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Abstract
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MATHEMATICAL PHYSICS

B. M. BUDAK, A. D. ISKENDEROV

A DIFFERENCE METHOD FOR SOLVING
CERTAIN COEFFICIENT BOUNDARY-
VALUE PROBLEMS
(Presented by Academician N. N. Bogolyubov on 22 II 1966)

We shall consider two“coefficient”boundary-value problems (of parabolic type
and elliptic type), in which, along with the solution of the differential equation,
one of the coefficients of the differential equation is also sought (cf. with (1,2)).
The existence, uniqueness, and stability of the solution of these problems will
be proved, and a difference method for their solution will be justified.

1. Consider the coefficient boundary-value problem for an equation of
parabolic type

𝑎(𝑡)𝑢𝑥𝑥(𝑥, 𝑡) − 𝑐(𝑡)𝑢(𝑥, 𝑡) − 𝑢𝑡(𝑥, 𝑡) = 𝐻(𝑥, 𝑡), 0 < 𝑥 < 1,
0 < 𝑡 ≤ 𝑇 ; (1,1)

𝑢(𝑥, 0) = 𝜑(𝑥), 0 ≤ 𝑥 ≤ 1; (1,2)

𝑢(0, 𝑡) = 𝑓1(𝑡), 𝑢(1, 𝑡) = 𝑓2(𝑡), 0 ≤ 𝑡 ≤ 𝑇 ,
𝜑(0) = 𝑓1(0), 𝜑(1) = 𝑓2(0), (1,3)

−𝑎(𝑡)𝑢𝑥(0 + 0, 𝑡) = 𝑔(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , (1,4)

where 𝑐(𝑡) ≥ 𝑐min > 0, 𝑔(𝑡), 𝑓1(𝑡), 𝑓2(𝑡), 𝜑(𝑥), and 𝐻(𝑥, 𝑡) are prescribed
continuous functions, bounded in their domains of definition, with 𝜑(0) = 𝑓1(0),
𝜑(1) = 𝑓2(0), while 𝑎(𝑡) and 𝑢(𝑥, 𝑡) are the unknown functions. We note that,
for bounded 𝑐(𝑡), the fulfillment of the condition 𝑐(𝑡) ≥ 𝑐min > 0 can always be
achieved by means of the well-known substitution 𝑢(𝑥, 𝑡) = 𝑒𝛼𝑡𝑣(𝑥, 𝑡), taking
𝛼 > 0 sufficiently large.

sovietrxiv.org/items/ru-196601.92480 Machine Translation

https://sovietrxiv.org/items/ru-196601.92480


Definition 1. A pair of functions 𝑎(𝑡), 𝑢(𝑥, 𝑡) will be called a solution of
problem (1,1)—(1,4) if 1) 𝑎(𝑡) is continuous for 0 ≤ 𝑡 ≤ 𝑇 , and there exists a
constant 𝑎min > 0 such that 𝑎(𝑡) ≥ 𝑎min; 2) 𝑢(𝑥, 𝑡) is defined and continuous
in the domain 𝐷 = {0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇 }; 3) 𝑢𝑥(𝑥, 𝑡), 𝑢𝑥𝑥(𝑥, 𝑡), 𝑢𝑡(𝑥, 𝑡) are
defined and continuous in the domain 𝐷 = {0 < 𝑥 < 1, 0 < 𝑡 ≤ 𝑇 }.
To find the solution of problem (1,1)—(1,4) we apply a difference-iteration
method. Construct a difference mesh by dividing the intervals 0 ≤ 𝑥 ≤ 1 and
0 ≤ 𝑡 ≤ 𝑇 , respectively, into 𝑀 and 𝑁 equal parts by the division points
𝑥𝑖 = 𝑖ℎ, 𝑖 = 0, 1, … , 𝑀 , 𝑥𝑀 = 𝑀ℎ = 1, 𝑡𝑗 = 𝑗𝜏 , 𝑗 = 0, 1, … , 𝑁 , 𝑡𝑁 = 𝑁𝜏 = 𝑇 .
To determine the mesh functions 𝑎𝑗 and 𝑢𝑖𝑗, which approximate the values of
the unknown functions 𝑎𝑗 and 𝑢(𝑥𝑖, 𝑡𝑗) at the mesh nodes, we replace problem
(1,1)—(1,4) by the difference problem

𝑎𝑗𝛿′
𝑥𝑥𝑢𝑖𝑗 − 𝑐𝑗𝑢𝑖𝑗 − 𝛿−

𝑡 𝑢𝑖𝑗 = 𝐻𝑖𝑗, 0 < 𝑖 < 𝑀, 0 < 𝑗 ≤ 𝑁; (1,5)

