝐿(3, 𝑅) are
listed.

Consider the subgroup 𝐾 ⊂ 𝐺𝐿(3, 𝑅) of matrices ‖𝑎𝑖𝑗‖ (𝑖 = 1, 2, 3) with the
condition 𝑎31 = 𝑎32 = 0. For a matrix 𝑘 ∈ 𝐾, denote by 𝐴(𝑘) the diagonal block
of size 2 × 2 situated in the left upper corner. Suppose that a representation of
the subgroup 𝐾 has the form

𝑘 → |𝑎33|𝑖𝜌 sgn𝜀(𝑎33)𝑇𝐴(𝑘), (1)

where 𝑘 ∈ 𝐾; 𝜌 is a real number; the index 𝜀 = 0, 1; 𝑇𝐴(𝑘) is any irreducible
unitary representation of the group 𝐺𝐿(3, 𝑅).
Theorem 1. Every irreducible unitary representation of the group 𝐺𝐿(3, 𝑅)
is either one-dimensional or equivalent to a representation induced from the
stationary subgroup 𝐾 and an inducing representation of the form (1).

For the classification of all representations of the group 𝐺𝐿(3, 𝑅), it remains
to indicate which of the representations appearing in Theorem 1 are equivalent.
We first list all irreducible unitary representations of the group 𝐺𝐿(2, 𝑅). This
is easy to do, knowing all representations of the unimodular group 𝑆𝐿(2, 𝑅),
found by Bargmann (1). It turns out that there exist 4 series of irreducible
unitary representations of the group 𝐺𝐿(2, 𝑅).
I. The continuous series is realized in 𝐿2(−∞, ∞):

𝑇( 𝑎 𝑏
𝑐 𝑑 )𝑓(𝑥) = 𝑓 (𝑎𝑥 + 𝑐

𝑏𝑥 + 𝑑 ) ∣ 𝑏𝑥 + 𝑑
𝑎𝑑 − 𝑏𝑐 ∣

−1+𝑖𝜌1

sgn𝜀1 ( 𝑏𝑥 + 𝑑
𝑎𝑑 − 𝑏𝑐 ) |𝑎𝑑−𝑏𝑐|𝑖𝜌2 sgn𝜀2(𝑎𝑑−𝑏𝑐).

sovietrxiv.org/items/ru-196601.99873 Machine Translation

https://sovietrxiv.org/items/ru-196601.99873


II. The discrete series is realized in the space ℋ𝑠 (𝑠 = 1, 2, 3, …) of functions
analytic in the upper and lower half-planes separately, with the condition
𝜑 ∈ ℋ𝑠 if

∫ |𝜑(𝑧)|2| Im 𝑧|𝑠−1 𝑑𝑧 𝑑 ̄𝑧 < ∞,

𝑇( 𝑎 𝑏
𝑐 𝑑 )𝑓(𝑧) = 𝑓 (𝑎𝑧 + 𝑐

𝑏𝑧 + 𝑑 ) ( 𝑏𝑧 + 𝑑
𝑎𝑑 − 𝑏𝑐 )

−𝑠−1
|𝑎𝑑 − 𝑏𝑐|𝑖𝜌.

III. The supplementary series is realized in the space 𝐿𝑠 (0 < 𝑠 < 1) of func-
tions on the line with scalar product defined by the kernel |𝑥1 − 𝑥2|𝑠−1:

𝑇( 𝑎 𝑏
𝑐 𝑑 )𝑓(𝑥) = 𝑓 (𝑎𝑥 + 𝑐

𝑏𝑥 + 𝑑 ) ( 𝑏𝑥 + 𝑑
𝑎𝑑 − 𝑏𝑐 )

−𝑠−1
|𝑎𝑑 − 𝑏𝑐|𝑖𝜌 sgn𝜀(𝑎𝑑 − 𝑏𝑐).

IV. The degenerate series consists of one-dimensional representations:

𝑇( 𝑎 𝑏
𝑐 𝑑 ) = |𝑎𝑑 − 𝑏𝑐|𝑖𝜌 sgn𝜀(𝑎𝑑 − 𝑏𝑐).

Representations of the group 𝐺𝐿(3, 𝑅) obtained from representations of types
I–IV will be called, respectively, the continuous, discrete, supplementary,
and degenerate series.

In the case of the continuous series, the representation of the subgroup 𝐾 itself
is induced by a unitary representation of the subgroup 𝐾0 ⊂ 𝐾, consisting of
upper triangular matrices. For this reason the representation of the continuous
series of the group 𝐺𝐿(3, 𝑅) is also induced by a unitary representation of 𝐾0.
The inducing representation will be one-dimensional, of the form

𝑘0 →
3

∏
𝑖=1

|𝑎𝑖𝑖|𝜌𝑖 sgn𝜀𝑖(𝑎𝑖𝑖), 𝑘0 ∈ 𝐾0. (2)

Theorem 2. Among the induced representations of the group 𝐺𝐿(3, 𝑅) listed
above, equivalence occurs only among representations of the continuous series.
Let two representations of the subgroup 𝐾0 be given by the sets (𝜌𝑖)(𝜀𝑖) and
(𝜌′

𝑖)(𝜀′
𝑖), respectively (𝑖 = 1, 2, 3; see (2)). Then the representations of the group

𝐺𝐿(3, 𝑅) induced by them are equivalent if and only if the sets (𝜌′
𝑖) and (𝜀′

𝑖)
are obtained from the sets (𝜌𝑖) and (𝜀𝑖), respectively, by one and the same
permutation.

The method we use for finding all representations is based on a theorem of
A. A. Kirillov (2), according to which the restriction of an irreducible unitary
representation of the group 𝐺𝐿(3, 𝑅) to the subgroup 𝐾 remains irreducible.
All representations of the subgroup 𝐾 and the corresponding representations of
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the Lie algebra 𝐾 are considered. From the commutation relations one finds the
Lie operators of the missing one-parameter subgroups. The main difficulty here
lies in the fact that, a priori, the Gårding space or any other natural domain of
definition of the Lie operators for the group 𝐺𝐿(3, 𝑅) is not known in advance.
One device that makes it possible to overcome this difficulty consists in studying,
among the missing Lie operators, the one that corresponds to a compact one-
parameter subgroup. For this operator it turned out to be possible to find all
self-adjoint extensions to which a representation of 𝐺𝐿(3, 𝑅) may correspond.

We note that only the continuous and discrete series enter the Plancherel formula
found by B. D. Romm (3). (In his work these series are given for the unimodular
group and are denoted by 𝑑0 and 𝑑1, respectively; moreover, for the cases 𝑑1
with 𝜀 = 0 and 𝜀 = 1 (formula (1) of (3)) the representations are equivalent.)
These basic series were first indicated by I. M. Gelfand and M. I. Graev in (4).
In conclusion I express my gratitude to Prof. A. A. Kirillov for his constant
attention and advice in solving this problem.
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