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§1. Let a doubly connected domain D be fixed, containing the point z = 0 and
bounded by the unit circle C; and a radial slit I' with endpoints at the points
z=¢qyand z =p, (0 < gy < py < 1). By J denote the class of schlicht conformal
mappings of the domain D onto the unit disk, taking the point z =0 to w =10
and the circle C; onto the outer boundary of the image. Let ¢ > 0, and let
J,. denote the subclass of the class J consisting of mappings f(z) satisfying the
condition |f’(0)] = ¢. By fy(z) denote the mapping in the class J that maps
C, onto itself and I" onto a circular arc I'j with center at the point w = 0 and
midpoint on the positive real axis. The angular measure of the arc I'y will be
denoted by 26,. Also denote |f;(0)] = ¢,. For f € J, by p(f) and ¢(f) denote,
respectively, the maximum and minimum of the quantity |w| for w € f(T).

§2. We state the results of the investigation of the problems of max p(f) and
min g(f) in the classes J, for various ¢ > 0.

It is known (12) that for ¢ > ¢, the classes J, are empty and that the class Jey
consists of mappings of the form f(z) = €% f,(2) (0 real).

The solution of the problems formulated above for the class .J; is a consequence
of our previous results (*4).

Theorem 1. The problems of maxp(f) and minq(f) in the class J; are solved
by the functions f(z) = ez (0 a real number), and only by them.

The case ¢ € (0,1) is formulated in terms of the function yu,(z), which satisfies
the conditions p,.(0) = 0, u,(0) = ¢, and maps the unit disk K schlichtly and
conformally onto the domain obtained from K by making a radial slit adjacent
to the point w = 1.

Theorem 2. Forc € (0,1), in the class J. the problem of max p(f) is solved by
the functions f(z) = €*u.(—z), while the problem of minq(f) is solved by the
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functions f(z) = e (2), and only by them.

In the case ¢ = (1, ¢y), the extremal mappings have another qualitative character,
and the solution is connected with an essential use of the theory of the quadratic
differential and the general Jenkins theorem on coefficients (°). First one must
describe the classes of extremals; moreover, we shall do this only for the problem
of maxp(f) (see the lemma and Theorems 3-5).

Let

Jiew= U o

c=(1,¢o)

If the numbers a and b are such that 0 < |a| < |b] < 1, then by J%® denote
the class of mappings f € J<1’CO> for each of which the domain f(D) does not
contain the point w = b and is admissible in the unit disk K with respect to
the positive (in K) quadratic differential (for terminology see (%))

(w—a)(w—1/a)

a,b w dw2 = — = du}2.
e w) w?(w —b)(w—1/b)
We also denote
JO= | I Jet=JonJet T =J,nJ%
a,b
(0<|al<|b|<1)

Theorem 3. On the interval (1,¢,) there exist two positive functions (of ¢)
a(c) and b(c) such that a(c) < b(c) < 1, and the class J&€be) s nonempty
for every ¢ € (1,¢y). The functions a(c) and b(c) are uniquely determined by
the domain D, and the classes J¢ (©):5() are unique in the following sense: if, for
some values a,b, and ¢, the class Jg’b is nonempty, then it necessarily follows
that arga = argh, |a| = a(c), |b] = b(c), and, moreover, if f € J%° then
e"tarBaf(y) ¢ JE - The functions a(c) and b(c) are continuous on the
interval (1,¢,), and the second of them is strictly decreasing.

Lemma. Let 0 < a < b < 1. Then the quadratic differential Q%°(w)dw?
is positive in the unit disk K and has no critical points there other than the
points w = 0, w = a, and w = b. One of the trajectories (denote it by T) is
the interval (a,b); one of the trajectories (denote it by Tj) closes at the point
w = a. The set K\ (T'UT) consists of one circular domain (containing the point
w = 0) and one annular domain (whose outer boundary is the unit circle). Each
of the trajectories in the circular and annular domains, and the closure of the
trajectory 1}, are Jordan curves lying entirely in K, enclosing the point w = 0,
and starlike with respect to it; moreover, if p = p(¢) is the polar equation of any
such trajectory (in the natural polar coordinate system in the w-plane), then

sovietrxiv.org/items/ru-196601.96386 Machine Translation


https://sovietrxiv.org/items/ru-196601.96386

the function p(y) is even and strictly decreases on the interval (0, 7). Therefore,
for the trajectory Tj, for all ¢ € (0,27) the inequalities p(¢) < a < b hold.