𝑢𝑖0 = 𝜑𝑖, 0 ≤ 𝑖 ≤ 𝑀; (1,6)

𝑢0𝑗 = 𝑓1𝑗, 𝑢𝑀𝑗 = 𝑓2𝑗, 0 ≤ 𝑗 ≤ 𝑁; (1,7)

−𝑎𝑗𝛿𝑥𝑢0𝑗 = 𝑔𝑗, 0 ≤ 𝑗 ≤ 𝑁, (1,8)

where 𝑐𝑗 = 𝑐(𝑡𝑗), 𝑔𝑗 = 𝑔(𝑡𝑗), 𝑓1𝑗 = 𝑓1(𝑡𝑗), 𝑓2𝑗 = 𝑓2(𝑡𝑗), 𝐻𝑖𝑗 = 𝐻(𝑥𝑖, 𝑡𝑗), 𝜑𝑖 =
𝜑(𝑥𝑖), 𝑓10 = 𝜑0, 𝑓20 = 𝜑𝑀 , 𝛿𝑥𝑢𝑖𝑗 = ℎ−1(𝑢𝑖+1,𝑗 − 𝑢𝑖𝑗), 𝛿𝑡𝑢𝑖𝑗 = 𝜏−1(𝑢𝑖𝑗 −
𝑢𝑖,𝑗−1), 𝛿𝑥𝑥𝑢𝑖𝑗 = ℎ−2(𝑢𝑖+1,𝑗 − 2𝑢𝑖𝑗 + 𝑢𝑖−1,𝑗).
Assuming that 𝑎𝑚 and 𝑢𝑖𝑚 for 0 ≤ 𝑚 ≤ 𝑗 − 1 have already been determined
(with 𝑎0 = −𝑔0[𝛿𝑥𝜑0]−1) and satisfy relations (1.5)—(1.8), to determine 𝑎𝑗 and
𝑢𝑖𝑗 we apply the iteration method (in combination with the sweep method)
according to the scheme

𝑎(𝑠)
𝑗 𝛿𝑥𝑥𝑢(𝑠)

𝑖𝑗 − 𝑐𝑗𝑢(𝑠)
𝑖𝑗 − 𝛿𝑡𝑢(𝑠)

𝑖𝑗 = 𝐻𝑖𝑗, 0 < 𝑖 < 𝑀, 0 < 𝑗 ≤ 𝑁; (1.9)

𝑢(𝑠)
0𝑗 = 𝑓1𝑗, 𝑢(𝑠)

𝑁𝑗 = 𝑓2𝑗, 0 ≤ 𝑗 ≤ 𝑁; 𝑢𝑖0 = 𝜑𝑖, 0 < 𝑖 < 𝑀; (1.10)

−𝑎(𝑠+1)
𝑗 𝛿𝑥𝑢(𝑠)

0𝑗 = 𝑔𝑗, 0 ≤ 𝑗 ≤ 𝑁, (1.11)

where
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𝛿𝑥𝑢(𝑠)
0𝑗 = ℎ−1(𝑢(𝑠)

1𝑗 − 𝑢(𝑠)
0𝑗 ), 𝛿𝑥𝑥𝑢(𝑠)

𝑖𝑗 = ℎ−2(𝑢(𝑠)
𝑖+1,𝑗 − 2𝑢(𝑠)

𝑖𝑗 + 𝑢(𝑠)
𝑖−1,𝑗), (1.12)

𝛿𝑡𝑢(𝑠)
𝑖𝑗 = 𝜏−1(𝑢(𝑠)

𝑖𝑗 − 𝑢𝑖,𝑗−1).

Taking any 𝑎(0)
𝑗 , from (1.9) and (1.10) by the sweep method we find 𝑢0

𝑖𝑗 for
0 ≤ 𝑖 ≤ 𝑀 , and then from (1.11) we find 𝑎(1)

𝑗 , etc.

