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Abstract
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UDC 517.944

MATHEMATICS

V. R. PORTNOV

THE FIRST BOUNDARY-VALUE PROBLEM

FOR A CLASS OF EQUATIONS AND SYS-
TEMS
(Presented by Academician S. L. Sobolev, 21 VIII 1965)

At the present time, with the help of methods of functional analysis, equa-
tions and systems naturally connected with S. L. Sobolev spaces with weight or
without weight have been studied quite fully. These questions are treated, for
example, in the works (1−9). In the works (4,9) spaces were considered whose
metric does not contain all derivatives of the highest order. In the present note
we consider systems of equations (in the particular case, simply equations) and
the spaces connected with them, which in the general case do not reduce to S. L.
Sobolev spaces with weight or without weight; moreover, in their metric, along
with derivatives, there occur differential expressions of a certain order. We shall
need the following definitions for what follows.

Definition 1. We shall say that the vector-function 𝑢(𝑥) = (𝑢1(𝑥), … , 𝑢𝑀(𝑥))
has in Ω, in the generalized sense of S. L. Sobolev, a differential expression

𝜔 = ℒ𝑢 =
𝑀

∑
𝑗=1

ℒ(𝑗),

where ℒ(𝑗) is some differential operator with constant coefficients, if 𝜔, 𝑢1, … , 𝑢𝑀
are locally summable and for any ⃗𝑣(𝑥) ∈ 𝐶(∞)

0 (Ω)

∫
Ω

(𝜔𝑣 −
𝑀

∑
𝑗=1

𝑢𝑗ℒ(𝑗)∗𝑣) 𝑑Ω = 0. (1)

In what follows, identically zero differential expressions are not excluded from
consideration.

Definition 2. For two real functions 𝑓(𝑧) and 𝑔(𝑧), defined on a set 𝑍, we shall
write 𝑓(𝑧) ∼ 𝑔(𝑧) on 𝐺 ⊂ 𝑍 if there exist two finite positive constants 𝐶1(𝐺)
and 𝐶2(𝐺) such that

𝐶1(𝐺)𝑓(𝑧) ≤ 𝑔(𝑧) ≤ 𝐶2(𝐺)𝑓(𝑧)
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for all 𝑧 ∈ 𝐺.

Below 𝐸𝑛 denotes the 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛);
instead of “open set”we shall write o.m.

1. Let Ω be a domain in 𝐸𝑛, 𝔄𝜎 = {Ω(𝜎)
𝜆 } and 𝔄𝜎 = {Ω̃(𝜎)

𝜆 } be systems of o.m.

(𝜎 = 1, 2, … , 𝑁; 𝜆 = 1, 2, …), Ω ⊃ Ω(𝜎)
𝜆 ⊃ Ω̃(𝜎)

𝜆 , mes(Ω(𝜎)
𝜆 ∖ Ω̃(𝜎)

𝜆 ) = 0,

Ω̃(𝜎)
𝜆 ⊂ Ω̃(𝜎)

1 , Φ𝜎,𝜆 = ⋃
𝜎′<𝜎

Ω(𝜎′)
𝜆 .

Suppose that, for every 𝜎, the following conditions are satisfied:
a) Ω̃(𝜎)

1 is mapped one-to-one onto some o.m. in the space of variables 𝑦 =
(𝑦1, 𝑦2, … , 𝑦𝑛), and this mapping is continuously differentiable in both directions.
Put

𝐼𝜎 = |𝐷(𝑥1, … , 𝑥𝑛)/𝐷(𝑦1, … , 𝑦𝑛)|;
b)

𝑛
∑
𝑖=1

|𝜕𝑥𝑖/𝜕𝑦𝑛| ≤ 𝑐(𝜆)

and
|𝐷𝛼

𝑥 𝑦𝑛(𝑥)| ≤ 𝑐(𝜆)|𝑦𝑛|1−|𝛼|

on Ω̃(𝜎)
1 ∖ Φ𝜎,𝜆 for any 𝜆 and |𝛼| ≤ 𝑚0;

c) 𝑦𝑛(𝑥) can be extended to Ω(𝜎)
1 in such a way that there it will have all

continuous derivatives up to order 𝑚0 inclusive; d) under the mapping
Ω̃(𝜎)

