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A. I. DOKSHEVICH

ON A PARTICULAR SOLUTION OF THE
PROBLEM OF THE ROTATION OF A HEAVY
RIGID BODY ABOUT A FIXED POINT
(Presented by Academician P. Ya. Kochina on 19 VII 1965)

The equations of the problem of the rotation of a heavy rigid body about a fixed
point, in the notation of [1], have the form

̇𝑥 = (𝑎2 − 𝑎1)𝑦𝑧 + (𝑏2𝑦 − 𝑏1𝑧)𝑥,
̇𝑦 = (𝑎 − 𝑎2)𝑧𝑥 + (𝑏1𝑦 + 𝑏2𝑧)𝑧 − 𝑏2𝑥2 − 𝛾3,
̇𝑧 = (𝑎1 − 𝑎)𝑥𝑦 − (𝑏1𝑦 + 𝑏2𝑧)𝑦 + 𝑏1𝑥2 + 𝛾2,

̇𝛾1 = 𝛾2𝜔3 − 𝛾3𝜔2, ̇𝛾2 = 𝛾3𝜔1 − 𝛾1𝜔3, ̇𝛾3 = 𝛾1𝜔2 − 𝛾2𝜔1,

(1)

where

𝜔1 = 𝑎𝑥 + 𝑏1𝑦 + 𝑏2𝑧, 𝜔2 = 𝑎1𝑦 + 𝑏1𝑥, 𝜔3 = 𝑎2𝑧 + 𝑏2𝑥.

The known integrals of these equations are

1
2 (𝑎𝑥2 + 𝑎1𝑦2 + 𝑎2𝑧2) + (𝑏1𝑦 + 𝑏2𝑧)𝑥 − 𝛾1 = ℎ,

𝛾1𝑥 + 𝛾2𝑦 + 𝛾3𝑧 = 𝑚,
𝛾2

1 + 𝛾2
2 + 𝛾2

3 = 𝑒2.
(2)

Let the center of gravity of the body lie on the perpendicular to the circular
section of the gyration ellipsoid:

𝑎2 − 𝑎1 = 0, 𝑏2 = 0.

We assume that the initial value of the variable 𝑥 is different from zero and that
𝑏1 ≠ 0, as a result of which the conditions under which the Hess and Lagrange
solutions occur are not fulfilled. Under these assumptions, equations (1) and
the integrals (2) can be written as follows:
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𝑑𝑥/𝑑𝜏 = −𝑧𝑥,
𝑑𝑦/𝑑𝜏 = (𝑎0 − 𝑏0)𝑧𝑥 + 𝑧𝑦 − 𝛾,
𝑑𝑧/𝑑𝜏 = (𝑏0 − 𝑎0)𝑥𝑦 − 𝑦2 + 𝑥2 + 𝛽,
𝑑𝛼/𝑑𝜏 = −𝛾(𝑏0𝑦 + 𝑥) + 𝑏0𝛽𝑧,
𝑑𝛽/𝑑𝜏 = 𝛾(𝑎0𝑥 + 𝑦) − 𝑏0𝛼𝑧,
𝑑𝛾/𝑑𝜏 = 𝛼(𝑏0𝑦 + 𝑥) − 𝛽(𝑎0𝑥 + 𝑦);

(3)

1
2 (𝑎𝑥2 + 𝑎1𝑦2 + 𝑎2𝑧2) + (𝑏1𝑦 + 𝑏2𝑧)𝑥 − 𝛾1 = ℎ0,

𝛼𝑥 + 𝛽𝑦 + 𝛾𝑧 = 𝑚0, 𝛼2 + 𝛽2 + 𝛾2 = 𝑙20, (4)

where

𝜏 = 𝑏1𝑡, 𝛼 = 𝛾1/𝑏1, 𝛽 = 𝛾2/𝑏1, 𝛾 = 𝛾3/𝑏1, 𝑎0 = 𝑎/𝑏1,

𝑏0 = 𝑎1/𝑏1 = 𝑎2/𝑏1.

The system (3) admits the particular solution

𝑦 = 𝑦1𝑥 + 𝑦2𝑥−1, 𝑧2 = 𝑟1𝑥2 + 𝑟2𝑥−2 + 𝑟0,

𝛼 = 𝛼0 + 𝛼1𝑥2, 𝛽 = 𝛽0 + 𝛽1𝑥2, 𝛾 = 𝛾0𝑥𝑧.

The dependence of the variables of the problem on time is determined by means
of the equation

𝑑𝑥/𝑑𝑡 = −𝑧𝑥,

which can be transformed to the form

(𝑑𝑥/𝑑𝑡)2 = −𝑟1𝑏2
1(𝑥2

1 − 𝑥2)(𝑥2 − 𝑥2
2).

The constants 𝑦1, 𝑦2, 𝑟1, 𝑟2, 𝑟0, 𝛼0, 𝛼1, 𝛽0, 𝛽1, 𝛾0, 𝑥2
1, 𝑥2

2 are expressed in terms of
the parameters 𝑎0, 𝑏0 as follows:

3𝑦1 = 𝑏0 − 2𝑎0 + 𝛿, 𝛿 = ±√𝑎2
0 − 𝑎0𝑏0 + 𝑏2

0 + 3,

3𝛾0 = −(𝑎0 + 𝑏0) + 2𝛿, 𝛼0 = ±𝑙0, 𝛽0 = 𝑏0𝛼0,
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(4 + 𝑏2
0)𝛼1 = 𝛾0(3𝑏0𝑦1 + 𝑎0𝑏0 + 2),

(4 + 𝑏2
0)𝛽1 = 𝛾0[(𝑏2

0 − 2)𝑦1 + 𝑏0 − 2𝑎0],

𝑦2 = 𝛽0
𝛾0

, 𝑟1 = − 1
𝛾2

0
(𝛼2

1 + 𝛽2
1), 𝑟0 = − 2

𝛾2
0

(𝛼0𝛼1 + 𝛽0𝛽1), 𝑟2 = −𝛽2
0

𝛾2
0

,

𝑥2
1 = 1

2𝑟1
(−𝑟0 + √𝑟2

0 − 4𝑟1𝑟2) , 𝑥2
2 = 1

2𝑟1
(−𝑟0 − √𝑟2

0 − 4𝑟1𝑟2) .

The signs of these constants, except for 𝑦1, can be determined from the inequal-
ities

𝛿𝑏0 < 0, 𝛿𝛾0 > 0, 𝑏0𝛼1 > 0, 𝑏0𝛼0 < 0,

𝛽0 < 0, 𝛽1 > 0, 𝑟1 < 0, 𝑟2 < 0, 𝑟0 > 0, 𝑏0𝑦2 > 0.
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