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(Presented by Academician N. N. Bogolyubov on 22 II 1966)

We shall consider two “coefficient” boundary-value problems (of parabolic type
and elliptic type), in which, along with the solution of the differential equation,
one of the coefficients of the differential equation is also sought (cf. with (1,2)).
The existence, uniqueness, and stability of the solution of these problems will
be proved, and a difference method for their solution will be justified.

1. Consider the coefficient boundary-value problem for an equation of
parabolic type

a(t)uy,, (z,t) — c(t)u(z,t) — uy(z,t) = H(x,t), 0<z<l,
0<t<T; (1,1)

u<07t):f1(t)’ u(lvt):f2<t)7 0<t<LT,
©(0) = f1(0), (1) = f5(0), (1,3)

—a(t)u, (0+0,t) = g(t), 0<t<T, (1,4)

where c(t) > ¢ > 0, g(t), f1(t), fo(t), w(x), and H(z,t) are prescribed
continuous functions, bounded in their domains of definition, with ¢(0) = f;(0),
©(1) = f5(0), while a(t) and u(x,t) are the unknown functions. We note that,
for bounded c¢(t), the fulfillment of the condition ¢(t) > ¢,,;, > 0 can always be
achieved by means of the well-known substitution u(x,t) = e“v(x,t), taking
«a > 0 sufficiently large.
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Definition 1. A pair of functions a(t), u(z,t) will be called a solution of
problem (1,1)—(1,4) if 1) a(t) is continuous for 0 < ¢ < T, and there exists a
constant a,,;,, > 0 such that a(t) > a,;,; 2) u(z,t) is defined and continuous
in the domain D ={0 <2z <1, 0 <t <T}; 3) uy(z,t), uy,(x,t), u(x,t) are
defined and continuous in the domain D={0<a <1, 0 <t <T}.

To find the solution of problem (1,1)—(1,4) we apply a difference-iteration
method. Construct a difference mesh by dividing the intervals 0 < z < 1 and
0 <t < T, respectively, into M and N equal parts by the division points
z; =th,i=0,1,....,M,zyy =Mh=1,t;,=j7,j=0,1,..,N, ty = Nt =T.
To determine the mesh functions a; and wu,;, which approximate the values of
the unknown functions a; and u(z;,t;) at the mesh nodes, we replace problem
(1,1)—(1,4) by the difference problem

aj5_;£uij —cju;; — 0 uy; = Hyj, 0<i< M, 0<j<N; (1,5)
Uig = Pis OSZSMv (176)
qu:f1j7 UMj:ij, 0<j<N; (1,7)

—a;0,ug; = g 0<j<N, (1,8)

where Cj = c<tj)a 9; = g<tj)a flj = fl(tj)7 f2j = fz(tﬂv ij — H(zhtj)a Pi =
2

o(x;), fio = ®o, foo = O Opuy; = hil(“iﬂ,y — uy;), Opuy; = 7 My —

ij ij
_ -2
U 1)y Opptiy = h72(Uipy 5 — 2wy + u;q )

Assuming that a,, and u,,, for 0 < m < j— 1 have already been determined
(with ag = —go[d,90] ") and satisfy relations (1.5)—(1.8), to determine a; and

u;; we apply the iteration method (in combination with the sweep method)

according to the scheme

a5 ul® el - 5tu§§) = H,, 0<i<M, 0<j<N; (1.9)

“E)?:fua ugég':ija 0<j<N; o =¢;, 0<i<M; (1.10)

—a* Vs 4l 0<j<N

sy = g5, (1.11)

7

where
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5 = L@ — ), Gl = h2 () — 2 4o, ), (L12)

zal 7 l+1,]

bl =7 (g — i),
Taking any a , from (1.9) and (1.10) by the sweep method we find uo for
0<i< M, and then from (1.11) we find a; >, ete.
Theorem 1. Let H(x,t), ¢(z), fi(t), fo(t) be continuous and bounded in

their domains of definition; let H(z,¢) and ¢(z) be twice differentiable with
respect to x; let f;(¢), fo(t) be differentiable with respect to ¢, and let

6wwHim < 07 61:9:()02 > 0; 69:()01 < 0; (113)
CrrLflm + HOm + 5tf1m > 07 Cmf2m + HMm + 5tf2m > Oﬂ (114)
f - f2m = mm >0 (115)

for1 <m < j, 1 <i< M—1. Then the iterative process (1.9)—(1.12) converges

for sufficiently large g,,;,, = infg(t) > 0, and ag-s),ug? tend monotonically as

s — +00 to their limits a;, u,;, which form the solution of problem (1.5)—(1.8).

For a;,u;; the estimates

1) |u’L]| < U< +OO7 2) 0 < 5wzu1] < U < +OO 3) 0< Kmin < _6a:u0
4) 0 <y <a; <y, 0<j<N,
hold, where the constants U, U, U ) Gmins> @max 40 Not depend on A, 7, but depend

only on the prescribed functions.
The proof of Theorem 1 is based on the following lemmas.

Lemma 1. If the solution of the difference problem (1.5)—(1.8) exists, then
under the conditions of Theorem 1 the estimates

) lu;;] <U < 4005

2%) 0 < §,,u;; < By /a(h,7) + B, hold, where the constants U, By, B, depend
only on the prescribed functions, and a(h,7) = mina; for the values of h,T
under consideration.
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Lemma 2. If the solution of the difference problem (1.5)—(1.8) exists and
conditions 1) are satisfied, then 3%) 0 < K, < —0,,,, < By/a(h,7) + B3,
where Bl, a(h, 7) have the same meanings as in Lemma 1, and B; is a constant
depending only on the prescribed functions.