Theorem 1. Let 𝐻(𝑥, 𝑡), 𝜑(𝑥), 𝑓1(𝑡), 𝑓2(𝑡) be continuous and bounded in
their domains of definition; let 𝐻(𝑥, 𝑡) and 𝜑(𝑥) be twice differentiable with
respect to 𝑥; let 𝑓1(𝑡), 𝑓2(𝑡) be differentiable with respect to 𝑡, and let

𝛿𝑥𝑥𝐻𝑖𝑚 ≤ 0, 𝛿𝑥𝑥𝜑𝑖 ≥ 0; 𝛿𝑥𝜑𝑖 < 0; (1.13)

𝑐𝑚𝑓1𝑚 + 𝐻0𝑚 + 𝛿𝑡𝑓1𝑚 ≥ 0, 𝑐𝑚𝑓2𝑚 + 𝐻𝑀𝑚 + 𝛿𝑡𝑓2𝑚 ≥ 0; (1.14)

𝑓1𝑚 − 𝑓2𝑚 ≥ 𝐾min > 0 (1.15)

for 1 ≤ 𝑚 ≤ 𝑗, 1 ≤ 𝑖 ≤ 𝑀 −1. Then the iterative process (1.9)—(1.12) converges
for sufficiently large 𝑔min = inf 𝑔(𝑡) > 0, and 𝑎(𝑠)

𝑗 , 𝑢(𝑠)
𝑖𝑗 tend monotonically as

𝑠 → +∞ to their limits 𝑎𝑗, 𝑢𝑖𝑗, which form the solution of problem (1.5)—(1.8).
For 𝑎𝑗, 𝑢𝑖𝑗 the estimates

1) |𝑢𝑖𝑗| ≤ 𝑈 < +∞; 2) 0 ≤ 𝛿𝑥𝑥𝑢𝑖𝑗 ≤ ̄𝑈 < +∞; 3) 0 < 𝐾min ≤ −𝛿𝑥𝑢0𝑗
≤ ̄̄𝑈 < +∞;

4) 0 < 𝑎min ≤ 𝑎𝑗 ≤ 𝑎max, 0 < 𝑗 ≤ 𝑁,

hold, where the constants 𝑈, ̄𝑈, ̄̄𝑈 , 𝑎min, 𝑎max do not depend on ℎ, 𝜏 , but depend
only on the prescribed functions.

The proof of Theorem 1 is based on the following lemmas.

Lemma 1. If the solution of the difference problem (1.5)—(1.8) exists, then
under the conditions of Theorem 1 the estimates
1) |𝑢𝑖𝑗| ≤ 𝑈 < +∞;
2*) 0 ≤ 𝛿𝑥𝑥𝑢𝑖𝑗 ≤ 𝐵̄1/𝑎(ℎ, 𝜏) + 𝐵̄2 hold, where the constants 𝑈, 𝐵̄1, 𝐵̄2 depend
only on the prescribed functions, and 𝑎(ℎ, 𝜏) = min 𝑎𝑗 for the values of ℎ, 𝜏
under consideration.
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Lemma 2. If the solution of the difference problem (1.5)—(1.8) exists and
conditions 1) are satisfied, then 3*) 0 < 𝐾min ≤ −𝛿𝑥𝑢0𝑗

≤ 𝐵̄1/𝑎(ℎ, 𝜏) + 𝐵̄∗
2,

where 𝐵̄1, 𝑎(ℎ, 𝜏) have the same meanings as in Lemma 1, and 𝐵̄∗
2 is a constant

depending only on the prescribed functions.

Lemma 3. If there exists a solution of the difference problem (1.5)—(1.8) and
the conditions of Theorem 1 are satisfied, then for sufficiently large 𝑔min =
inf 𝑔(𝑡) > 0 there exist constants 𝑎min, 𝑎max, independent of ℎ, 𝜏 , such that the
inequalities 4) 0 < 𝑎min ≤ 𝑎𝑗 ≤ 𝑎max < +∞ hold for all 𝑗, 0 < 𝑗 ≤ 𝑁 .

Theorem 2. If the following conditions are satisfied: 1) 𝐻, 𝐻𝑥, 𝐻𝑥𝑥, 𝐻𝑥𝑥𝑥, 𝐻𝑥𝑥𝑥𝑥, 𝐻𝑡, 𝐻𝑡𝑡, 𝑔, 𝑔𝑡, 𝑐, 𝑐𝑡, 𝑓1, 𝑓1𝑡, 𝑓1𝑡𝑡, 𝑓2, 𝑓2𝑡, 𝜑, 𝜑𝑥, 𝜑𝑥𝑥
exist and are bounded; 2) 𝐻𝑥𝑥 ≤ 0, 𝑓1(𝑡) − 𝑓2(𝑡) ≥ 𝐾min > 0, 0 ≤ 𝑐(𝑡)𝑓1(𝑡) +
𝐻(0, 𝑡) + 𝑓1𝑡(𝑡) ≤ 𝐾̄, 0 ≤ 𝑐(𝑡)𝑓2(𝑡) + 𝐻(1, 𝑡) + 𝑓2𝑡(𝑡) ≤ 𝐾̄, 0 ≤ 𝜑𝑥𝑥(𝑥) ≤ 𝐾,
then for sufficiently large 𝑔min = inf 𝑔(𝑡) > 0 the solution of the coefficient
boundary-value problem (1.1)—(1.4) exists.

