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1. In the paper (1) of Zygmund and Calderén, estimates are given for singular
integrals of the form

lim k(x —y)f(y) dy,

e—0 lz—y|>e

where k(x) is a homogeneous function of degree —n, satisfying Dini’ s
condition on the sphere S{z; |z| = 1} and with zero mean value on this
sphere. The kernel k(x) is written in the form

k(x) = k(z/|z)/le* = k(u)/r",  weS;

it is isotropic in the sense that the character of its decrease in any direction
is one and the same. This property is not possessed by singular kernels
arising in the differentiation of elementary solutions of quasi-elliptic equa-
tions. As a simple example of an anisotropic singular kernel for n = 2, the
function

k(w,y) = y/(@® + /" + 4)/2 1)

may serve.

In the present paper we use a certain generalization of the concept of homogene-
ity of a function (see Definition 1). For a function k(z) homogeneous in the
generalized sense of degree —n, a regularization process is constructed for the
convolution kx* f, and it is proved that the operator K : f — k=« f arising in this
way is bounded in L,. The resulting Theorem 1 generalizes the corresponding
result of Zygmund-Calderén (1) to the case of anisotropic kernels of a definite
form. The concluding theorems also make it possible to treat nonhomogeneous
kernels and other regularization methods. Similar questions were considered in

(24,
2. Definition 1. Let a vector a = (ay,...,a,),a; >0,j=1,...,n, Z;;l a; =
n, be given. A single-valued function k(z) = k(z4, ..., x,,), defined in the
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n-dimensional space E,,, is called an a-homogeneous function of degree m
if

kE(t*z) = k(t"zq, ..., t%x,) = t"k(zx)
for every t > 0. For example, the function (1) is a-homogeneous of degree
—2,a=1(2/3,4/3).

Theorem 1. Let the a-homogeneous function k(x) of degree —n satisfy the

conditions .
/ k(z)) a;a?dS =0, (2)
s j=1
' ()
k(z) — k()| <w(lz—yl), zyeS, / A0 4t < oo 3)
0

Then the operator K_, defined by the formula

Kf= [, . He=u)fw)dy,
M Lﬁj’—n

is bounded in L, 1 < p < oo, i.e.

1K1z, < I, (4)

where the constant ¢ does not depend on €. Moreover, in the sense of convergence
in L, we have

lim K, f = Kf, (5)
e—0

and the operator K thus defined is bounded in L,,.

We note that for a; = -~ = a,, = 1 the theorem just formulated becomes the
Zygmund-Calderén theorem from (). The theorem is applicable to the kernel
k(x,y) of example (1).

3. We outline the method and the scheme of the proof of Theorem 1.

Definition 2. An a-homogeneous function n(z) of the first degree, positive and
continuous for x # 0, is called the n-distance of the point x from the origin.

Definition 3. The line £ defined by the equations z; = u;lt’, j=1,...,n,
where the numbers u, ..., u,, are fixed and the parameter ¢ varies from 0 to oo,

will be called the a-trajectory passing through the point w.

Between the points of the unit level surface S} of the 7-distance, determined
by the equation n(z) = 1, and all possible a-trajectories there is a one-to-one
correspondence established by the formulas z; = un®, j = 1,..,n, u € ST
These formulas give the passage from Cartesian coordinates to “n-spherical
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coordinates” (n,u). In our considerations the following n-distances were used:
1) my(z) = m(w) = max;{|z;[*}, a; = 1/a;; ST coincides with the surface of
the unit cube, the inequality m(x) < t defines the parallelepiped II,{z; |z;| <
t%, j=1,...,n} 2) ny(x) = p(x), where the positive function p(x) is defined
implicitly by the equation

n
d_wi/et =1
1

S? = S coincides with the unit sphere, and the inequality p(z) < t defines the
ellipsoid

&, {x;Zx?/t%J < 1} .
1

We note that in p-spherical coordinates an a-homogeneous function is written
in the form

k(x) =k(z/p™,...,x,/p%)/p"(x) = k(u)/p", w€ES.

The function k(z,/p™ (z),...,x, /p (x)) is a-homogeneous of degree zero; it is
determined by its values on the unit sphere and is constant along each trajectory.
We shall call k(u) the characteristic.

The passage from integration in Cartesian coordinates to integration in
p-spherical coordinates is effected by the formula

/f(x)da::/f(ulpal,...,unp“")Zaju?p"_l dpdsS.
=1

In proving Theorem 1 we follow the scheme of Hérmander (%), replacing homo-
geneity by a-homogeneity and spherical coordinates by p-spherical coordinates.
We also make essential use of the interpolation theorem given by Krein in the

paper (3).*

A. The truncated kernel k_(x) is considered; it coincides with k(x) for p(z) >
€ >0, is equal to zero for p(x) < ¢, and it is established that there exist—

* We formulate it below in the form needed.

there exist constants NV > 1 and ¢, independent of ¢, such that for any ¢t > 0

/ kol —y) — k(@) dz <c ifn(y) <t (6)
m(x)>Nt
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Here one has to prove that if z; = u;p%, —y; = v;7%, u,v € S, then
lu —v| < c(t/p)™®i %, and to mtroduce condltlon (3).

