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MATHEMATICS

M. S. AGRANOVICH

POSITIVE MIXED PROBLEMS

FOR CERTAIN HYPERBOLIC SYSTEMS
(Presented by Academician I. G. Petrovskii, 28 X 1965)

In this note a mixed problem is considered in a cylindrical domain for a gen-
eral first-order hyperbolic system, assumed to be symmetric (more precisely,
Hermitian) only at the points of the lateral surface of the cylinder. An energy
inequality and the existence of a strong solution are established under positivity
assumptions on the boundary condition of the same kind as in (1−3).

Let 𝐺 be a bounded domain in the real 𝑛-dimensional space 𝑅𝑛
𝑥 of points 𝑥 =

(𝑥1, … , 𝑥𝑛), having an (𝑛 − 1)-dimensional boundary Γ of smoothness class 𝐶2.
In the space 𝑅𝑛+1

𝑡,𝑥 of points (𝑡, 𝑥) consider the cylindrical domain Ω = 𝐼 × 𝐺,
where 𝐼 is the segment {𝑡 ∶ 0 ≤ 𝑡 ≤ 𝑇 }. Denote by Ω′ the lateral part 𝐼 × Γ of
the boundary of the domain Ω, by 𝐺(𝜏) the intersection of the domain Ω with
the plane 𝑡 = 𝜏 , and by Γ(𝜏) the boundary of this intersection. By 𝑆 denote
the unit sphere |𝜉| = 1 in the space 𝑅𝑛

𝜉 of points 𝜉 = (𝜉1, … , 𝜉𝑛).

Suppose that in the closure Ω of the domain Ω there is given a system of first-
order partial differential equations

𝐿𝑢 ≡ 𝜕𝑢
𝜕𝑡 −

𝑛
∑
𝜈=1

𝐴𝜈(𝑡, 𝑥) 𝜕𝑢
𝜕𝑥𝜈 + 𝐶(𝑡, 𝑥)𝑢 = 𝑓. (1)

Here 𝑢 = 𝑢(𝑡, 𝑥) and 𝑓 = 𝑓(𝑡, 𝑥) are column vectors of height 𝑁 with complex
components; 𝐴𝜈 and 𝐶 are square complex matrices of order 𝑁 . We shall assume
that 𝐴𝜈 ∈ 𝐶2(Ω).* It is sufficient to assume that the elements of the matrix 𝐶
are bounded measurable functions.

We subject the solution 𝑢(𝑡, 𝑥) to the boundary condition

𝐵(𝑡, 𝑥)𝑢(𝑡, 𝑥) = 𝑔(𝑡, 𝑥) on Ω′, (2)

where 𝐵 is a smooth complex matrix on Ω′, having 𝑁 columns and a fixed
number 𝑞 of linearly independent rows, and 𝑔 is a complex column vector of
height 𝑞, given on Ω′, and also to the initial condition
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𝑢(0, 𝑥) = ℎ(𝑥). (3)

We assume system (1) to be hyperbolic in the generalized sense of I. G. Petrovskii
(5) in Ω and Hermitian on Ω′. More precisely, let

𝑎(𝑡, 𝑥, 𝜉) =
𝑛

∑
𝜈=1

𝜉𝜈𝐴𝜈(𝑡, 𝑥). (4)

We shall assume the following to hold.

Condition I. For each point (𝑡0, 𝑥0) ∈ Ω there exists a neighborhood 𝑈0 in
𝑅𝑛+1

𝑡,𝑥 , and for each point 𝜉0 ∈ 𝑆 there exists a neighborhood 𝑆0 on 𝑆, such that
in

𝑉0 = (𝑈0 ∩ Ω) × 𝑆0

there is defined a nonsingular matrix

* Our smoothness assumptions can be weakened.

𝑟(𝑡, 𝑥, 𝜉) of order 𝑁 and smoothness class 𝐶2;∞
𝑡,𝑥;𝜉(𝑉0)*, possessing the following

two properties: 1) the matrix 𝑟𝑎𝑟−1 is diagonal and real in 𝑉0 (it suffices to
assume it Hermitian); 2) the matrix 𝑟 is unitary for (𝑡, 𝑥) ∈ Ω′ (so that the 𝐴𝜈
are Hermitian on Ω′).

