
Soviet-era science, translated into English

SOME LIMIT
THEOREMS ON THE
DISTRIBUTION OF
FUNCTIONALS OF
PROCESSES
ASYMPTOTICALLY
CLOSE TO MARKOV
PROCESSES
MATHEMATICS

1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.94938

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196601.94938


Abstract
Full Text
UDC 519.214.9

MATHEMATICS

A. A. BOROVKOV

SOME LIMIT THEOREMS ON THE DISTRI-
BUTION OF FUNCTIONALS OF PROCESSES
ASYMPTOTICALLY CLOSE TO MARKOV
PROCESSES
(Presented by Academician A. N. Kolmogorov, 12 XI 1965)

Let 𝑅(0, 𝑇 ) be some complete metric separable space of measurable real func-
tions on [0, 𝑇 ]. Below we set out conditions singling out a broad class of processes
{𝑍𝑇 (𝑡), 0 ≤ 𝑡 ≤ 𝑇 } in 𝑅(0, 𝑇 ), in a certain sense close, for large 𝑇 , to Markov
processes, for which the distribution of functionals 𝑓 , continuous in the uniform
metric, of the correspondingly normalized processes 𝑍𝑇 (𝑡) converges as 𝑇 → ∞
to the distribution of the functionals 𝑓(𝑤) of a certain classical diffusion process
𝑤(𝑡).
In many cases the processes 𝑍𝑇 (𝑡) under consideration are functions of other
processes 𝑋𝑇 (𝑡), defined on a more complicated phase space 𝑋, but having there
a simpler probabilistic nature (for example, 𝑍𝑇 (𝑡) may be one of the coordinates
of 𝑋𝑇 (𝑡)). Therefore it is often natural to relate the dependence conditions not
to 𝑍𝑇 (𝑡), but directly to the process 𝑋𝑇 (𝑡).
Thus, let 𝑋 be some space and 𝔅 a 𝜎-algebra of subsets given on it. Suppose
that for each 𝑡 ∈ [0, 𝑇 ] a space (𝑋𝑡, 𝔅𝑡) of functions 𝑥(𝑢) is defined in such a way
that the following properties hold: for every 𝑢 ∈ [0, 𝑡] and 𝐵 ⊂ 𝔅, 0 ≤ 𝑢 ≤ 𝑡,
with values in 𝑋, {𝑥 ∶ 𝑥(𝑢) ∈ 𝐵} ∈ 𝔅𝑡, 𝔅𝑡1 ⊂ 𝔅𝑡2 for 𝑡1 < 𝑡2. If a distribution
𝑃 is given on (𝑋𝑇 , 𝔅𝑇 ), then thereby a process {𝑋𝑇 (𝑡), 0 ≤ 𝑡 ≤ 𝑇 } is given in
the phase space 𝑋, which we shall call the basic process.

Assume further that there exists a measurable mapping of (𝑋𝑇 , 𝔅𝑇 ) onto the
space (𝑅(0, 𝑇 ), 𝔐0

𝑇 ), where 𝔐𝑇
0 is the 𝜎-algebra generated by the open sets of

𝑅(0, 𝑇 ), determined by a family of functionals 𝐹𝑡,𝑇

𝑍𝑇 (𝑡) = 𝐹𝑡,𝑇 (𝑋𝑇 (𝑢), 0 ≤ 𝑢 ≤ 𝑇 ), (1)

which, moreover, for every 𝑡 are measurable with respect to 𝔅𝑡 ({𝑥 ∶ 𝑍𝑇 (𝑡) <
𝑐} ∈ 𝔅𝑡). Thus, for fixed 𝑡 and 𝑇 , the random variable 𝑍𝑇 (𝑡) may be represented
as a function of the trajectory 𝑋𝑇 (𝑢) on the interval [0, 𝑡]. The process 𝑍𝑇 (𝑡)
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defined by relation (1) will be assumed separable. In 𝑋𝑇 , 𝑍𝑇 the index 𝑇 means
that a “scheme of series”is being considered.