𝜆 indicated above, it passes to a set of the form ∇𝜎 × 𝐽 (𝜎)
𝜆 , where ∇𝜎 is

an open set in the variables 𝑦′ = (𝑦1, … , 𝑦𝑛−1), and 𝐽 (𝜎)
𝜆 is an interval on

the 𝑦𝑛-axis; e) either 𝐽 (𝜎)
𝜆 = (0, 𝜌(𝜎)

𝜆 ), where 𝜌(𝜎)
𝜆 > 0 and lim𝜆→∞ 𝜌(𝜎)

𝜆 = 0,
or 𝐽 (𝜎)

𝜆 = (𝜌(𝜎)
𝜆 , ∞), where 0 < 𝜌(𝜎)

𝜆 < ∞ and lim𝜆→∞ 𝜌(𝜎)
𝜆 = ∞; in the first

case we shall write 𝔄𝜎 → 0, in the second 𝔄𝜎 → ∞; f) for every 𝑦′
0 ∈ ∇𝜎

there exists 𝜆̃(𝑦′
0) such that {𝑥 ∶ 𝑦′ = 𝑦′

0}∩Φ𝜎,𝜆 is empty for 𝜆 > 𝜆̃(𝑦′
0); g)

either Ω(𝜎)
𝜆2

⊃ (Ω(𝜎)
𝜆1

∩ Ω) for 𝜆2 < 𝜆1, or 𝜌(Φ𝜎,𝜆+1, Ω ∖ Φ𝜎,𝜆) > 0 and there

exists 𝜆1(𝜆) such that Ω(𝜎)
𝜆2

∖Φ𝜎,𝜆+1 ⊃ (Ω(𝜎)
𝜆3

∩Ω)∖Φ𝜎,𝜆+1 for 𝜆3 > 𝜆2 > 𝜆1;
h) for every 𝜆 there is a measurable set ∇′

𝜎 ⊂ ∇𝜎 and a 𝜆1(𝜆) such that
(∇′

𝜎 × 𝐽 (𝜎)
𝜆1

) ∩ Φ𝜎,𝜆+1 is empty and (Ω ∖ Φ𝜎,𝜆) ∩ (∇𝜎 × 𝐽 (𝜎)
𝜆1

) ⊂ ∇′
𝜎 × 𝐽 (𝜎)

𝜆1
;

i) Ω ∖ ⋃𝜎 Ω(𝜎)
𝜆 is compact in Ω for every 𝜆.

Example 1. 𝑛 ⩽ 3, Ω = {𝑥 ∶ 𝑥𝑛 > 0}, Ω(1)
𝜆 = Ω̃(1)

𝜆 = {𝑥 ∶ |𝑥| > 𝜆},
Ω(2)

𝜆 = Ω̃(2)
𝜆 = {𝑥 ∶ 0 < 𝑥𝑛 < 1/𝜆}; here 𝔄1 → ∞, 𝔄2 → 0.

Example 2. 𝑛 ⩾ 2,

Ω = {𝑥 ∶
𝑛−1
∑
𝑖=1

𝑥2
𝑖 < 𝑓2(𝑥𝑛), 0 < 𝑥𝑛 < ∞} , 𝑓(𝑥𝑛) > 0
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on (0, ∞) and sup𝑥𝑛
|𝑓 ′(𝑥𝑛)| < ∞, Ω(2)

𝜆 = Ω̃(2)
𝜆 = {𝑥 ∶ 𝑥 ∈ Ω, 0 < 𝑥𝑛 < 1/𝜆},

Ω(1)
𝜆 = Ω̃(1)

𝜆 = {𝑥 ∶ 𝑥 ∈ Ω, 𝑥𝑛 > 𝜆},

Ω(3)
𝜆 = {𝑥 ∶ 𝑥 ∈ Ω, 𝜆

𝜆 + 1𝑓2(𝑥𝑛) <
𝑛−1
∑
𝑖=1

𝑥2
𝑖 < 𝑓2(𝑥𝑛)} ,

Ω̃(3)
𝜆 = Ω(3)

𝜆 ∩ {𝑥 ∶ 0 < 𝜑1 < 𝜋, … , 0 < 𝜑𝑛−3 < 𝜋, 0 < 𝜑𝑛−2 < 2𝜋}
(𝑖 = 1, … , 𝑛−3), where (𝜑1, 𝜑2, … , 𝜑𝑛−2) is a set of angular spherical coordinates.
Here 𝔄1 → ∞, 𝔄2 → 0, 𝔄3 → 0.

