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1. We shall assume that e is any subset of the set of natural numbers e, =
{1,...,n}. If h = (hy,..., h,) is a given vector, then let h® = (h{,..., hS),
where h§ = h; for j € e; hj = 0 for j € e, \ e. Let f(z) be a function
defined in the Euclidean space E™ of points z = (x4, ...,x,,); AI;" (t;)f(x)
is the finite difference of order k; with respect to the variable z; with step
t;. Put

. k;
A = [T[a% )

jee

I

For each subset e C e, f™)(z) is the derivative of the function f(z) of
order m¢ with respect to the variables z¢. The order of differentiation is
arbitrary; for example:

omi omn
(m®) ) = = ———f(2).
P = 5 @
Let
he ht ho™
[ o= [ g [ Ga,
0 0 0
where _ v
hy Ry
/ dyj = / dy; forjee,
0
and

I
[
0

is the identity operator for j € e, \ e.
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Let © and e}, be any fixed subsets of the set e,,. Vectors h = (hq,..., h,,) and
o= (0q,...,0,) with positive components are given, and a vector h is such that
for j € e, \, h; = hy. For all such vectors an integral representation has been
obtained for sufficiently smooth functions f:

@ =L Dy =3 S (e ). (1)

L1 ; Vn
Ozy' Oy eCQ icedNQ
Here ¥ = {0,1,...,n}, |e| is the number of elements of the set e,

1O(f) = 1(f.e) =

h v7 v7—y h? C /1t
0 0 0 0 k

where e* =€} Ne, m; + k; —v; >0,

Re = RE (y7 t6*7 /067 hen\e);

I(z)(f) — Ieu{i}(fa e*uU {Z}) for 1 € 6:”
‘ Lo (fo€) for i € €.

The integral kernels R, are differentiable functions of their arguments and admit
an estimate in terms of the components of the vector h.

The integral representation (1) for e = e,, Q = 0, i.e., when § is the empty
set, coincides with the integral representation obtained by V. P. II' in (13),

2. Let r = (ry,...,7,) be a vector with nonnegative components. By the
supporting vectors of the vector r we shall mean the smallest subset e
of the set e, such that »° = r. We denote the support of this vector by
e,. Suppose that ey is the set of those indices j from e, for which, when

J € ey, the number r; is not an integer.

Let e be any subset of the set e,, and let e* = e} N e. For each positive r; put

r; = T; + «;, where 7; is the integer part of r;, so that 0 < a; < 1, and if
r; = 0, put 7; = 0. Thus to each vector r = (ryy...,r,) there corresponds a
vector 7 = (T, ..., 7).

Definition. Let e be such a subset of the set e, that e* =0, i.e., all r; (j € e)

are integers. We shall say that f € L;TE)(E”) if the function f(x) in E™ has
a generalized derivative in the sense of S. L. Sobolev (1), f")(z) € L,(E™)
(p > 1). The norm in this space is defined as follows:

1/p

1.2l =15y = ([ 17 e asr)
En
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Now let e be such a subset of the set e, that it intersects the set e, i.e. the set
€* is nonempty. For such e we shall say that f € L;,Te>(E"), if fe Lge)(E”)
and the integral

1/p
0o 0o v - dte*
= we* (7°) n)|p
J.(f) (/0 /O|A &) f7), L,(E )IIH t;+paj)

jee* )

is finite, where w = (1,...,1) is the vector all of whose components are equal to
one; and we define the norm in this space by

17,257 (BN = 1, Ly (B +7.(6).
Let €2 be any fixed subset of the set e,, and let the set e be a subset of the set
Q.
Definition. For ¢ € e we shall say that f € Lge’r">(E”), if the generalized

derivative

o re
fr @) = o fla) € Ly (BT

%

and we define the norm as follows:

I, Ly " (B = | fs), Ly (B

For i € e} we shall say that f € L;TC’”)(E"), if f e LLTC’;i)(E") and the integral

i OO 1/p
70(f) = { / (7o (A(t) e, 7o) dtl}
0

is finite, and we define the norm by

I Ly (B = I Ly (B + I8 (f).

Basic definition. We shall say that f € W,gr)(Q,E"), if for every e C Q and
every i € 9\ Q, f € LU (E"), where €0 =

=e, U{0}, 7y =0, and define the norm in this space as follows:

e W @ EM =30 N 1Ly E)

eCN iced\Q
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where
0,0 ny n r¢,0 ny — 7 (r° n
LYOEY) = LB, LY OB =LY (EM).

The space W;,T)(Q,E”), for @ =0 and e, = e, coincides with the generalized
space of S. L. Sobolev W,grl""’r”)(E”) (see (1,5,7)), and for Q = e, it coincides
with the space SI@W(E”)7 which for integral r; (i € e,.) was defined by S. M.
Nikol’ skii (4).

