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Abstract
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MATHEMATICS

T. S. PIGOLKINA

EMBEDDING THEOREMS FOR FUNC-
TIONS DEFINED ON UNBOUNDED DO-
MAINS, AND THEIR APPLICATION TO
BOUNDARY-VALUE PROBLEMS FOR THE
POLYHARMONIC EQUATION
(Presented by Academician M. A. Lavrent’ev, 11 X 1965)

Let 𝐸𝑛 be the 𝑛-dimensional Euclidean space of points 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛);
𝐸+

𝑛 the upper half-space 𝑥𝑛 > 0; 𝐸𝑚 an 𝑚-dimensional hyperplane; 𝜌 =
√𝑥2

1 + 𝑥2
2 + ⋯ + 𝑥2𝑛; |𝑥 − 𝑦| the distance between the points 𝑥 and 𝑦; 𝑄𝑛

the 𝑛-dimensional ball of radius one with center at the origin; 𝛼, 𝑟, 𝑠 non-
negative numbers; ̄𝑟 = [𝑟] the integer part of the number 𝑟; 1 < 𝑝 < ∞;
𝑢(𝑘) = 𝜕 |𝑘|𝑢/𝜕𝑥𝑘1

1 … 𝜕𝑥𝑘𝑛𝑛 , 𝑘 = (𝑘1, 𝑘2, … , 𝑘𝑛) an integer vector, 𝑘𝑗 ≥ 0, |𝑘| =
𝑘1 + 𝑘2 + ⋯ + 𝑘𝑛;

|𝑢, 𝐿𝑝(𝐸𝑛)| = {∫
𝐸𝑛

|𝑢|𝑝 𝑑𝐸𝑛}
1/𝑝

.

We consider the class 𝐿𝑟
𝑝,𝛼(𝐸𝑛) of functions 𝑢(𝑥), defined in 𝐸𝑛 together with

their generalized derivatives up to order ̄𝑟 inclusive, for which the norm is finite

|𝑢, 𝐿𝑟
𝑝,𝛼(𝐸𝑛)| = ∑

𝑟
∣ 𝑢(𝑟)(𝑥)
(1 + 𝜌)𝛼 , 𝐿𝑝(𝐸𝑛)∣ ,

if 𝑟 is an integer, or

|𝑢, 𝐿𝑟
𝑝,𝛼(𝐸𝑛)| = ∑

𝑟
{∫

𝐸𝑛

𝑑𝐸𝑥
𝑛

|𝑢( ̄𝑟)(𝑥) − 𝑢( ̄𝑟)(𝑦)|𝑝
|𝑥 − 𝑦|𝑛+(𝑟− ̄𝑟)𝑝

𝑑𝐸𝑦
𝑛

(1 + 𝜌(𝑥) + 𝜌(𝑦))𝛼𝑝 }
1/𝑝

,

if 𝑟 is not an integer.
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The norm in the class 𝑊 𝑟
𝑝,𝛼(𝐸𝑛) is defined as follows:

|𝑢, 𝑊 𝑟
𝑝,𝛼(𝐸𝑛)|𝑝 = |𝑢, 𝐿𝑟

𝑝,𝛼(𝐸𝑛)|𝑝 + |𝑢, 𝐿𝑟
𝑝(𝑄𝑛)|𝑝.

The norms in the classes 𝐿𝑟
𝑝,𝛼(𝐸+

𝑛 ), 𝑊 𝑟
𝑝,𝛼(𝐸+

𝑛 ) are defined analogously. Classes
of functions in which finiteness of the norm of the function itself in 𝐿𝑝(𝐸𝑛) is
not required were first considered by L. D. Kudryavtsev (1,2), which made it
possible to solve the first boundary-value problem for an elliptic equation of
second order in a new way, by extending the class of boundary values (2−3).
The norm in the fractional class 𝐿𝑟

𝑝,𝛼(𝐸𝑛), 𝑟 not an integer, may also be intro-
duced in another way (as was done by S. M. Nikol’skii (5) for a weight function
of a more general kind):