B. Using inequality (6) and condition (2), in the usual way ® we obtain an
estimate for the Fourier transform lﬂfs()\) of the truncated kernel: |k )| < ¢,
where ¢ is independent of €. It follows from this that the convolution k, * f is
a bounded operator in L.

C. The above-mentioned interpolation theorem of Krée states that if, for a
locally summable kernel h, property (6) is satisfied and the convolution h * f
is bounded in some L, ([h * f||Lp0 < ch||Lp0, 1 < py < 00), then ||k flo, <
MC||f||Lp, 1 < p < o0, where M does not depend on h. In our case h = k_ and
Po = 2. Assertion (4) is thus proved.

D. Passing to the limit as ¢ — 0, we obtain (5). Let us explain the role of

condition (2). On the basis of the relation Z:E()\) lﬂcl(s‘l/\), we write

~ ~ 1 .
kl()\) — kl(Ea)\) = W /< o1 k(x)eil)\w dx =
e<p

/k: Za 2 du/ exp [—3, Ajuye®] dp

p

Consequently,

o - 1
lim [k (A) — by (0)] = W / )> agu? du.

Letting ¢ tend to 0, we find that if & is a bounded function, then (2) is necessarily
satisfied. We proceed further in the standard way ().

4. The following theorem generalizes the theorem of Lewis announced in (4
(p. 548).

Theorem 2. Let the function k(z) be locally summable in E, — {0}, and let
there exist constants IV and C' such that:

I

/ bz — y) — k(z)| do < ¢ ifw(y) <t 0<t< oo
(z)>Nt

II.

/ |k(x)|dz <e¢, 0<t<oo.
t<m(x)<Nt
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Suppose, moreover, that there exists an increasing family of domains M, such
that I, C M, C Il ,, for which, for any t,,t,, 0 < t; < t, < o0,

III.

/ k(xz)dz = 0.
M,, M,

If k., () coincides with k(z) for x € M, — M, and is equal to zero for x ¢
M, — M, then:

1) |k.,| < MC, where M does not depend on k_,,.

evl

2) The operator K, of convolution with the kernel k., is bounded in L,;
lim, 5 00 K., f = K[ exists in the sense of convergence in p-mean on
every compact set, and the operator K thus defined is bounded in L,
1<p<oo.

Proof. Consider the family of functions

k) () = s"k(sM @y, ..., s%2,), 0<s<o0.
Fix s and put z; = 2/s%. For

under this mapping II, goes into /s, Hpy into My, M, into MSL Although
the domains M (TS> do not coincide with M, nevertheless the inclusions II. C

M(TS) C Iy, 0 < 7 < o0, are valid. A simple calculation shows that the
function k(*)(x) satisfies conditions I, IT of Theorem 2 and condition III with

M, replaced by M 2
For any fixed ¢, v, and A # 0, we have

~ 1 ) 1 N

Lk o(\) = k 71)\acd — —i(Nx )k(s) N dx'

EV( ) (271_)71/2 /JVI Y (x)e €z (27’()”/2 4(5/) 7]1/[(5/) € (l‘) €T,
(7)

where M = (A5, ..., A\, 5% ). Choose s so that || =1. If v/s =" <1, then,
using condition III, we write

bl = oy

/ (s) ( >(eii(z//\/) - 1>k(5> (I/) dl'/
M =M

< / 2| [K9) (") dr.
M(S/J

Hence we obtain |Z:€l,()\)| < MC. Next let ¢/s = ¢’ > 1. Denote (k¥)_,,, =

gV

kis,z,,; by equality (7) we have k_,(\) = %SL,. The relation is obvious
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AV ~(s ’ ]. —i w/ ’ < ) / s ’ ’
(X = RS, V) = Gy [ e I @ =)~k ) o
E

n

Hence, relying on I, I and since |\’| = 1, we obtain the estimate |kSZ/(X)\
MC. Finally, in the case when ¢ < s < v, we use the equality TCEV = %88 +k
Assertion 1) is proved.

Now we draw the conclusion about the boundedness of the operator K_, f =
k., = f in Lo, verify the fulfillment (uniformly in €,) of the conditions of the
theorem for the function k_,, use the interpolation theorem, and carry out the
passage to the limit as ¢ — 0, v — oco. We obtain assertion 2).

5. With the help of Theorem 2 one can indicate other (different from trun-
cation) methods of regularizing the convolution & x f.

Theorem 3. Let a function k(x), satisfying the conditions of Theorem 2,
be uniformly approzimated on each compact subset of E, — {0} as o0 — 0 by
locally summable functions k(x,0). If, for each o, the function k(x,o) satisfies
conditions I and II (where the choice of C and N does not depend on o) and
condition III (with domains MY, for which M¢ = M, for large t and II, C
MG C Iy, ). Then, in the sense of convergence in the p-mean on every compact
set,

o—0

lim / k(e —y.0)f(y) dy = Kf
E

n

and the operator K is bounded in L,, 1 <p < oo.
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