Before proceeding to the formulations, let us introduce some concepts. Let
𝑠 > 0, and let 𝑌 𝑠(𝑡), 𝑠 ≤ 𝑡 ≤ 𝑇 , be the projection of 𝑋𝑇 (𝑢), 0 ≤ 𝑢 ≤ 𝑇 , onto
the space 𝑋(𝑠) of functions on (𝑡 − 𝛿, 𝑡], so that the value 𝑌 𝑠(𝑡) in the phase
space 𝑋(𝑠) is the trajectory of the basic process on the interval (𝑡 − 𝑠, 𝑡]. We
shall call the process 𝑋𝑇 (𝑡) (𝔇, 𝛼)-returning if the return time of 𝑌 𝑠(𝑡) to a
measurable set 𝔇 ⊂ 𝑋(𝑠) has a uniformly bounded moment of order 𝛼. More
precisely, let 𝑛𝔇(𝑢) be the time of first hitting of 𝔇 by 𝑌 𝑠(𝑡) after time 𝑢:

𝑛𝔇(𝑢) = {inf(𝑡 ≥ 𝑢 ∶ {𝑌 𝑠(𝑡) ∈ 𝔇}), if this lower bound is ≤ 𝑇 ,
𝑇 , if 𝑌 𝑠(𝑡) ∉ 𝔇 for every 𝑡, 𝑢 ≤ 𝑡 ≤ 𝑇 .

We shall assume the set 𝒟 to be such that 𝑛𝒟(𝑢), the time of the “second
hit”𝑛𝒟(𝑛𝒟(𝑢) + 𝑠), etc., are random variables*. Let 𝔐(𝑢) be the 𝜎-algebra
generated by the events {𝑛𝒟(𝑢) ≥ 𝑣; (𝑋𝑇 (𝑡), 0 ≤ 𝑡 ≤ 𝑣) ∈ 𝐵}, where 𝑢 ≤ 𝑣 ≤ 𝑇 ,
𝐵 ∈ 𝔅𝑣, and let

𝑞𝒟(𝑢) = 𝑛𝒟(𝑛𝒟(𝑢) + 𝑠) − 𝑛𝒟(𝑢) ≥ 𝑠
be the time that has elapsed until the return of 𝑌 𝑠(𝑡) to 𝒟 after the instant
𝑛𝒟(𝑢). Then the process 𝑋𝑇 (𝑡) is called (𝒟, 𝑎)-recurrent if, almost everywhere,

M𝔐(𝑢)𝑞 𝑎
𝒟(𝑢) < 𝑐.

Here and below, by the letter 𝑐 we denote various constants independent of
the variables under consideration and of 𝑇 . In order to use the property
of (𝒟, 𝑎)-recurrence, we must be sure that 𝑌 𝑠(𝑡) first enters 𝒟 sufficiently
quickly. Therefore, (𝒟, 𝑎)-recurrence will also be assumed to include the re-
lation P(𝑛𝒟(0) > Δ𝑇 ) → 0 as 𝑇 → ∞ for every Δ > 0. The trajectory 𝑍𝑇 (𝑡)
between two neighboring hits of 𝑌 𝑠(𝑡) in 𝒟 will be called a cycle. Here only
hits that are at least 𝑠 apart from the given one are regarded as neighboring
(see the definition of 𝑞𝒟(𝑢)).
We proceed to formulate the conditions. Their meaning consists in finding such
a set 𝒟 (if it exists) for which entering it weakens the dependence on the entire
past history, except for the value of the process at the last moment of time. The
conditions will be imposed on the increments

𝑍𝑢,𝑡 = 𝑍𝑇 (𝑛𝒟(𝑢) + 𝑡) − 𝑍𝑇 (𝑛𝒟(𝑢)),

which make sense only when 𝑛𝒟(𝑢) + 𝑡 ≤ 𝑇 . To avoid constant and essentially
immaterial qualifications, we shall, without loss of generality, assume that the
processes 𝑋𝑇 (𝑡) and 𝑍𝑇 (𝑡) are defined on the whole half-line (0, ∞), where their
continuation to (𝑇 , ∞) is chosen so that the properties I–III below are preserved
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on the whole domain (0, ∞). It is not hard to see that such a continuation is
always possible.

Let 𝜀𝑇 (𝑡) be a function having the property that 𝜀𝑇 (𝑡) → 0 as 𝑇 → ∞, 𝑇 𝜃1 ≤
𝑡 ≤ 𝑇 𝜃2 for some 0 < 𝜃1 < 𝜃2 < 1. Suppose there exist 𝑠 > 0, a set 𝒟 ∈ 𝑋(𝑠),
and 𝑎 > 1 such that the process 𝑋𝑇 (𝑡) is (𝒟, 𝑎)-recurrent and, for every 𝑢,

I. M𝔐(𝑢)𝑍 2
𝑢,𝑡 = 𝐵2(𝑡) [ 𝑏(𝜁(𝑢)) + 𝑟1

𝔐(𝑢) ],

II. M𝔐(𝑢)
𝑍𝑢,𝑡
𝐵(𝑇 ) = ( 𝐵(𝑡)

𝐵(𝑇 ))
2

[ 𝑎(𝜁(𝑢)) + 𝑟2
𝔐(𝑢) ],

where 𝜁(𝑢) = 𝑍𝑇 (𝑛𝒟(𝑢))/𝐵(𝑇 ); almost everywhere 𝑟𝑖
𝔐(𝑢) < 𝜀𝑇 (𝑡), 𝑖 = 1, 2; and

𝐵2(𝑡) is a function representable in the form 𝐵2(𝑡) = 𝑡ℎ(𝑡), where ℎ(𝑒𝑡) is a
function slowly varying in the sense of Karamata.

