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One of the problems of set-theoretic topology is to determine conditions for the
preservation of metrizability under continuous mappings of various kinds. In
this form the problem is still very general; it is not surprising that the first result
pertaining to it had a rather special character: the image of a metrizable space
under a perfect mapping is metrizable. This assertion was proved by Stone and
Morita jointly with Hanai, and earlier, for spaces with a countable base, by
Vainstein. Then there arose the much more general problem of determining con-
ditions for the preservation of metrizability under arbitrary quotient mappings.
A complete solution of this problem was proposed by A. Arhangel’ skii (?); he
also obtained in this area a number of special results (*3).

American mathematicians Paul McDougall and A. Martin worked in the same
area. The most natural restrictions on the elements of decompositions are
usually the requirements of connectedness and bicompactness (mappings cor-
responding to such decompositions are called, respectively, monotone and bi-
compact). It turns out, however, that in the general case monotonicity gives
nothing.

The following fact holds: if the space Y is a pseudo-open bicompact image
of a metric space X, then the space Y is also a pseudo-open, bicompact, and
monotone image of some other metric space Z.

We shall prove this. Let f: X — Y be some pseudo-open bicompact mapping
of a metric space. Take the decomposition {A, |y € Y} of the space X, where
A, = fy’l, and consider the system of sets {B, | y € Y}, where B, = A x I.
Let p(x,z") be the metric in X; d(r,r’) the metric in I = [0, 1].

Put X, = Uer B,. On X; we introduce a topology: a) an arbitrary neighbor-
hood of the point (x,0) is defined as

O(I,O) = OI X [O,E),

where O, is some neighborhood of the point z in the space X and ¢ is any
positive number; b) as neighborhoods of points (z,7) € B, (where r > 0) we
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shall call sets of the form
Owr) = Otz N By
where Oy, ) . is the e-neighborhood of the point (z,7) € X in the sense of the

metric
p*((z,7), (&', 1")) = /plw,x')? + d(r,r')>?

and 0 < € < r. The space X; with this topology is regular, and every set
B, C X, is a compact. It is easy to see that, for any n, the set

By =A,x(1/n,1] C B,
is open in X;. We show that in the space X, there exists a o-discrete base. Let
m={y={Us}li=12,.}
be some o-discrete base of the space X. The systems
Wiy = {Vﬁm} (i,n=1,2,...),

where _ _
Vﬁm = Ué x [0,1/n],

are discrete in X, and moreover
Q1 - U Win,
7,n

forms a base at all points of the form (x,0). Further, let

be a o-discrete base in By. Since the system of open sets {By | y € Y} is
discrete in X, and the system £ is discrete in By, the system
_ ny
g=Ug
yeyY

is discrete in Xj.

The system , = Uj,n £ = Un,yEY d;; forms a base at all points of X;\ (X x{0}).
Hence, Q2 = 2, U, is a o-discrete base of the space X;. We conclude, by Bing
s theorem (7), that the space X, is metrizable. Put Z = (X x [0,1))UY’; define

the mapping g : X; — Z as follows:

) (), ifr <1,
gla, )] = {y if r = 1.

s
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On the set Z introduce the quotient topology corresponding to the mapping g. It
is not hard to verify that the mapping g is perfect; therefore the space Z is metriz-
able. We construct a mapping f: Z — 'Y by putting fz =y, if g7z C B,. The
mapping is monotone and bicompact. Since f = f |g(X x{0}) = X, the mapping
f is pseudo-open. In general, under quotient monotone and bicompact mappings
of metric spaces even the first axiom of countability need not be preserved. This
is shown by the following well-known example. Take Hilbert space H®o. Define
a certain decomposition of it. The elements of this decomposition are defined
as follows: first, the intervals [(0,...,1/(n + 1),0,...),(0,...,0,1,0,...)] € L,
(n = 1,2,...), where L, is the n-th coordinate axis in H™, and, second, sin-
gle points. Endow the set of elements of the decomposition with the quotient
topology. This quotient topology does not satisfy the first axiom of countability,
although the corresponding quotient mapping is monotone and bicompact. A.
Martin proved the following assertion (see (11)):

If f: X — Y is a quotient bicompact and monotone mapping of a locally
bicompact metric space X onto a Hausdorff space Y, then Y is metrizable and
locally bicompact.

Theorem 1, which is the main result of the present paper, considerably gener-
alizes Theorem 5 of A. Arhangel’ skii (see (2)) and, in addition, overlaps one
theorem of A. Martin.

Theorem 1. Let f: X — Y be a quotient monotone mapping of a completely
paracompact® metric space X onto a regular space Y of point-countable type**.
Then Y is metrizable.

In Theorem 1 the monotonicity of the given mapping cannot be omitted, since
from results of V. Ponomarev (8) it follows that every space Z with a point-
countable base is the open s-image of some strongly paracompact metric space.
This shows that Theorem 1 is, in a certain sense, a definitive result.

Lemma 1. Let f: X — Y be a quotient monotone mapping of a topological
space X onto a finally compact space Y. If in X there exists a base w = {v,,}
consisting of a countable number of star-countable covers, then there also exists
a countable base in X.