Definition. By the space W£,7'>(Q, E™) we shall mean the closure of the set of
smooth finite functions in the norm | £, W," (0, E™)].

Theorem 1. The spaces W;,T)(Q, E™) and W,(,T)(Q, E™) coincide for 1 < p < co.

3. Let r = (ry,...,7,) be a vector with nonnegative components r;, (i =
1,...,n), whose support is e,. For each positive r; put r; =r;+ (3;, where

T;is the greatest integer less than 7;, so that 0 < 3; <1, and when r; =0

put 7; = 0; consequently, to each vector r = (ryy ey 1) there corresponds
the Vector r = (7q,...,7,). Introduce the norms

1/p
o) oo . . dte

jee J

where e is any subset of the set e,;

1/p
e, >~ d
£, <5 ’”(Em:( / |A2(t,) £, £ (Bm) P J;) ,
0

Z
where e is any subset of the set Q C e, and i € e, \ §2;
1B BN =30 3 14 E),
eCNiced\Q

where

=c u{0}, LYV(EY=L,(EY), ro=0.

Definition. By the space B;M(Q,E") we shall mean the closure of the
set of sufficiently smooth finite functions in the norm ||f7B§,T)(Q,E")H. The
space Bgn)(Q,E"), for @ = @ and e, = e, coincides with the known space
BUv™) (E™), defined and studied by O. V. Besov (®) (see also (7,8,10), etc.),
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and for 2 = e, it coincides with the known space S;,T)B(E"), defined by the
author (12).

4. Let, for any subset e of the set e,,

M) Ht JAQUJ (En)

Jjee

For any subset e of the set 2 C e, and any ¢ € e, \ Q put

Mrd(f) = supt; P M (A2 (L) f70).

i

Definition. By the space Hp(Q, E™) we shall mean the closure of the set of
sufficiently smooth finite functions in the norm

IFHS (B =30 ST M)

eCQicef\Q

where

& =e,U{0},  MOO(F) =|f, L,(E")|.

An analogous remark is also made for HI(,T)(Q, E™) (see (23711,

5. Let the vector r = (rq,...,r,) be such that e, = e,,, i.e., the components of
this vector are positive numbers. Further, let 1 <p<qg<oo,let Qbeany
fixed subset of the set e,, = {1,...,n}, let m be any natural number < n
and e, = {1,...,m}, and let v = (vq, ..., v,,) be a vector with nonnegative
integer components. Put

1 1N1 v 1 )
€j=1—<*—*>*—f]>0 (jeQne,, =0, 51.:1—7—&>0
poasry T pry Ty

e\,  eq—1-—2 > 1 > Yyl > oo

p jEe, \Q2 Tj jee \Q rj q jee,, \Q* rj

Theorem 2. Let f € WIST‘>(§27E”)7 and let the vector p = (py, ..., p,,) be such
that its components satisfy the conditions:

a) for j € %, 0 < p; < g;r;, if at least one of p; and 7; is an integer;

0 < p; <¢yry, if p; and r; are simultaneously nonintegers;
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b) for j € e, \ Q, 0 < p; < gqr;, if at least one of p; and r; (i € e, \ Q)
is an integer; 0 < p; < eqry, if p; and 7; (i € e, \ ) are simultaneously
nonintegers.

Then, for any fixed z,,, ,...,,, f*) € W,§p>(Q*7 E™), and the inequality holds
17, Wi @, B < dllf, Wi (@, B,
where c¢ is a constant independent of f.
For brevity we shall denote the assertion of this theorem as follows:
Wy (Q, E) — WP (r, Em).

Theorem 3.

By (Q, E") — BY (7, E™),
where the components of the vector p = (py,...,p,,) satisfy the conditions:
0<p;<gjr;forje;0<p; <eqr;forjee, \Q"

Theorem 4. Under the conditions of Theorem 3,

H(Q,E") — HY (QF, E™).

Theorem 5.

Wy (9, E) — BY (0, E™),

where the components of the vector p = (py, ..., p,,,) satisfy the conditions:

a) for j € 0%, 0 < p; < gyr

. It if r; is an integer; 0 < p; < g7
noninteger;

Ty if 7y s

b) for j € e, \ ", 0 < p; < eqr, if at least one of the r; (i € e, \ Q) is an
integer; 0 < p; < eqry, if all r; (i € e, \ Q) are nonintegers.

Theorem 6. Under the conditions of Theorem 3,

BY(Q, E™) = HY (@, E™).
I express my sincere gratitude to Academician S. L. Sobolev and Professor L. D.
Kudryavtsev for their attention to this work.
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