Let us note two important cases in which Condition I is satisfied.

1∘. The matrices 𝐴𝜈 are Hermitian everywhere in Ω, so that for 𝑟 one may take
the identity matrix. In this case the theorems formulated below are well known
(1−3,6,7).
2∘. The system (1) is strictly hyperbolic in the sense of I. G. Petrovskii (5) (i.e.,
the eigenvalues of the matrix (4) are real and pairwise distinct for (𝑡, 𝑥) ∈ Ω,
𝜉 ≠ 0), and, moreover, the matrices 𝐴𝜈 are Hermitian on Ω′. In this case,
for 𝑟−1 one must take the matrix whose columns are the normalized linearly
independent eigenvectors of the matrix 𝑎. If, in addition, 𝑛 > 2 and the domain
𝐺 is simply connected, then 𝑟 is immediately constructed globally (5).
Put 𝑎𝑙(𝑡, 𝑥) = 𝑎(𝑡, 𝑥, 𝑙), where 𝑙 = (𝑙1, … , 𝑙𝑛) is the unit vector of the inner
normal to Γ(𝑡) at the point (𝑡, 𝑥) ∈ Ω′.

Condition II. det 𝑎𝑙(𝑡, 𝑥) ≠ 0 on Ω′.

Examples show that there exist strictly hyperbolic systems with infinitely
smooth 𝐴𝜈(𝑡, 𝑥), satisfying Conditions I and II and such that, for no nonsingular
matrix 𝑇 (𝑡, 𝑥), will the matrices 𝑇 𝐴𝜈𝑇 −1 (𝜈 = 1, … , 𝑛) be simultaneously
Hermitian in Ω.
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For two vectors 𝑢 = {𝑢𝑗}, 𝑣 = {𝑣𝑗} from 𝐶𝑁 put 𝑢 ⋅ 𝑣 = ∑ 𝑢𝑗𝑣𝑗. Denote by
𝔅(𝑡, 𝑥) the kernel of the matrix 𝐵(𝑡, 𝑥) in 𝐶𝑁 . Following (1−3), we formulate
two more conditions.

Condition III. For every point (𝑡, 𝑥) ∈ Ω′ the quadratic form 𝑢 ⋅ 𝑎𝑙(𝑡, 𝑥)𝑢 is
positive on 𝔅(𝑡, 𝑥):

𝑢 ⋅ 𝑎𝑙(𝑡, 𝑥)𝑢 ≥ 𝑝0𝑢 ⋅ 𝑢 for 0 ≠ 𝑢 ∈ 𝔅(𝑡, 𝑥), (5)

where 𝑝0 = const > 0.
Condition IV. Condition III is fulfilled, and, moreover, in any (𝑁 − 𝑞 + 1)-
dimensional subspace of 𝐶𝑁 containing 𝔅(𝑡, 𝑥), there exists a vector 𝑣 for which
𝑣 ⋅ 𝑎𝑙(𝑡, 𝑥)𝑣 < 0.
Put

‖𝑢‖2
𝐺(𝑡) = ∫

𝐺(𝑡)
|𝑢(𝑡, 𝑥)|2 𝑑𝑥, ‖𝑢‖2

Γ(𝑡) = ∫
Γ(𝑡)

|𝑢(𝑡, 𝑥)|2 𝑑𝑥′,

where 𝑑𝑥′ is the surface element on Γ(𝑡). We define ‖𝑔‖Γ(𝑡) and ‖ℎ‖𝐺 analogously.

Theorem 1. Let Conditions I, II, and III be fulfilled. Then, for solutions
𝑢(𝑡, 𝑥) ∈ 𝐶1(Ω) of problem (1)—(3), the energy inequality

‖𝑢‖2
𝐺(𝑡)+∫

𝑡

0
‖𝑢‖2

Γ(𝜏) 𝑑𝜏 ≤ const{∫
𝑡

0
[‖𝑓‖2

𝐺(𝜏) + ‖𝑔‖2
Γ(𝜏)] 𝑑𝜏 + ‖ℎ‖2

𝐺} , 0 ≤ 𝑡 ≤ 𝑇 ,

(6)

holds, where the constant does not depend on 𝑡 or on 𝑢(𝑡, 𝑥).
In the proof, approaches proposed for other purposes in (4,8,9) are used. After
localization one computes the derivative