Proof. It is enough to prove that each +,, consists of no more than a countable
number of elements. Since the cover 7,, is star-countable, on the basis of the
well-known theorem of P. S. Aleksandrov (1), the space X decomposes into
open-and-closed sets {M_,a € ©}, where each M, is the sum of a countable
number of elements of 7,,. The system {M,,a € ©} is discrete in X, and,
by virtue of the quotientness and monotonicity of the mapping f, the system
{fM, | « € ©} is also discrete in Y and covers all of ¥ (it is essential that
M, =f1fM,, a€ ©). Since Y is finally compact,

* A metric space X is completely paracompact if it has a base consisting of a
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countable number of star-finite covers.

** A space X is called a space of point-countable type if every point x € X is
contained in some bicompact ® C X whose character in X is countable.

space, and {M,, | a € 6} is its discrete open cover, then 6 is at most countable.
Hence the cover v,, is also at most countable.

Lemma 2. If a bicompactum ® has countable character in a T5-space X, and
the point x, € ® C X has countable character in ®, then the point x, has
countable character also in the space X (see (19)).

Proof of Theorem 1. We shall prove first that Y satisfies the first axiom of
countability. Take an arbitrary point y, € Y. By hypothesis, there exists a
bicompactum ®;, C Y of countable character such that y, € ®,. It follows from
Lemma 1 that X; = f~'®, has a countable base, and then, by a theorem of A.
Arhangel’ skii (see (%)), the bicompactum @, is metrizable (it has a countable
net by virtue of the continuity of the mapping f; = f|X;). Then, by Lemma
2, the character of the point y, in the space Y is countable. We now prove
that there exists a o-discrete base in Y. Let {7, } be some system of star-finite
covers of the space X forming a base for it. Suppose that, for every n, the
cover 7, is inscribed in 7,. The space X, on the basis of a theorem of P.
S. Aleksandrov, decomposes, with respect to the cover v;, into open-and-closed
pieces M,i, A\! € 6,, where each M,: is the sum of a countable number of
elements of v;. Since the cover «, (n > 1) is inscribed in +;, and the system
o' = {M,:,\! € 60,} is discrete in X, no element of the cover v, intersects
simultaneously two elements of the system o. It follows from this that each set
M,: € o' decomposes into open-and-closed pieces My1,2, A2 € 6,, where each
My1,2 is the sum of at most a countable number of elements of the cover ~,.
Put
02 = {M}\l)\Z,)\l S 9,/\2 S 92}

Continuing to argue in this way by induction, for each number n we construct
a discrete system

o = {Mz\lu.)\"v A 0p,...,A" € on}

with the following properties: a) each M,: ., open-and-closed in X, is the sum
of at most a countable number of elements of ~,; b)

M}\l B} M)\(l))\z DD M)\(l))\gm)\g.

Let i
Wy = U’Yi = {Ug}
i=1

sovietrxiv.org/items/ru-196601.90703 Machine Translation


https://sovietrxiv.org/items/ru-196601.90703

Define a system {wj } of covers in the following way: put w) = {Vﬁk}7 where each
Vé“ is the intersection of some element of w, with some element of . Obviously,

wp=J df s A e ={Va | Va =Us N My e}
Aieo,
By virtue of conditions a) and b), the set of nonempty elements of the system
dflm Ak 18 at most countable. Define the discrete systems

Qp ={T% . Ateb, ... N eb],

where each F’;ﬁ_”/\k is the union of a finite number of nonempty elements of
d)’flm \k- By virtue of the quotientness and monotonicity of the mapping f, the
cover fo” is discrete in Y, and therefore the system 8, is discrete in Y.

Put . 4
f = {Int fl"’;ﬁm/\k}.
We shall show that the sets of the system

A = jon

(G
s

k

Il
-
.
Il
—

form a o-discrete base in the space Y. Choose an arbitrary point y, € ¥ and
its neighborhood O, . By the monotonicity of the mapping f, the set Fy,
intersects only one set of the system

ob ={My ) (k=1,2,..),

i.e. no more than a countable aggregate of elements of
o0
U wk:.
k=1
Then there exists such a countable system
k k,
Nyy = {Uay, ..., Ua?, ...},

that Ugj € wy , U,fj c f0,, and

L Ua: o f 1y,
s=1
Let _
G, =| Uk
s=1
Obviously,

U G; D [y, G; C f71090
i=1
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and

G;.1 DG; (1=1,2,..). By Stone’ s lemma (?), there exists a number n, such
that Int fG,, > yo. Put ky = max(ky,...,k, ); then f'y, € M,, Ko and

1A
Ug1 N MAé...)\’go (where 1 < s < ny) is some Vo’fO € di?

., and
kgds )
L.apods

7o

k() — kojo
JVvae = L0 -
s=1 oo

Obviously,

rhoh =G, NM
)

. kg -
AL Ako Ag-Ag”

From the fact that M,, x, = f~'fM,,
LAk

N and that fMAl
LAl
it follows that

\ko IS open in Y,
Loag

kodo  _
It 0%y = My o (6 fG ).

Thus y, € Int fFi‘é{‘.’)\,go. Since Int fFlj\"é{“’/\go € fﬁi‘;, this proves that the o-
discrete system 2l is a base in the space Y; consequently, by Bing’ s criterion

(7), the space Y is metrizable.

Since under almost open and inductively open mappings (see (*)) the first axiom
of countability is preserved, Theorem 1 implies the following assertion:

Corollary. Let f: X =Y be an inductively open (or almost open) monotone
mapping of a locally compact metric space X onto a reqular space Y. Then'Y
is metrizable.

The last result is also new for open mappings.

The author expresses gratitude to his adviser A. V. Arhangel’ skii for posing a
number of problems and for valuable advice.
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