∗|𝑢, 𝐿𝑟
𝑝,𝛼(𝐸𝑛)| = ∑

𝑟

𝑛
∑
𝑗=1

{∫
∞

0

𝑑ℎ
ℎ1+(𝑟− ̄𝑟)𝑝 |𝜎Δ𝑗𝑢( ̄𝑟), 𝐿𝑝(𝐹𝑛)|𝑝}

1/𝑝
;

here Δ𝑗 is the first difference with step ℎ in the 𝑗-th coordinate, 𝜎 is a weight
function, but in the case of the weight considered by us these norms are equiv-
alent,

i.e., the estimate holds

∣𝑢, 𝐿𝑟
𝑝,𝛼(𝐸𝑛)∣ ≤ 𝑐∗

1 ∣𝑢, 𝐿𝑟
𝑝,𝛼(𝐸𝑛)∣ ≤ 𝑐2 ∣𝑢, 𝐿𝑟

𝑝,𝛼(𝐸𝑛)∣ .

For the classes defined above, the following assertions are proved.

Theorem 1. If 𝑟, 𝑘 are integers, 𝛼 > 𝑛/𝑝 − 1, 1 ≤ 𝑘 ≤ 𝑟, 𝑟 − 𝑘 − (𝑛 − 𝑚)/𝑝 > 0,
then the embedding holds

𝑊 𝑟
𝑝,𝛼(𝐸+

𝑛 ) → 𝑊 𝑟−𝑘
𝑝,𝛼+𝑘−(𝑛−𝑚)/𝑝(𝐸𝑚).

Theorem 2. If 𝑟 is an integer and either a) 𝛼 > 𝑛/𝑝 − 1, (𝑛 − 𝑚)/𝑝 ≥ 1,
𝑟 − 𝑘 − (𝑛 − 𝑚)/𝑝 > 0, or b) 𝛼 ≥ 0, (𝑛 − 𝑚)/𝑝 < 1, 𝑘 = 0, then the embedding
is valid

𝑊 𝑟
𝑝,𝛼(𝐸+

𝑛 ) → 𝑊 𝑟−𝑘−(𝑛−𝑚)/𝑝
𝑝,𝛼+𝑘 (𝐸𝑚).

Theorem 3. If 𝑟 is not an integer, 𝛼 ≥ 0, ̄𝑟 − 𝑘 ≥ 0, then

𝑊 𝑟
𝑝,𝛼(𝐸𝑛) → 𝑊 ̄𝑟−𝑘

𝑝,𝛼+𝑛/𝑝+𝑘+(𝑟− ̄𝑟)(𝐸𝑛).

Theorem 4. If 𝑟 is not an integer, 𝑟 − 𝑘 − (𝑛 − 𝑚)/𝑝 > 0, 𝛼 ≥ 0, then the
embedding is valid
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𝑊 𝑟
𝑝,𝛼(𝐸+

𝑛 ) → 𝑊 𝑟−𝑘−(𝑛−𝑚)/𝑝
𝑝,𝛼+𝑛/𝑝+𝑘 (𝐸𝑚),

where 𝑘 > 0 when (𝑟 − 𝑘 − (𝑛 − 𝑚)/𝑝) is an integer, and 𝑘 ≥ 0 when (𝑟 − 𝑘 −
(𝑛 − 𝑚)/𝑝) is fractional.

Examples have been constructed showing that these results are sharp in the
sense that, when the exponent of the weight is decreased, the theorems cease to
be true.

Consider the polyharmonic equation

Δ𝑚𝑢 = (
𝑛

∑
𝑗=1

𝜕2

𝜕𝑥2
𝑗

)
𝑚

𝑢 = 0. (1)

Let Ω be an unbounded domain of 𝑛-dimensional space with boundary Γ con-
sisting of hyperplanes of various dimensions Γ𝑖.