The proof of Theorem 2 is based on the estimates of S. N. Bernstein (3, 4).
Along with problem (1.1)—(1.4), consider the “perturbed”problem

̃𝑎(𝑡)𝑢̃𝑥𝑥(𝑥, 𝑡) − ̃𝑐(𝑡)𝑢̃(𝑥, 𝑡) − 𝑢̃𝑡(𝑥, 𝑡) = 𝐻̃(𝑥, 𝑡), 0 < 𝑥 < 1,
0 < 𝑡 ≤ 𝑇 ; (1.1’)

𝑢̃(𝑥, 0) = 𝜑̃(𝑥), 0 ≤ 𝑥 ≤ 1; (1.2’)

𝑢̃(0, 𝑡) = ̃𝑓1(𝑡), 𝑢̃(1, 𝑡) = ̃𝑓2(𝑡), 0 ≤ 𝑡 ≤ 𝑇 ; (1.3’)

− ̃𝑎(𝑡)𝑢̃𝑥(0, 𝑡) = ̃𝑔(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , (1.4’)

where ̃𝑐(𝑡) ≥ 𝑐min > 0, ̃𝑔(𝑡) ≥ 𝑔min > 0, ̃𝑓1(𝑡), ̃𝑓2(𝑡), 𝜑̃(𝑥), 𝐻̃(𝑥, 𝑡) are given
functions possessing the same differential properties as the corresponding func-
tions in Theorems 1 and 2 without the tilde. Put

𝛿1(𝑥) = 𝜑̃(𝑥) − 𝜑(𝑥), 𝛿2(𝑡) = ̃𝑓1(𝑡) − 𝑓1(𝑡), 𝛿3(𝑡) = ̃𝑓2(𝑡) − 𝑓2(𝑡),

𝛿4(𝑡) = ̃𝑔(𝑡) − 𝑔(𝑡), 𝛿5(𝑡) = ̃𝑐(𝑡) − 𝑐(𝑡), 𝛿6(𝑥, 𝑡) = 𝐻̃(𝑥, 𝑡) − 𝐻(𝑥, 𝑡),
𝛼(𝑡) = ̃𝑎(𝑡) − 𝑎(𝑡), 𝜔(𝑥, 𝑡) = 𝑢̃(𝑥, 𝑡) − 𝑢(𝑥, 𝑡).

Definition 2. Suppose that for every 𝜀 > 0 there exists a 𝛿 = 𝛿(𝜀) > 0 such
that, if

|𝛿𝑖| < 𝛿 = 𝛿(𝜀), 𝑖 = 1, … , 6; |𝛿1𝑥| < 𝛿 = 𝛿(𝜀), |𝛿1𝑥𝑥| < 𝛿 = 𝛿(𝜀)
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for all 𝑥 and 𝑡 in their domains of variation, then for all such 𝑥 and 𝑡 the
inequalities

|𝛼(𝑡)| < 𝜀, |𝜔(𝑥, 𝑡)| < 𝜀
hold.

Then we shall say that the solution of problem (1.1)—(1.4) is stable with
respect to small perturbations of 𝜑, 𝑓1, 𝑓2, 𝑔, 𝑐, and 𝐻.

Theorem 3. The solution of problem (1.1)—(1.4) under the conditions of Theo-
rem 2 is unique and stable with respect to small perturbations of 𝜑, 𝑓1, 𝑓2, 𝑔, 𝑐, 𝐻.

The proof of Theorem 3 is based on estimates of the Green function and its
derivative with respect to 𝑥 for the operator

𝐿(𝑢) = 𝑎(𝑡)𝑢𝑥𝑥 − 𝑐(𝑡)𝑢 − 𝑢𝑡

with boundary conditions of the first kind.

2. Consider the coefficient boundary-value problem for an equation of elliptic
type in the simplest (one-dimensional) case:

𝑎𝑢𝑥𝑥(𝑥) − 𝑢(𝑥) = 𝐻(𝑥), 0 < 𝑥 < 1; (2.1)

𝑢(0) = 𝑓1, 𝑢(1) = 𝑓2, 𝑓1 > 𝑓2; (2.2)

−𝑎𝑢𝑥(0 + 0) = 𝑔, 𝑔 > 0, (2.3)

where 𝐻(𝑥) is a given continuous bounded function; 𝑓1, 𝑓2, 𝑔 are given constants;
the constant 𝑎 and the function 𝑢(𝑥) are unknown.

