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In the present note we generalize the results of L. Hormander’ s paper (71)
on the hypoellipticity of differential operators with variable coefficients to the
case of pseudodifferential operators (otherwise, singular integro-differential, or
convolution operators). In doing so we use the technique developed in the work
of J. Kohn and L. Nirenberg (2). Similar questions are considered in the note
(73) of L. R. Volevich, but, unlike him, we do not assume that the operator
under consideration has the same strength at different points.

1. We use the following notation: z = (x4, ..., z,,), £ = (&, ..., &,,) are points
of the n-dimensional real space R"; (z,€) = & + -+ z,§,; S(R") is
the space of infinitely differentiable functions f(z) decreasing at infinity
faster than any power |z| = (22 + - + 22)"/2. By S’(R"™) we denote the
space of linear functionals on S(R"™), and by f (&) the Fourier transform

of f(x) (see ("4))

fe) = / f@)e = da

Finally, H®, for any s, is the space of functions defined in R™, with norm

1/2

ful, = ([ 1)L+ 162y de

Let Q be a domain in R™. A complex-valued function p(x,&) (x € 2, £ € R™)
is called the symbol of the pseudodifferential operator

Pu(z) = (2m) ™ / P, ()¢ d.

Definition. A pseudodifferential operator P is called hypoelliptic in the do-
main € if from the condition u(x) € S'(R"™), Pu(xz) € C*=(R), it follows that
u(z) € C>*(Q).
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2. We shall assume that the operators under consideration satisfy the follow-
ing Hérmander condition HE (see ("1)).

Definition. The operator P satisfies condition HE in the domain {2 if:
1) p(z,§) € C=(Q x R™).

2) In the domain © x R™ there are defined functions M;(z, ) such that, for
all «, 3,

0% p(x,) /0706 < Cp g o™ 1M (2, €), [€] 2 4,

1< Mj(x,8) < C,(1+ €)1, j=1,..,n
Here d > 0, @ = (g, ..., ), B= (B, Bn),
—a —1 -1
MB—o = ]\451 ...]\%n]\@1 ...]\4%7

and the quantities C,, C, 5., N, j, m,, and A, are bounded when z

varies over compact subsets of ; 37 = min(;,n, ;).

3) For every compact subset K C ) there are defined nonnegative constants
m(K) and C(K) such that

p(z, &) < CE)[E™™), Ip(, €)™ < C(K)[g[™ ™)

forxe K,if (£ € R™, |£] > A,.

Remark. Condition 3), in particular, means that p(z,&) # 0 for |£] > A,.
In the case when P is a differential operator, i.e. p(z,£) is a polynomial in &,
condition 3) follows from 2), if only p(z,£) does not vanish identically in any
component of  (see (1)).

The main result of the present note is the following

Theorem. If the operator P satisfies conditions 1)—38) in the domain Q, then
it is hypoelliptic in €.

3. The proofs of the following Lemmas 1—3 are analogous to the proofs of the
corresponding assertions in (2).

Lemma 1. If the operators P and Q with symbols p(x,§) and q(x,&) satisfy
conditions 1)—38), and ((x) € C§°(R), then the operator Q((x)P is a pseudodif-
ferential operator whose symbol in Q) is equal to

N o N
s(@.6) =Y %8 C(g)le(x,g)a g(gi,g)

laf=1 """

and the order of the operator corresponding to the symbol ty(x,&) tends to —oo
as N — oo.
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Lemma 2. If the operator P satisfies condition HE in Q, u(x), v(x) € C§°(Q),
the support of v(x) lies in a fixed subdomain Q; C Q with compact closure, and
the support of u(x) is at a positive distance from €y, then

(P, v)| < Clluls[lvlls

for every real s.

Lemma 3. Ifu € S'(R"), with u € C*®(w), where w C Q, and P satisfies
condition HE in Q, then Pu € C*(w).

Let us note that Lemma 3 implies the correctness of our definition of hypoellip-
ticity.

4. Define in Q a sequence of functions gy (, &), ..., q;(z,§), ..., putting

QO<‘r7§) = p(xvg)ilw(gh

N 1 8a 3 8a A
a6 = —plr, 7 Y - TR TG,

lof=1 """

where (§) € C*°(R"™), with ¢(§) = 0 for || < A, and ¢¥(§) =1 for |{| > A, +1,
and the number N, is chosen so that the operator 7', whose symbol is equal to
the difference between the symbol of the operator @ ;¢ (z)P and

1 0%(x, &) 0%q;(x,§)
Z al 9z 8J§a ’

la<N;

has negative order. Let w be an arbitrary compact subdomain in €2, and let
C(z) € C§°(Q) be a function equal to one in w. Consider the operator @),
whose symbol is equal to [gy + -+ + ¢;]((z), and the operator R; with symbol
[p(7,8)q;41(2,§) + 1 —9(§)]. Then, evidently, every function ¢(z) € Cg°(w) is
represented in the form

p(x) = [P*((2)Q" + R} + 5" + T"]¢p(),
where the operator T has negative order, and the symbol of the operator S is
equal to zero in w.

Using condition HE and the construction of @, it is not difficult to prove the
following assertions (see (1)).

Lemma 4.
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‘ 8a+ﬂ

ij(xa 5)‘ < Ca7ﬂ7z,j|§|m“_d(‘a‘+j)Mﬁ_a(% £),

ol |
‘Wp(x’ g)qy(l’, 5)‘ S Cﬁvz,j|£|m£+‘m7d]7

if 2 € Q, |¢ > A,.

5. Proof of the theorem. Let u € S'(R"), Pu(z) € C*(Q). It is easy to
see that P(Cu) = g+ h, where g € C§°(2), h = 0 in w. Indeed, by Lemma
3, P(u—(u) € C*(w). Hence g = P(Cu) € C*°(w). Extend g from w to a
finite infinitely differentiable function in 2. Then h € S'(R™) and h = 0
in w. Let j be so large that the order of the operator R; is negative. For
¢ € C§°(w) we have

(Cu, ) = (Cu, (P*Q" + Rj + T")p) =

= (Q(g+h),¢) + (B + T)Cu, ).

Consequently, (u = Q(g + h) + (R; + T)Cu. Since h = 0 in w, Qh € C>=(w).
Since g € C*(w), also Qg € C*(w). Since the order of R; + 7' is negative,
u € C(w), as was required to prove.
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