Lemma 3. If there exists a solution of the difference problem (1.5)—(1.8) and
the conditions of Theorem 1 are satisfied, then for sufficiently large g, =
inf g(t) > 0 there exist constants a a independent of h, 7, such that the

inequalities 4) 0 < @y, < @5 < Gyax < 400 hold for all j, 0 < j < N.

min max

Theorem 2. If the following conditions are satisfied: 1) H, H, H, ., H ..., Hoooows Hes Hip G, G4, € Cry f15 fres free

exist and are bounded; 2) H,, <0, f(t) — fo(t) > K, >0, 0 <c(t)f,(¢) +

H(0,t) + f1,(t) < K, 0 < e(t)fo(t) + H(1,t) + fo,(t) < K, 0 < () < K,
then for sufficiently large g¢,,;, = infg(t) > 0 the solution of the coefficient
boundary-value problem (1.1)—(1.4) exists.

)

The proof of Theorem 2 is based on the estimates of S. N. Bernstein (3,4).

Along with problem (1.1)—(1.4), consider the “perturbed” problem

~

a(t)ty, (z,t) — e(t)u(x, t) — a4, (z,t) = H(z,t), 0<z<l,

0<t<T; (1.1
i(z,0) = (z), 0<z<I; (1.2))

@0,t) = /1),  a(l,t)=fot), 0<t<T; (1.3)
—a(t)i, (0,t) = §(t), 0<t<T, (1.4°)

where ¢(t) > ¢ > 0, G(t) > gmin > 0, fl(t), fz(t), o(x), ﬁ(:c,t) are given
functions possessing the same differential properties as the corresponding func-
tions in Theorems 1 and 2 without the tilde. Put

8y(x) = Blx) — p(x), 8y(t) = fi(t) = f1(t), 85(t) = Fot) — fo(t),

~

Definition 2. Suppose that for every € > 0 there exists a 6 = d(¢) > 0 such
that, if

6] <6=0(c), i=1,..,6; [0,,]<0=0(), |01pa] <0 =25(e)
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for all x and ¢ in their domains of variation, then for all such xz and t the
inequalities
la(t)] <e,  |w(z,t)]<e

hold.

Then we shall say that the solution of problem (1.1)—(1.4) is stable with
respect to small perturbations of ¢, f,, f5, g,¢, and H.

Theorem 3. The solution of problem (1.1)—(1.4) under the conditions of Theo-
rem 2 is unique and stable with respect to small perturbations of v, fi, fa,9,¢, H.

The proof of Theorem 3 is based on estimates of the Green function and its
derivative with respect to x for the operator

L(u) = a(t)u,, — c(t)u — u,

with boundary conditions of the first kind.

2. Consider the coefficient boundary-value problem for an equation of elliptic
type in the simplest (one-dimensional) case:

au,, () —u(z) = H(z), O<z<l; (2.1)
u(0) = fy, u(l) = fy, f1 > fa (2.2)
—au,(0+0) =g, g >0, (2.3)

where H(x) is a given continuous bounded function; f;, f5, g are given constants;
the constant a and the function u(z) are unknown.

Definition 3. A pair of quantities {a,u(z)}, where a is a constant and u(x)
is a function, will be called a solution of problem (2.1)—(2.3) if 1) a > 0; 2)
u(z) is defined and continuous for 0 < z < 1; 3) u,(z), u,,(r) are defined and
continuous for 0 < = < 1; 4) all relations (2.1)—(2.3) are satisfied.

We shall approximate problem (2.1)—(2.3) by the difference problem

adyu; —u; = Hyy  1<i <M —1; (2.4)
uy = f1, upr = [ (2.5)
70“51’“0 =9, (26)
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on the difference grid z; = ih, i =0,1,..., M, Mh = 1, we shall solve problem
(2.4)—(2.6) by means of the iterative scheme

a5 ul —ulY = H,  0<i<M; (2.7)
) = fi,ul = fo (28)
—a(sﬂ)émués) =g. (2.9)

Theorem 4. Let H(z) be twice differentiable and let the inequalities

fi—f; =K >0. (2.10)

be satisfied. Then, for sufficiently large g > 0 and for any initial approximation
al® >0, al®, ugs) tend monotonically as s — +o0 to the limits w;, a(h), which
form the solution of the difference problem (2.4)—(2.6), and the estimates

0<dz,u; <U, ;| <U, 0<K<—0,,i<K,

0 < Gin < a(h) < @y < +00. (2.11)

hold.

Theorem 5. If H(x) is three times differentiable on the interval 0 < z < 1,
|[H” (z)] < E < 400, 0 < x < 1, then, under the conditions of Theorem 1, the
solution of problem (2.1)—(2.3) exists.

Definition 4. We shall say that the solution of problem (2.1)—(2.3) is stable
with respect to small perturbations §; = fl — fi, 0y = fz — fo, 03(x) =
H(z)— H(z) and 6, = j — g, if for every € > 0 there exists a § = d(¢) > 0 such
that, when the conditions

6] <68(), i=1,234  0<z<l1 (2.12)

are satisfied, the inequalities

|a —a| <e, lu(z)| <e for0<az<1 (2.13)
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will hold.

Theorem 6. Under the conditions of Theorem 5, the solution of problem (2.1)
—(2.3) is unique and stable with respect to small perturbations d;,ds, d3,d,.

Remark. The proposed difference method can be extended to problems in
which, along with the solution of the differential equation, two (or more) coeffi-
cients of the differential equation are sought, and also to problems in which the
coefficients of the differential equation are unknown functions of x, ¢, u.
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