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1°. Let us introduce notation. II, is the set of all trigonometric polynomials
of order < n. L is the set of all summable 2m-periodic functions. E is a linear
normed functional space having the following properties: 1) the elements of E
are functions from L; 2) if f € E, then the shifted function f,(z) = f(z+1), for
any —oo < t < 00, also belongs to E, and moreover || f,| < | f|; 3) E contains the
set of all trigonometric polynomials. The most important special cases of the
space E are: the space C of all continuous 2m-periodic functions, and the space
ZT of all 27-periodic functions summable to the r-th power. To the polynomial

O(t) =Y rysin(kt + o)

k=0
we assign the polynomial
- n—1
O(t)=r,+2 Zrk cos[(n — k)t + a,, — oy,
k=0

which we shall call associated (after F. Riesz (1)) with the polynomial ®. Put

o(f, ) :/ " Fw+ 00 dt.

0

Denote by Q(E) the set of all linear operations U from E into E having the
property that U(t,) = o(t,,), if t,, € II,,. We also introduce the set QF . (E),
m > 0, consisting of all linear operations U from F into FE for which the following
conditions are satisfied: 1) for every f € E, U(f) € 1T 2) if t,, € II,,, then

U(t,) = o(t,). Introduce the quantities

n+m.

—_ @ _ : . —_ P _ :
pn - pn, (E) - Ueél%f(E) ”U”1 pn,n-Hn - pn,n+77L(E> - UGQq}nf (E) HU” (1)

n,n+m
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Since Q... C Q. it follows that p, .\, = p,, m > 0. The present note is
devoted to the study of the quantities (1).

2°. Theorem 1. If

2r—1
2n

5(%—%)20, o, =

, =1,2,...,2n, 2
- T r n (2)

then p, = 7r,,.

In this case the extremal operation is given by the equality

Uit =S 0t (s 40— 22) 0 h = (U B (- 22) .
r=1

ie. [T = p,.
We outline the proof. It is known from (2) that for any t € IT,,, U = o (t).
Consequently, U € Q2. Since the inequalities (2) hold, by virtue of (3) we have

2n
— ™ ~ (07
<|fl=—=)> @ ——). 4
T < 115 & (o= 22) @)
But it is easy to verify that
iig(_%%w
m — Pr n - 'n
r=1
Therefore (4) takes the form
[THI < ar, |l or U] <7, ()
Hence
P STy (6)

On the other hand, in [3] it was proved that

n* (7)

Pp 2 T

From (6) and (7) it follows that
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n- (8)

Py =TT

Since |U] > p,,, by virtue of (8) we have

U] > =, )

The inequalities (5) and (9) lead to the conclusion that

U] = r,,. (10)

Finally, from (8) and (10) it follows that |U]|| = p,, = 7r,,.
Theorem 1 strengthens the lemma from [3].

3°. We now consider the quantity p%n for the case when E = C or E = L. In
[4, 5] the following theorem was proved.

Theorem. In the space C or L, pf;n +m satisfies the equality

p%,n-&-m: inf :I<a17a2a"'aam;ﬂlv/627"'a/6m)7
By

where

I(a17a27 7a7yz;/817625 aﬁm) =

m+n

d(t) + Z (aj_p, cos jt + B;_, sin jt)

j=n+1

dt. (11)

/271'
0

If the integral (11) attains its minimum for a; = a§0)7 B; = 5;0)7 i=1,2,...,m,
then the extremal operation is computed by the formula

m+n

D(t) + Z (ag-ojn cos jt + Bg-(i)n sinjt)} dt, (12)
Jj=n+1

U(f.) =/0 e+t

ie. [Ul =y nim-
This theorem may be formulated in the following equivalent form:

Theorem 2. In order that the operator (12) have the smallest norm in the

class of operators Q;{L”n +m, it is necessary and sufficient that the equalities
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2m n+m
/ sign l@(t) + Z (a;(i)n cos jt + ﬂ;@n sinjt>1 elmtht g =0, 1<k<m.
0 j=n+1