Note that, according to Theorem 3, it suffices to study only the class

Jr= ) e,

ce(l,¢q)

Define, on the class of functions regular in a neighborhood of the point z = 0,
the functional ¥(f) = f/(0).

Below, in classes of analytic functions, only the natural topology determined by
uniform convergence inside the domain is considered.

Theorem 4. On the interval (1,¢;) there exists a (unique) function (of ¢)
6(c), 0 < 6(c) < m, such that the restriction of ¥(f) to the class JT is a
homeomorphism of this class onto the point set

M=A{t: 1<|t] <cy, —0(Jt]) <argt <0(|t])}.

This homeomorphism admits a continuation to the (compact) closure of the
class JT; moreover, the complement of the class J* to its closure consists of the
mappings f(z) = z and f(z) = e fy(2), —0, < 0 < 6,. The function 6(c) is
continuous and strictly increasing on the interval (1, ¢y) from the value 0 to the
value 6.

From Theorem 4 it is evident that the functions of the class J© can be
parametrized by the points of the set M (which is the range of values of the
functional ¥ on the class J1). It is clear how to do this: if ¢ € M, then by
f(t, 2) we denote that function f € J* for which ¥(f) =t.

Theorem 5. If § € (—27,27), then the identity f(t,,2) = f(t,, 2)e* holds only
when § =0, t; = t,. Let t = ce?, ¢ >0, —1 < 6 < 7. If the point ce? is an
interior point of the set M, then the inner boundary of the image of the domain
D under the mapping w = f(ce®, z) consists of exactly three nondegenerate
arcs meeting at the point w = a(c) at angles 2/3m; moreover, two of these arcs,
~" and 7", lie on the trajectory T (v’ adjoins the point w = a(c) from above,
and v” from below), while the third arc v is the closure of the trajectory 7.
For 6 = 6(c) the arc +" is maximal and the arc v” degenerates; for § = —6(c)
conversely. For § = 0 (and only for this value) v and +” are symmetric to one
another with respect to the real axis, f(c,z) = f(c, z), and the functions a(c)
and b(c) satisfy the cor-

relations:
a(c) = fle,qp); ble) = fle,pg); lima(c) = q;  limb(c) = py;
c—1 c—1

lim a(c) = lim b(c) = q(fy) = p(fy)-

c—co c—cy
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The number 260(c) is equal to the sum of the lengths of the boundary arcs «'
and 7” of the domain f(ce?, D) in the Q%¢)*(¢)-metric.

Finally, on the inner boundary of the domain f(ce?, D) the relation |w| < b(c)
holds, and the equality sign in it occurs only for the point w = b(c).

Theorem 6. For any ¢ € (1,¢,) and f € J, the relation p(f) < b(c) holds, with
equality if and only if there is a pair of real numbers 6 and ¢, —6(c) < 0 < 0(c),
—m < § < 7, such that ce?? € M and

f(2) = flce®, 2)e®.

For each function f € J, there can exist at most one pair of real numbers 6 and
0 (—m <8< 7, —mw<d<m) satisfying the indicated identity.

Analogous results are also valid for the problem on min ¢(f) in the classes J,, ¢ €
(1, ¢q)-

§3. The results set forth above carry over to triply connected domains, which
it is convenient to regard as bounded by two concentric circles and a radial
slit, with each boundary circle being allowed to degenerate into a point. The
basic scheme of the investigation is preserved here; however, in the case when
both boundary circles are nondegenerate, we can no longer use Jenkins' general
theorem on coefficients, since the corresponding quadratic differential has no
poles of order higher than one. In place of the indicated theorem we have
established a result which, for quadratic differentials without multiple poles,
plays the role of a general theorem on coefficients.

Let us note that all the preceding results can be generalized to multiply con-
nected (including infinitely connected) domains with one, two, or three distin-
guished boundary components (), and also to quasiconformal mappings of such
domains.

§4. Let the conditions of § 1 again be satisfied. Denote by J* the subclass of
the class J consisting of all mappings that carry the unit circle onto itself.

Theorem 7. The problem of maxgq(f) in the class J and the problem of
min p(f) in the class J* are solved by the functions

F(2) = fo(2)e”
(0 is a real number) and only by them.

The assertion of Theorem 7 on min p(f) is also true in a broader class of func-
tions, consisting of all univalent conformal mappings of the domain D that carry
the point z = 0 to w = 0 and the unit circle to the set |w| > 1.
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