𝑑
𝑑𝑡 ∫ |𝑅(𝑡)𝑢𝜀(𝑡, 𝑥)|2 𝑑𝑥,

where 𝑅(𝑡) is a singular integral operator in 𝑅𝑛
𝑥 , depending on the parameter 𝑡,

with symbol, roughly speaking, equal to 𝑟, and where 𝑢𝜀(𝑡, 𝑥) is a smooth

* The derivatives with respect to 𝑡, 𝑥 of order ≤ 2 are continuous in (𝑡, 𝑥, 𝜉)
together with their derivatives of arbitrary order with respect to 𝜉.
continuation of the function 𝑢(𝑡, 𝑥) to 𝑅𝑛

𝑥 , equal to 0 outside the 𝜀-neighborhood
of the domain 𝐺(𝑡); then one passes to the limit as 𝜀 → 0.
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Denote by 𝐻(Ω), 𝐻(𝑞)(Ω′), and 𝐻(𝐺) the Hilbert spaces of (vector-) functions
in Ω, Ω′, and 𝐺, respectively, with norms defined by the equalities

‖𝑢‖2
Ω = ∫

𝑇

0
‖𝑢‖2

𝐺(𝑡) 𝑑𝑡, ‖𝑔‖2
Ω′ = ∫

𝑇

0
‖𝑔‖2

Γ(𝑡) 𝑑𝑡,

and ‖𝑤‖𝐺; in the first and third cases the column vectors have height 𝑁 , and in
the second, height 𝑞. Let 𝑓, 𝑢 ∈ 𝐻(Ω); 𝑔 ∈ 𝐻(𝑞)(Ω′); 𝑣 ∈ 𝐻(𝑁)(Ω′); ℎ, 𝑤 ∈ 𝐻(𝐺).
We shall call a triple (𝑢, 𝑣, 𝑤) a strong solution of problem (1)—(3) if there exists
a sequence of functions 𝑢𝜈(𝑡, 𝑥) ∈ 𝐶1(Ω̄) such that, as 𝜈 → ∞,

‖𝑢𝜈 − 𝑢‖Ω + ‖𝑢𝜈 − 𝑣‖Ω′ + ‖𝑢𝜈(𝑇 , 𝑥) − 𝑤‖𝐺+

+‖𝐿𝑢𝜈 − 𝑓‖Ω + ‖𝐵𝑢𝜈 − 𝑔‖Ω′ + ‖𝑢𝜈(0, 𝑥) − ℎ‖𝐺 → 0. (7)

Thus, for a strong solution, the values on Ω′, 𝐺(0), and 𝐺(𝑇 ) are defined.

Theorem 2. If conditions I, II, and IV are satisfied, then for any 𝑓 ∈ 𝐻(Ω),
𝑔 ∈ 𝐻(𝑞)(Ω′), ℎ ∈ 𝐻(𝐺) problem (1)—(3) has a strong solution (𝑢, 𝑣, 𝑤). For
strong solutions

‖𝑢‖Ω + ‖𝑣‖Ω′ + ‖𝑤‖𝐺 ≤ const{‖𝑓‖Ω + ‖𝑔‖Ω′ + ‖ℎ‖𝐺}, (8)

where the constant does not depend on 𝑓 , 𝑔, or ℎ.
The proof of existence is the same as in (1−3): the adjoint problem is used and
the theorem on coincidence of strong and weak solutions (2) is applied.

Inequality (8) shows that the strong solution is unique and depends continuously
on the right-hand sides.

Remarks. 1∘. Theorems 1 and 2 remain valid if, with respect to the boundary
condition on Ω′, one assumes, as in (1−3), that it can only be written locally
in the form (2). In this case it is convenient to regard 𝑔(𝑡, 𝑥) as a section of
some vector bundle over Ω′ with a 𝑞-dimensional fiber. The norm ‖𝑔‖Ω′ is then
defined by means of a partition of unity on Ω′ (see, for example, (10), Sec. 6).
The corresponding definition of a strong solution is equivalent to that given in
(3).