Example 3. The conditions a)—i) are also satisfied by bounded or unbounded
domains having a simple boundary in the sense of S. L. Sobolev.

Definition 3. We shall say that 𝑢(𝑥) = (𝑢1(𝑥), … , 𝑢𝑀(𝑥)) ∈ 𝐿 if

𝑔𝑝
𝜆(𝑢) = ∑

𝑇

𝜒𝑇

∑
𝜈=1

[∫
Ω

𝑏(𝑇 ,𝜈)(𝑥) |ℒ(𝑇 ,𝜈)𝑢|𝑞(𝑇 ,𝜈) 𝑑𝑥]
𝑝/𝑞(𝑇 ,𝜈)

+

+
𝑀

∑
𝑗=1

⎛⎜
⎝

𝑁(𝑗)
∑
𝑙=1

⎡⎢
⎣

∫
Ω

𝑏(𝑙,𝑗)(𝑥) ∑
|𝛼|=𝑚(𝑙,𝑗)

|𝐷𝛼𝑢𝑗|𝑝(𝑙,𝑗)⎤⎥
⎦

𝑝/𝑝(𝑙,𝑗)
⎞⎟
⎠

< ∞, (2)

where 𝑇 denotes a certain set of pairs (𝑙, 𝑗); ∑𝑇 denotes summation over all
such sets;

ℒ(𝑇 ,𝜈)𝑢 = ∑
(𝑙,𝑗)∈𝑇

∑
|𝛼|=𝑚(𝑙,𝑗)+1

𝑎(𝑙,𝑗,𝑇 ,𝜈)
𝛼 𝐷𝛼𝑢𝑗;

all derivatives and differential expressions in (2) exist in the sense of S. L.
Sobolev; 1 < min(𝑇 ,𝜈) 𝑞(𝑇 ,𝜈) and max𝜈 𝑞(𝑇 ,𝜈) ⩽ min(𝑙,𝑗)∈𝑇 𝑝(𝑙,𝑗); 𝑚0 ⩾ 𝑚(𝑙, 𝑗) ⩾ 0
for all 𝑙 and 𝑗; 𝑏(𝑙,𝑗)(𝑥) and 𝑏(𝑇 ,𝜈)(𝑥) are continuous and positive functions in Ω,
and, for any 𝜆 and 𝜎,

𝑏(𝑙,𝑗)(𝑥)𝐼𝜎 ∼ 𝑦𝛾𝑛(𝑙,𝑗,𝜎)
𝑛 Λ(𝑙,𝑗,𝜎)(𝑦′)

on the set Ω̃𝜆1
∖ Φ𝜎,𝜆 for some 𝜆1(𝜆);

𝑏(𝑇 ,𝜆)(𝑥)𝑦−𝑞(𝑇 ,𝜈)
𝑛 (𝑥)[𝑏(𝑙,𝑗)(𝑥)]−𝑞(𝑇 ,𝜈)/𝑝(𝑙,𝑗) ∈ 𝐿 𝑝(𝑙,𝑗)

𝑝(𝑙,𝑗)−𝑞(𝑇,𝜈)
(Ω̃(𝜎)

1 )

for all 𝑇 , 𝜈 = 1, … , 𝜒𝑇 , (𝑙, 𝑗) ∈ 𝑇 .

Introduce the following notation. In the case when 𝔄𝜎 → 0, set

𝜔(𝑙,𝑗,𝜎) = min (𝑚(𝑙,𝑗) − 1, 𝑚(𝑙,𝑗) − 1 − [𝛾(𝑙,𝑗,𝜎) + 1
𝑝(𝑙,𝑗) ]) .

In the case when 𝔄𝜎 → ∞, set
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𝜔(𝑙,𝑗,𝜎) = 𝑚(𝑙,𝑗) + 1 − 𝛾(𝑙,𝑗,𝜎) + 1
𝑝(𝑙,𝑗) ,

if 𝛾(𝑙,𝑗,𝜎) + 1
𝑝(𝑙,𝑗) is an integer and

1 ≤ 𝛾(𝑙,𝑗,𝜎) + 1
𝑝(𝑙,𝑗) ≤ 𝑚(𝑙,𝑗);

otherwise

𝜔(𝑙,𝑗,𝜎) = 𝑚(𝑙,𝑗) − [𝛾(𝑙,𝑗,𝜎) + 1
𝑝(𝑙,𝑗) ] .