The properties of the finite functions 𝑎 and 𝑏 occurring in I, II will be specified
below.

We shall also assume that the following condition is satisfied:

III. For some 𝛾 > 0, almost everywhere M𝔐(𝑢) sup
0≤𝑡≤𝑞𝒟(𝑢)

|𝑍𝑢,𝑡|2+𝛾 < 𝑐;

for every Δ > 0 and 𝑇 → ∞, P ( sup
0≤𝑡≤𝑛𝒟(0)

|𝑍𝑇 (𝑡) − 𝑍𝑇 (0)| > Δ𝐵(𝑇 )) → 0.

* For this it is sufficient, for example, that there exist a countable set 𝑄, every-
where dense in [0, 𝑇 ], such that for every interval Δ

⋂
𝑡𝑘∈𝑄∩Δ

{𝑌 𝑠(𝑡𝑘) ∈ 𝒟} = ⋂
𝑡∈Δ

{𝑌 𝑠(𝑡) ∈ 𝒟} ∈ 𝔅𝑇 .

However, this restriction may in general be ignored, since from the very begin-
ning 𝑌 𝑠(𝑡) can be defined, say, only at integer points (then 𝑛𝒟(𝑢) will take only
a finite number of values). We have rejected this variant only because it appears
less natural and more cumbersome in exposition.

This condition forbids excessively large excursions of the trajectory 𝑍𝑇 (𝑢) on
cycles.

Concerning the functions 𝑎, 𝑏, we shall assume the following. Let 𝜓 be a twice
continuously differentiable, bounded function, all of whose change is concen-
trated on a finite interval, and suppose that there exists a transition density

sovietrxiv.org/items/ru-196601.94938 Machine Translation

https://sovietrxiv.org/items/ru-196601.94938


on the real line 𝑝(𝑥, 𝑡, 𝑦) ≥ 0, continuously differentiable in 𝑡 and twice contin-
uously differentiable in 𝑥 for 0 < 𝑡 ≤ 1, for which, as 𝑡 → ∞, uniformly in
𝑥,

IV. 1
𝑡 ∫(𝑦 − 𝑥)𝑝(𝑥, 𝑡, 𝑦) 𝑑𝑦 → 𝑎(𝑥), 1

𝑡 ∫(𝑦 − 𝑥)2𝑝(𝑥, 𝑡, 𝑦) 𝑑𝑦 → 𝑏(𝑥) ≥

≥ 𝑏0 > 0,

1
𝑡 ∫(𝑦 − 𝑥)2+𝛾𝑝(𝑥, 𝑡, 𝑦) 𝑑𝑦 → 0,

and the second derivative with respect to 𝑥 of the function ∫ 𝑝(𝑥, 𝑡, 𝑦)𝜓(𝑦) 𝑑𝑦 is
uniformly continuous in the domain 0 ≤ 𝑡 ≤ 1, −∞ < 𝑥 < ∞.

It is not difficult to note that the last integral, as well as ∫∞
𝑦 𝑝(𝑥, 𝑡, 𝑢) 𝑑𝑢, to-

gether with 𝑝(𝑥, 𝑡, 𝑦), are solutions of the equation

𝜕𝑝
𝜕𝑡 = 𝑎 𝜕𝑝

𝜕𝑥 + 𝑏
2

𝜕2𝑝
𝜕𝑥2 .

Sufficient conditions for the fulfillment of conditions IV are, for example (1,2 ),
boundedness and the Hölder property of the functions 𝑎(𝑥) and 𝑏(𝑥).
Under the listed conditions the following propositions are valid. Put 𝑍𝑇 (0) = 0
and denote by 𝑃𝑇 the distribution, induced by the measure 𝑃 , of the process

𝑥𝑇 (𝑡) = 𝑍𝑇 (𝑡𝑇 )/𝐵(𝑇 ), 0 ≤ 𝑡 ≤ 1,

in the space 𝑅(0, 1) with metric 𝜌𝑅(𝑥, 𝑦). Let, moreover, 𝐶(0, 1) be the space
of continuous functions on [0, 1] with the uniform metric

𝜌𝐶(𝑥, 𝑦) = sup
𝑡

|𝑥(𝑡) − 𝑦(𝑡)|,

and let 𝑊 be the distribution of a certain diffusion process {𝑤(𝑡), 0 ≤ 𝑡 ≤ 1}
in 𝐶(0, 1) with the 𝜎-algebra 𝔄1

0 of cylindrical (or open) sets, constructed from
the transition function

𝑃(𝑥, 𝑡, 𝐸) = ∫
𝐸

𝑝(𝑥, 𝑡, 𝑦) 𝑑𝑦.

