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In the problem of scattering of nucleons by nuclei (1), the Schrédinger equation
is considered

Lu—k*u=—Au—[k*—=V(z)—T(r)(,3)]u=0, k* >0, (1)

T = (.%'1,.%'271‘3).

In this equation the wave function u is a two-component spinor, i.e., a quantity
transformed according to the representation D, /2 of the rotation group of three-

dimensional Euclidean space (?). The potential V(z) and the function T'(r)
are real functions tending to zero as r = |x| — oo. As a rule, one restricts
oneself to the case of a spherically symmetric potential, but we shall consider
the general case*. The operator [ is the operator of orbital angular momentum.
Its components have the form

1, =i(sinpd/00 + ctghcos v 0/0p);

1, = —i(cos p d/00 — ctgOsin p 0/Dp); l,=—i0/0p, (2)

where 7,60, @ are the spherical coordinates of the point .

The spin operator § = /2 has the following projections on the coordinate axes:

1(0 1 C1(0 —i C1(1 0 )
S2=5\1 0)° %=3\i o) *T3\l0 —1)°

the term T'(r)(l, 5) takes into account the spin-orbit interaction of the scattered
particles.
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Introduce on the set of spinors

=)

a Hilbert space H with finite norm

(u, ) = Jul* = /Hle + |ug|*] da, (4)

where an integral without indicated limits of integration is taken over the whole
three-dimensional space. The aim of the paper is a complete description of the
spectrum of equation (1), the construction of eigenfunctions of the continuous
spectrum for this equation, the proof of an expansion theorem for an arbitrary
function from H in eigenfunctions, and the existence of the S-matrix and wave
operators for the scattering problem under consideration. An analogous analysis
for the Schrodinger operator without taking spin-orbit interaction into account
in some infinite domains was carried out in ().

§ 1. We shall call a spinor u finite if outside some domain the functions u, (x)
and u,(z) are equal to zero. Denote by D the set of finite twice differentiable
spinors.

Lemma 1. The Schridinger operator £, considered on the set D, is symmetric
and semibounded. Its closure is a self-adjoint operator.

* Everything said below remains valid if V(z) is a Hermitian matrix; in this case

2
V)= 3 Vo)l

Theorem 1. If V(z) and T'(r) are real-valued functions, continuous outside
and square-integrable inside some domain, tending to zero as |z| — oo,

Tim ([V()]+ (7)) =0, 5)

then the negative spectrum of the self-adjoint operator £ is discrete, and the
positive spectrum is continuous.

If, moreover, the condition

Jim supr/ 1V (£, 0, 0)] + |T(8)[2) dt = 0, (6)

7—00 090
’
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is satisfied, then the negative spectrum of the operator £ consists of a finite
number of eigenvalues.

Theorem 2. If

sup r|V(x)|| < k; T(r)=0 forr>R,, (7)

lx|=r

lim
T—00

then the operator £ has no positive eigenvalues. In other words, under condi-
tions (7), every square-integrable solution of equation (1) is identically zero.

Let G(x,y, k) be the Green matrix for equation (1). Since the operator T'(r)(I5)
is a matrix differential operator, the Green function of equation (1) is a matrix

— Gll('rv vk) GIQ('rv vk)
Gla,y.k) = <G21(~T,§a k) GQQ(‘Tﬂia k)) . ®)

It satisfies the matrix equation:

LG =b6(z—y), (9)

where §(x — y) is the delta function, and I is the identity matrix

= (é ?) (10)

The function G(z,y, k) admits analytic continuation into the half-plane Im k > 0,
i.e., all the functions G,;(z,y, k), 4,7 = 1,2, have this property.

In what follows it is assumed that conditions (7) are satisfied and

C

VvV N
V@) < T

a>0. (11)

Theorem 3. The function G(zx,y, k) is a continuous function of the spectral
parameter k in the half-plane Im k > 0*.