Definition 4. We shall say that 𝑢(𝑥) ∈ 𝐿0 if 𝑢(𝑥) ∈ 𝐿 and
1) lim

𝑦𝑛→0
𝐷𝛼𝑢𝑗(𝑥(𝑦𝑛, 𝑦′)) = 0 for |𝛼| ≤ 𝜔(𝑙,𝑗,𝜎) and for almost all 𝑦′ ∈ ∇𝜎, if

𝔄𝜎 → 0;
2) lim

𝑦𝑛→∞
𝐷𝛼𝑢𝑗(𝑥(𝑦𝑛, 𝑦′)) = 0 for 𝜔(𝑙,𝑗,𝜎) ≤ |𝛼| ≤ 𝑚(𝑙,𝑗) − 1 and for almost all

𝑦′ ∈ ∇𝜎, if 𝔄𝜎 → ∞ (𝑗 = 1, … , 𝑀; 𝑙 = 1, … , 𝑁 (𝑗); 𝜎 = 1, … , 𝑁).
Definition 5. We shall say that

𝑢(𝑥) = (𝑢1(𝑥), … , 𝑢𝑀(𝑥)) ∈ ⃗𝐶(∞)
0 (Ω),

if 𝑢𝑗(𝑥) ∈ 𝐶(∞)
0 (Ω) for all 𝑗 = 1, 2, … , 𝑀 .

Theorem 1. Let either 𝑁 = 1, or 𝑁 > 1 and 𝔄𝜎 → 0 for all 𝜎 > 1. Then
⃗𝐶(∞)
0 (Ω) is dense in 𝐿0 in the polynorm 𝑔(𝑢).

Introduce the notation: 𝑇1 = {𝜎 ∶ 𝔄𝜎 → 0}, 𝑇2 = {𝜎 ∶ 𝔄𝜎 → ∞}.

Theorem 2. Suppose that for each 𝑗 (𝑗 = 1, … , 𝑀) at least one of the following
conditions is satisfied:
1) 𝑇1 is empty;

2) 𝑇1 is nonempty and max
𝑙

(max
𝜎∈𝑇1

𝜔(𝑙,𝑗,𝜎)) < 0;

3) 𝑇1 and 𝑇2 are nonempty and max
𝑙

(0, max
𝜎∈𝑇1

(𝜔(𝑙,𝑗,𝜎))) < 0;

4) 𝑇1 is nonempty and max
𝑙

(0, max(𝜔(𝑙,𝑗,𝜎) + 1)) ≥ min
𝑙

𝑚(𝑙,𝑗). Then 𝐿0 is
complete in the polynorm 𝑔(𝑢).
2. In this section we shall consider applications of Theorems 1 and 2 to the
solution of systems of differential equations. Write the polynorm 𝑔(𝑢) in the
form

sovietrxiv.org/items/ru-196601.92861 Machine Translation

https://sovietrxiv.org/items/ru-196601.92861


𝑔𝑝(𝑢) =
𝑅

∑
𝑡=1

(∫
Ω

𝑏(𝑡)(𝑥) |ℒ(𝑡)𝑢|𝑞(𝑡) 𝑑𝑥)
𝑝/𝑞(𝑡)

,

where

ℒ(𝑡)𝑢 =
𝑁

∑
𝑗=1

ℒ(𝑡,𝑗)𝑢𝑗,

ℒ(𝑡,𝑗)𝑢𝑗 = ∑
|𝛼|=𝑚(𝑡,𝑗)

𝑎(𝑡,𝑗)
𝛼 𝐷𝛼𝑢𝑗,

and 𝑎(𝑡,𝑗)
𝛼 are constants. Suppose, furthermore, that it is known that for vector-

functions from 𝐿 there exist generalized, in the sense of S. L. Sobolev, differential
expressions

ℒ(𝑅+1), … , ℒ(𝑇 ),

and on ⃗𝐶(∞)
0 (Ω) the inequality

∫
Ω

𝑏(𝑡)(𝑥) |ℒ(𝑡)𝑢|𝑞(𝑡) 𝑑𝑥 ≤ 𝑔𝑞(𝑡)(𝑢)

holds for all 𝑡 = 𝑅 + 1, … , 𝑇 , where 𝑏(𝑡)(𝑥) is a certain continuous function on
Ω, positive at every point 𝑥 ∈ Ω.