Obviously, 𝑤(𝑡) can also be characterized by means of the infinitesimal operator

𝐴 = (𝑎 𝜕
𝜕𝑥 + 𝑏

2
𝜕2

𝜕𝑥2 ) ,
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defined on the corresponding set of functions from 𝐶(−∞, ∞).
Theorem 1. Let 𝑅(0, 1) ⊃ 𝐶(0, 1), and suppose that uniform convergence

𝜌𝐶(𝜑𝑛, 𝜑) → 0 (𝜑𝑛, 𝜑 ∈ 𝑅)

implies convergence
𝜌𝑅(𝜑𝑛, 𝜑) → 0

in the sense of the metric 𝜌𝑅, and let 𝑓 be a 𝜌𝑅-continuous functional on 𝑅(0, 1).
Then, when conditions I—IV are satisfied,

P(𝑓(𝑥𝑇 ) < 𝑦) ⇒ P(𝑓(𝑤) < 𝑦).

If 𝑊 can be defined on 𝑅 by means of finite-dimensional distributions, then the
assertion of Theorem 1 will mean weak convergence 𝑃𝑇 ⇒ 𝑊 of distributions
in 𝑅. If 𝑅 = 𝐷(0, 1) is the space of functions without discontinuities of the
second kind with metric 𝜌𝐷, introduced in (3), then the assertion of the theo-
rem is equivalent to the convergence of the so-called 𝐼-continuous functionals
(introduced by Skorokhod (4) and continuous in the metric 𝜌𝐷).

However, functionals continuous in the topology 𝑅 may form too poor a class.

Theorem 2. Let 𝑅(0, 1) ⊃ 𝐶(0, 1), and let 𝑓 be a real-valued, (𝐹(0, 1), 𝔄1)-
measurable functional defined on 𝑅(0, 1) and continuous at the “points”of
𝐶(0, 1) in the sense of the metric 𝜌𝐶 : 𝑓(𝜑𝑛) → 𝑓(𝜑), if 𝜌𝐶(𝜑𝑛, 𝜑) → 0, 𝜑𝑛 ∈
𝑅(0, 1), 𝜑 ∈ 𝐶(0, 1). Then, when conditions I—IV are satisfied, the weak con-
vergence (2) holds.

As a consequence of Theorem 2 we give one assertion concerning processes of
a somewhat different kind. We shall assume the original process 𝑍𝑇 (𝑡) to be
defined in the space (𝑅(0, 2𝑇 ), 𝔐2𝑇

0 ) and to satisfy there conditions I–IV. Put

𝑍𝑔
𝑇 (𝑡) = ∫

2𝑇

0
𝑍𝑇 (𝑢)𝑔(𝑡 − 𝑢) 𝑑𝑢, 0 ⩽ 𝑡 ⩽ 𝑇 ,

where 𝑔(𝑡) is a summable function for which

∫
∞

−∞
𝑔(𝑡) 𝑑𝑡 = 1, ∫

∞

−∞
|𝑡|1/2+𝜀𝑔(𝑡) 𝑑𝑡 < ∞

for some 𝜀 > 0.
Theorem 3. Suppose the relation

𝑦(𝑡) = ∫
2𝑇

0
𝑥(𝑢)𝑔(𝑡 − 𝑢) 𝑑𝑢, 0 ⩽ 𝑡 ⩽ 𝑇 ,

sovietrxiv.org/items/ru-196601.94938 Machine Translation

https://sovietrxiv.org/items/ru-196601.94938


defines a measurable mapping (𝑅(0, 2𝑇 ), 𝔐2𝑇
0 ) into (𝐶(0, 𝑇 ), 𝔑𝑇

0 ). Then, with
respect to the distribution 𝑃 𝑔

𝑇 in 𝐶(0, 1) of the process 𝑥𝑔
𝑇 (𝑡) = 𝑍𝑔

𝑇 (𝑡𝑇 )/𝐵(𝑇 ),
the assertion 𝑃 𝑔

𝑇 ⇒ 𝑊 holds.

Results of the same type have also been obtained for convergence to diffusion
processes with boundary conditions, for example with reflection from a suffi-
ciently smooth curve.

The questions considered in this note arose as a result of the investigation of a
class of problems connected with semi-Markov processes and various generalized
renewal processes, for which conditions I–III for convergence of distributions
seem to me the most convenient.
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