Definition 3. A pair of quantities {𝑎, 𝑢(𝑥)}, where 𝑎 is a constant and 𝑢(𝑥)
is a function, will be called a solution of problem (2.1)—(2.3) if 1) 𝑎 > 0; 2)
𝑢(𝑥) is defined and continuous for 0 ≤ 𝑥 ≤ 1; 3) 𝑢𝑥(𝑥), 𝑢𝑥𝑥(𝑥) are defined and
continuous for 0 < 𝑥 < 1; 4) all relations (2.1)—(2.3) are satisfied.

We shall approximate problem (2.1)—(2.3) by the difference problem

𝑎𝛿𝑥𝑥𝑢𝑖 − 𝑢𝑖 = 𝐻𝑖, 1 ≤ 𝑖 ≤ 𝑀 − 1; (2.4)

𝑢0 = 𝑓1, 𝑢𝑀 = 𝑓2; (2.5)

−𝑎𝛿𝑥𝑢0 = 𝑔, (2.6)
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on the difference grid 𝑥𝑖 = 𝑖ℎ, 𝑖 = 0, 1, … , 𝑀, 𝑀ℎ = 1, we shall solve problem
(2.4)—(2.6) by means of the iterative scheme

𝑎(𝑠)𝛿𝑥̄𝑥𝑢(𝑠)
𝑖 − 𝑢(𝑠)

𝑖 = 𝐻𝑖, 0 < 𝑖 < 𝑀; (2.7)

𝑢(𝑠)
0 = 𝑓1, 𝑢(𝑠)

𝑀 = 𝑓2; (2.8)

−𝑎(𝑠+1)𝛿𝑥𝑢(𝑠)
0 = 𝑔. (2.9)

Theorem 4. Let 𝐻(𝑥) be twice differentiable and let the inequalities

−∞ < 𝐴 ≤ 𝛿𝑥̄𝑥𝐻𝑖 ≤ 0, 𝐻0 + 𝑓1 ≥ 0, 𝐻𝑀 + 𝑓2 ≤ 0,

𝑓1 − 𝑓2 ≥ 𝐾 > 0. (2.10)

be satisfied. Then, for sufficiently large 𝑔 > 0 and for any initial approximation
𝑎(0) > 0, 𝑎(𝑠), 𝑢(𝑠)

𝑖 tend monotonically as 𝑠 → +∞ to the limits 𝑢𝑖, 𝑎(ℎ), which
form the solution of the difference problem (2.4)—(2.6), and the estimates

0 ≤ 𝛿𝑥̄𝑥𝑢𝑖 ≤ ̄𝑈, |𝑢𝑖| ≤ 𝑈, 0 < 𝐾 ≤ −𝛿𝑥𝑢𝑖 ≤ 𝐾̄,

0 < 𝑎min < 𝑎(ℎ) < 𝑎max < +∞. (2.11)

hold.

Theorem 5. If 𝐻(𝑥) is three times differentiable on the interval 0 ≤ 𝑥 ≤ 1,
|𝐻‴(𝑥)| < 𝐸 < +∞, 0 ≤ 𝑥 ≤ 1, then, under the conditions of Theorem 1, the
solution of problem (2.1)—(2.3) exists.

Definition 4. We shall say that the solution of problem (2.1)—(2.3) is stable
with respect to small perturbations 𝛿1 = ̃𝑓1 − 𝑓1, 𝛿2 = ̃𝑓2 − 𝑓2, 𝛿3(𝑥) =
𝐻̃(𝑥) − 𝐻(𝑥) and 𝛿4 = ̃𝑔 − 𝑔, if for every 𝜀 > 0 there exists a 𝛿 = 𝛿(𝜀) > 0 such
that, when the conditions

|𝛿𝑖| < 𝛿(𝜀), 𝑖 = 1, 2, 3, 4, 0 ≤ 𝑥 ≤ 1 (2.12)

are satisfied, the inequalities

| ̃𝑎 − 𝑎| < 𝜀, |𝑢̃(𝑥)| < 𝜀 for 0 ≤ 𝑥 ≤ 1 (2.13)
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will hold.

Theorem 6. Under the conditions of Theorem 5, the solution of problem (2.1)
—(2.3) is unique and stable with respect to small perturbations 𝛿1, 𝛿2, 𝛿3, 𝛿4.

Remark. The proposed difference method can be extended to problems in
which, along with the solution of the differential equation, two (or more) coeffi-
cients of the differential equation are sought, and also to problems in which the
coefficients of the differential equation are unknown functions of 𝑥, 𝑡, 𝑢.
Moscow State University
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