2∘. Suppose that the matrices 𝐴𝜈(𝑡, 𝑥) are Hermitian not only on Ω′, but also
near Ω′. Then condition II may be replaced by the condition of constancy
of the rank of the matrix 𝑎𝜈(𝑡, 𝑥) on Ω′, and condition III by the condition
of nonnegativity of the form 𝑢 ⋅ 𝑎𝜈𝑢 on 𝔅(𝑡, 𝑥). Theorems 1 and 2 remain
valid after, for example, the following modifications: 𝑔 = 0; ‖𝑢‖2

Γ(𝜏) on the
left in (6) is replaced by ∫Γ(𝜏) 𝑢 ⋅ 𝑎𝜈𝑢 𝑑𝑥′; in the definition of a strong solution
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𝐵𝑢𝜈 = 0. Such theorems are obtained almost directly from the results of (1−3,8,9)
by localization.

3∘. Put, for an integer 𝑙 ≥ 0,

|||𝑢|||2𝐺(𝑡), 𝑙 = ∑
𝛼+|𝛽|≤𝑙

∫
𝐺(𝑡)

∣ 𝜕𝛼

𝜕𝑡𝛼
𝜕𝛽𝑢
𝜕𝑥𝛽 ∣

2
𝑑𝑥, ‖ℎ‖2

𝐺,𝑙 = ∑
|𝛽|≤𝑙

∫
𝐺

∣𝜕
𝛽𝑢

𝜕𝑥𝛽 ∣
2

𝑑𝑥

and define similarly |||𝑢|||Γ(𝑡),𝑙 with the aid of a partition of unity and local
coordinates on Γ(𝑡). Then, if the smoothness assumptions on the matrices 𝐴𝜈,
𝐵, and 𝐶 are strengthened by order 𝑙, then under conditions I—III one establishes
⋯

the following inequality, generalizing (6), is established:

|||𝑢|||2𝐺(𝑡), 𝑙 + ∫
𝑡

0
|||𝑢|||2Γ(𝜏), 𝑙 𝑑𝜏 ≤

≤ const{∫
𝑡

0
[|||𝑓|||2𝐺(𝜏), 𝑙 + |||𝑔|||2Γ(𝜏), 𝑙] 𝑑𝜏 + ‖ℎ‖2

𝐺, 𝑙} , 0 ≤ 𝑡 ≤ 𝑇 . (9)

Inequality (9) is proved by means of localization, application of Theorem 1 to
the system obtained from (1)—(3) by differentiation, and use of the embedding
theorems of N. Aronszajn—L. N. Slobodetskii (see, for example, (11)).
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of Electronic Machine Building

Received
20 X 1965

References
1. K. O. Friedrichs, Comm. Pure and Appl. Math., 11, 333 (1958).

2. P. D. Lax, R. S. Phillips, Comm. Pure and Appl. Math., 13, 427 (1960).

3. R. S. Phillips, L. Sarason, Singular Symmetric Positive First Order
Differential Operators, Preprint, 1966.

4. K. O. Friedrichs, P. D. Lax, Comm. Pure and Appl. Math., 18, 355
(1965).

5. I. G. Petrovsky, Bull. Moscow State Univ., Section A, 1, no. 7 (1938).

sovietrxiv.org/items/ru-196601.92600 Machine Translation

https://sovietrxiv.org/items/ru-196601.92600


6. A. A. Dezin, Mat. Sb., 49, no. 4 (1959).

7. A. A. Dezin, Uspekhi Mat. Nauk, 14, no. 3 (1959).

8. M. Yamaguti, Proc. Japan Acad., 35, no. 1 (1959).

9. S. Mizohata, J. Math. Soc. Japan, 11, 234 (1959).

10. R. T. Seeley, Trans. Am. Math. Soc., 117, no. 5 (1965).

11. L. R. Volevich, B. P. Paneah, Uspekhi Mat. Nauk, 20, no. 1 (1965).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.92600 Machine Translation

https://sovietrxiv.org/items/ru-196601.92600

	Abstract
	Full Text
	POSITIVE MIXED PROBLEMS
	FOR CERTAIN HYPERBOLIC SYSTEMS
	References