Consider the system of equations

𝑇
∑
𝑡=1

ℒ(𝑡,𝑗)∗𝜑𝑡(𝑥, ℒ(1)𝑢, … , ℒ(𝑅)𝑢) = 𝑓𝑗(𝑥) (𝑗 = 1, … , 𝑀).

Definition 6. We shall say that 𝑢(𝑥) ∈ 𝐿 if

𝑢(𝑥) ∈ 𝐿 and ∫
Ω

𝑏(𝑡)(𝑥) |ℒ(𝑡)𝑢|𝑞(𝑡) 𝑑𝑥 < ∞

for 𝑡 = 1, 2, … , 𝑇 .

Definition 7. We shall say that 𝑢(𝑥) from 𝐿 is a generalized solution of system
(4), if

∫
Ω

(
𝑇

∑
𝑡=1

𝜑𝑡ℒ(𝑡)𝑣 −
𝑀

∑
𝑗=1

𝑓𝑗𝑣𝑗) = 0
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for every 𝑣 = (𝑣1(𝑥), … , 𝑣𝑀(𝑥)) ∈ ⃗𝐶(∞)
0 (Ω).

Theorem 3. Suppose: 1) the conditions of Theorems 1 and 2 are satisfied;
2) 𝜑𝑡(𝑥, 𝑦1, … , 𝑦𝑇 ) is continuous in the aggregate of its arguments on Ω × 𝐸𝑇 ;
3)

|𝜑𝑡(𝑥, 𝑦1, … , 𝑦𝑇 )| ≤ ̃𝑐 𝑏(𝑡) 1/𝑞(𝑡)′ (
𝑇

∑
𝛾=1

[[𝑢𝑛𝑐𝑙𝑒𝑎𝑟 ∶ 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡]](𝛾)−1/𝑞(𝑡)′ |𝑦𝛾|𝑞(𝛾)/𝑞(𝑡)′ )
𝑇

;

4) there exists a matrix

𝜓𝑥 ≡ ‖𝜓𝜈𝜇(𝑥)‖ (𝜈, 𝜇 = 1, … , 𝑀),

such that: a) the functions 𝜓𝜈𝜇(𝑥) are infinitely differentiable; b) the determi-
nant

|𝜑(𝑥)| ≠ 0
for all 𝑥 ∈ Ω; c)

ℒ(𝑡)(𝜓𝑢) =
𝑇

∑
𝑗=1

𝑎𝑡𝑗(𝑥) ℒ(𝑗)𝑢

for all 𝑢 ∈ ⃗𝐶(∞)
0 (Ω) and 𝑡 = 1, … , 𝑅, where

𝑎𝑡𝑗 ≡ 0 if 𝑞(𝑡) > 𝑞(𝑗),

and
|𝑎𝑡𝑗(𝑥)|𝑞(𝑡)𝑏(𝑡)(𝑥) [𝑏(𝑗)]−𝑞(𝑡)/𝑞(𝑗) ∈ 𝐿(𝑞(𝑗)/𝑞(𝑡))′(Ω), if 𝑞(𝑡) ≤ 𝑞(𝑗);

2)

𝑇
∑
𝑡=1

(𝜑𝑡(𝑥, 𝑦1+𝜂1, … , 𝑦𝑇 +𝜂𝑇 )−𝜑𝑡(𝑥, 𝑦1, … , 𝑦𝑇 ))×
𝑇

∑
𝑗=1

𝑎𝑡𝑗(𝑥)𝜂𝑗 ≥
𝑅

∑
𝑡=1

𝑏(𝑡)(𝑥)|𝜂𝑡|𝑞
(𝑡) .

Then for any vector-function 𝑢̂(𝑥) ∈ 𝐿̃ and for any vector-function

𝑓(𝑥) = (𝑓1(𝑥), … , 𝑓𝑀(𝑥))

from 𝐿0, there exists a generalized solution 𝑢(𝑥) of system (4) such that

𝑢(𝑥) − 𝑢̂(𝑥) ∈ 𝐿0.

This solution is unique up to a vector-function from the set

𝐻 = {𝑢 ∶ 𝑢 ∈ 𝐿0, 𝑔(𝑢) = 0}.

Theorem 3 is proved on the basis of the results of F. Browder’s work (8).
Received
21. VII. 1965
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Note: Figure translations are in progress. See original paper for figures.
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