(13)
hold. In this case

27
1928 el = |
0

Theorem 2 makes it possible, for one important case, to compute the quantity

n+m
o)+ Y (CY;-O,),L cos jt + ﬁ;(i)n sinjt)

Jj=n+1

dt.

pn,Qn'
Theorem 3. If the kernel ® is such that

®(t) >0, —oo<t< o0, (14)
then
Pr.on = 4T, (15)
Proof. Put
n—1
»(t) = Zrk sin[(2n — k)t + 2a,, — ay].
k=0

It is not hard to see that
O(t) 4 (t) = sin(nt + o, )B(t).
Since (14) holds, we have
2 2m
/ sign(®(t) + o(t))el Rt dt = / signsin(nt + a,,)e! ™t ar.  (16)
0 0
It is known that

4 X sin(2k + 1
Signsinx:;w

Therefore from (16) we conclude that

sovietrxiv.org/items/ru-196601.88672 Machine Translation


https://sovietrxiv.org/items/ru-196601.88672

2m

/ sign(®(t) + ()"t dt =0, k=1,2,..,n.
0

Thus, the equalities (13) are satisfied. Consequently, by Theorem 2, the operator

. 27
U(f.z) = / Fa + O)[®(t) + (1) dt

has the smallest norm in the class QS,%, and

27
pf;zn = / | sin(nt 4+ an)@(t) dt.
0

From this, by a simple calculation, we obtain (15).

Corollary. If the associated kernel is nonnegative, then in the spaces Cand T
the equality

p;{;zn:pszlllﬂ'
holds.

This assertion follows directly from Theorems 1 and 3.

Theorem 4. Let

O(t) = Z b,,_j cos kt,
k=1
for

b, —2b,.1 +b,5>0, v=0,1,2 .., (n—3),
b, o—2b, 1 >0, b, >0 (17)

Then the extremal operator U from the class 932“71 is determined by the
equality

27 n—1
U(f,z) = / flz+t)cosnt®(t)dt,  B(t)=by+ » 2b;cosjt, (18)
0 =1

J

where pS,2n71 = 4b,,.
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This theorem follows from Theorem 3 and L. Fejér’ s theorem 6, according to

which the polynomial (18) is nonnegative if its coefficients satisfy inequalities
(17).

Remark. Theorem 4 remains valid also in the case when
O(t) = b, jsinkt.
k=1

Let us apply Theorem 4 in the case when

- ()

Then

KA

sin® nt /2

msin®t/2

Consequently, Pg,znq =4n : 7. It is known ! that the operator (12), when ®(t)
is defined according to (19), has the property that for any ¢t € II,,, o(t) = ¢’.
Therefore we have

Theorem 5. Among all linear operations from CtoC (from L to Z) that take
all functions into trigonometric polynomials of order < (2n — 1) and have the
property that each polynomial t € 11, is taken into its derivative, the operator

2
U(f,x)= %/ flz+t)sinnt B(t) dt
0

has the smallest norm.
Here [U] = p2,, = dn : 7.

Hence, in particular, it is clear that with the aid of operators from @Syzn% it
is impossible to prove S. N. Bernstein’ s classical theorem on the modulus of
the derivative of a trigonometric polynomial with the sharp constant equal to 1.
The best constant that can be obtained by operators from Q1‘f72n717 as Theorem

5 shows, is 4 : 7.

In conclusion we formulate one more problem, which is solved with the aid of
Theorem 3. Let 9, be the set of all polynomials of the form ®(t) = cost +
Gq €08 2t + --- + a,, cosnt, for which the associated polynomials are nonnegative
on the number axis. It is required to compute the quantity

Tn = <I>1:%j€n p;{;,2n71 (E)7
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where E = C or E = f, and to find the extremal polynomial. The solution of
this problem is given by Theorem 6.

Theorem 6. For every n > 2, 7,, = 8. The extremal polynomial has the form
O(t) = cost + 2 cosnt.
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