It follows from Theorem 3 that

Corollary 1. The positive spectrum of the operator £ is absolutely continuous.
The formula holds

1
~ImG(z,y, VA) = df(z,y,\)/d\,  A>0. (12)
i

Theorem 4. Let |y| — oo, with the point y receding to infinity along a ray
whose direction is characterized by the unit vector w = argy. Then
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eiky
G(z,y, k) O(x,w,k)(1+ o(1)). (13)

IyHoo,_argy:@ 4yl

* If the operator £ has no negative discrete spectrum. In the contrary case,
there exists a finite number of isolated simple poles lying on the positive part
of the imaginary axis.

The matrix ®(z,w, k) in our problem is analogous to the plane wave e k(W) jp

the simplest scalar problem (T' =V = 0). Note that

iklz—y| iklyl
¢ € emik@) (] 4 o(1)).

lz—yl |yl

ly| = oo, argy =

Theorem 5 (on expansion in eigenfunctions). Let v C H. The dual
formulas hold

u(z) = W / (w, k) k) dk + ;cp%(@,

u(k) = (27T1)3/2/<I>*(x,w, k)u(zx) dx, cp = (U, 9,), k= ko, (14)

where (pp(x) are eigenfunctions of the negative spectrum of the operator £.

The columuns of the matrix ®(z, o, k) are eigenfunctions of the continuous spec-
trum of the operator £.

p- 2. For the proof of Theorems 2-5, some results are needed which, it seems to
us, are of independent interest. Consider the operator equation in an abstract
Hilbert space H:

d*v/dr® — Av/r? + (k* — Q)v = 0, k?* > 0. (15)

In this equation 7 is a parameter, r > 0, A is a self-adjoint, unbounded, positive
operator,

(Av,v) >0 for |u| > 0. (16)

The operator () has the form
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Q=V(r)+T(r)R, (17)
where V(r) and T'(r) are bounded, continuous operators, and

limsupr |V (r)|| < 2k, < i IT(r)| =0 forr > R, = const. (18)

27
700

The operator R is self-adjoint, possibly unbounded, for r» < R,,.

Theorem 6. Under the assumptions made, every solution of equation (15) that
is not identically zero satisfies the relations

R+b
lim / r2#F€|v]|? dr > const > 0, (19)
R—o0 R
lim infr2** ||| + k*[v]?] > 0 (20)
T—00

for any € > 0, any fixed b > 0.

If it is assumed that

[:O V()| dr < oo, (21)

0

then in formulas (19), (20) one may put € = u = 0.

Remark 1. Assertions (19)-(20) are uniqueness theorems, important for a
rigorous mathematical analysis of the spectrum of the Schrédinger operator.
With their help Theorem 2 is proved. The results of p. 2 are obtained on the
basis of a generalization of the methods of papers (3,4).
p. 3. Let the assumptions of p. 1 be fulfilled and, in addition, let the functions
V(x) and T(r) be finite, i.e. vanish outside some region.

Theorem 7. Under the assumptions made, the Green matrix-function
G(z,y, k) admits an analytic continuation to the entire plane of the complex
variable k. This continuation is analytic for Imk > 0* and meromorphic for
Imk < 0.

§ 4. Let the assumptions of § 1 be satisfied.

Theorem 8. In the scattering problem for the potential V(z) + T'(r)(, 5),
containing spin-orbit interaction, there exist wave operators W, and a unitary
scattering operator S.
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For the scalar problem in certain domains with an infinite boundary, an analo-
gous theorem was proved in (3, )**.

§ 5. If the operator £ has no discrete negative spectrum, then the limiting-
amplitude principle is valid for this operator.

Theorem 9. Under the conditions of Theorem 7, the solution of the nonsta-
tionary problem

c

Uy + Lu = f(x)e™, |f(z)] < TE|efre’ a>0, (22)
u|t:0 - ut|t:0 =0 (23)
admits the estimate, as t — oo,
u(x,t) = e“lo(z,w) + o(1), (24)
where
Ly —w?v = f(z). (25)
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* See the footnote to Theorem 3.

** In paper (3 ) there are a number of removable errors. In particular, in formula
(2), A should stand instead of V. In paper (3 ), in formula (8), D,,D, is
printed; it should read D2,D§.
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Note: Figure translations are in progress. See original paper for figures.
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