Equation (1) is the Euler equation for the integral

𝐷𝑚(𝑢) = ∫
Ω

⋯ ∫ ∑
Σ𝑘𝑖=𝑚

𝑚!
𝑘1!𝑘2! ⋯ 𝑘𝑛! ( 𝜕𝑚𝑢

𝜕𝑥𝑘1
1 𝜕𝑥𝑘2

2 ⋯ 𝜕𝑥𝑘𝑛𝑛
)

2

𝑑Ω, (2)

which is equivalent to the norm of the function 𝑢 in the space 𝐿𝑚
2 (Ω).

Let 𝑢 ∈ 𝑊 2𝑚
2 (Ω). From Theorem 1 it follows that the derivatives of order 𝑘 of

the function 𝑢 belong to 𝐿2,𝛼+𝑚−𝑘−(𝑛−𝑠)/2 on hyperplanes of dimension 𝑠, where
𝑚 − 𝑘 − (𝑛 − 𝑠)/2 > 0, or 𝑛 − 𝑠 < 2(𝑚 − 𝑘), whence it follows that

𝑘 ≤ 𝑚 − [(𝑛 − 𝑠)/2] − 1.

Let the boundary Γ of the domain Ω consist of hyperplanes Γ𝑛−1, … , Γ𝑛−2𝑚+1
(some of which may be absent), and suppose that on each of these hyperplanes
functions are given

𝜑𝑠
𝑘1,…,𝑘𝑛

, where 0 ≤ ∑
𝑖

𝑘𝑖 ≤ 𝑚 − [(𝑛 − 𝑠)/2] − 1.

If there exists a function 𝑣 ∈ 𝑊 2𝑚
2 (Ω) such that

𝜕 |𝑘|𝑣/𝜕𝑥𝑘1
1 𝜕𝑥𝑘2

2 ⋯ 𝜕𝑥𝑘𝑛𝑛 ∣Γ𝑠
= 𝜑𝑠

𝑘1,…,𝑘𝑛
, (3)

then we say that this system of boundary values {𝜑𝑠
𝑘1,…,𝑘𝑛

} is admissible.
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If the system {𝜑𝑠
𝑘1,…,𝑘𝑛

} is admissible, then from the embedding theorems we
may assert that

𝜑𝑠
𝑘1,…,𝑘𝑛

∈ 𝐿𝑚−|𝑘|−(𝑛−𝑠)/2
2,𝛼 (Γ𝑠), 𝑠 ≠ 𝑛 − 1, 𝜑𝑛−1

𝑘1,…,𝑘𝑛
∈ 𝐿𝑚−|𝑘|−1/2

2 (Γ𝑛−1).

Theorem 5. If the system of functions {𝜑𝑠
𝑘1,…,𝑘𝑛

} is admissible, then there
exists, and moreover a unique, function 𝑢 ∈ 𝑊 𝑚

2 (Ω) satisfying (3) and giving
a minimum to the integral (2) among all such functions. This function 𝑢 is
a generalized solution of equation (1), and in the class of functions 𝑊 𝑚

2 (Ω)
satisfying (3) it is unique.

If Ω is the upper half-space 𝐸+
𝑛 , then, prescribing on 𝐸𝑛−1 the system of func-

tions 𝜑𝑖 (𝑖 = 0, 1, 2, … , 𝑚 − 1), and considering the class 𝐷𝑚{𝜑𝑖} of those
functions 𝑢 from 𝑊 𝑚

2 (𝐸+
𝑛 ) which have boundary values 𝜑𝑖, i.e.

𝜕𝑖𝑢/𝜕𝑥𝑖
𝑛∣𝐸𝑛−1

= 𝜑𝑖,

and following the usual scheme (4,6 ), we obtain:

Theorem 6. In every nonempty class 𝐷𝑚{𝜑𝑖} there exists a unique classical
solution of equation (1).

Necessary and sufficient conditions for the nonemptiness of the class were ob-
tained in (1,5 ).
In proving the embedding theorems, the integral representation for smooth func-
tions (7) was used. Theorem 1, when 𝑚 = 𝑛 − 1, and Theorem 2, case b), for
𝑚 = 𝑛 − 1, were obtained earlier by L. D. Kudryavtsev (1).
I express my deep gratitude to L. D. Kudryavtsev for posing the problem and
for his constant attention to the work.
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