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In this paper we shall use the terminology and notation of article ("1).

1. Let Q be some set with a finite normalized measure m. Denote by A the
topological vector space consisting of all functions z(t) measurable with
respect to the measure m (¢ € Q), with the topology of convergence in
measure. In the space A the notion of semi-order is introduced naturally:
x <y when z(t) < y(t) for almost all ¢ € Q.

A Banach space E C A, which together with every function xz(t) contains the
function |x(¢)|, and for which from the inequality |z(t)| < |y(t)| it follows that
|zl z < |yl g, is called a functional Banach structure (see ("2)). By an ideal
structure we shall mean a functional Banach structure for which the following
condition is satisfied: if y(t) € E, z(t) € A, and |z(t)| < |y(¢)|, then z(t) € E.

Theorem 1. Let z(t),2(t) be elements of an ideal structure E. Then the
function |z(¢)|%|z(t)|*~? (0 < # < 1) belongs to E, and

@)1= ]|, < lel%121E°.

|1—9

The operator A(z,z) = |z|%|z is continuous from E x F into E.

In what follows we shall everywhere use the following notation:

p=0-=8)/(y—a), v=B-a)/(y—a).

Definition 1. A continuous normal scale (see (1)) of ideal structures H,,
(0 < o < 1), possessing the property

Hz®F =01 [, <leli, 127, (O0<a<f<y<l) (1)

for all x,z € Hy, is called a hyperscale.

We note that it is sufficient to verify inequality (1) only on a dense set of the
space H;.
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If the ideal structures H, and H, are related Banach spaces, then the minimal
scale constructed from the spaces H, and H; (see ("1)) is a hyperscale.

It is not difficult to prove that among all hyperscales joining the ideal structures
H, and H, there exists a hyperscale H}** (0 < a < 1) possessing the following
property: if H, (0 < a < 1) is an arbitrary hyperscale joining the spaces H,
and H,, then

2, < lelyge (@ € Hy).

The hyperscale H?** (0 < a < 1) will be called maximal. It turns out that the
maximal hyperscale joining the spaces £, (2) and £, () (1 < p, < p; < o0)
is the scale of spaces £,(§2), where

p=pop1/Ip1 —alpy —py)], 0<a<l

2. An operator T acting from a Banach structure F into the topological space
A is called convex on the cone of nonnegative functions if for all
Ty, Ty € K and X € [0,1]

Tz + (1= XNzg) < ANT(xq) + (1 = N)T(25).
Theorem 2. Let H?** (0 < a < 1) be a maximal hyperscale, F, (0 < a < 1)

an arbitrary hyperscale, and let T be a homogeneous, monotone convex operator
on the cone K, acting from the space H™** into F; (i = 0,1).

If for the operator T'
| 7| frmax o, = M; < 00 (1=0,1),
then it maps the space H2** into F,, and

|72, < Mg~ Ml ggax — (x € HZ™).

An analogous theorem can be proved for a family of linear integral operators

T, (x) :/QKa(t,s)a?(s) dm,

where K (t,s) > 0 (almost everywhere) and, for almost all ¢,s € Q, K (¢, s) is
logarithmically convex in «.

3. Denote by E(a) (0 < o < 1) the set of all z from the ideal structure E
with unit e(¢) = 1, for which the functional
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«
D (z) = H|x|1/aHE < 0.
The functional @, (z) is a norm defined on E(«a), and E(«) is complete with
respect to the norm @, (z).

Using the results of A. P. Calderén (3), one can show that the space E(a) is
reflexive if the space E is reflexive.

We note that in the case of K B-spaces the norm @ (z) was considered earlier
in (4).

It is not difficult to see that for any bounded function

. «
EE}JH”?P/QHE = [zl ¢ ()

therefore it is natural to take E(0) = £ (£2).

oo

The generalized Holder inequality holds:

lzyle < lelpelWlpa-) (@€ E(@), y € E(1—a)).
If the space £ () is normally embedded (see (1)) in E, then the spaces F(1—«)
form a maximal hyperscale joining E and £ ().

4. A. P. Calderén (see (3)) proposed the following construction of intermedi-
ate spaces K, for ideal structures H, and H:

_ - : |z(t)]
|zl = inf vrai max 1 .
C wolag<t gy <t te@ |2 (81w (8)|*

If H = £_(Q) and Hy = E, then K, = E(1 — «).

Theorem 3. Let K, (0 <0 < 1) be Calderén’ s family of intermediate spaces
joining the ideal structures H, and H;. For every interval [ag, 5] C [0, 1] the
space K, of Calderén’ s family K, (0 < a < 1), joining the spaces K, and
Kpg, coincides with the space Ky, 0 = ay(1 — a) + By, and has the same norm.

It can be shown that for any two related ideal structures H, and H,, Calderén’
s spaces K, form a hyperscale on the interval [0,1]. This hyperscale is proper

(see (1)).
Theorem 4. Let H, and H; be related ideal structures, and suppose that the
set M of all bounded measurable functions is dense in the space H;. Then

Calderdén’ s scale K, (0 < o < 1) coincides with the maximal hyperscale con-
structed from the spaces H, and H;.
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Corollary. Let H, (0 < a < 1) be an arbitrary hyperscale connecting two
ideal structures H, and H,, for which the conditions of Theorem 4 are satisfied.
If 4 € Hy, z; € H;, and 0 < a < 1, then the function

w(t) = lwo (O] (1)
belongs to the space H,.

5. Let E, (0 < o < 1) be a continuous normal scale of ideal structures
connecting the ideal structures H, and H,. Suppose that the set of all
bounded measurable functions is dense in H;.

The family of Banach spaces E_(1/p) (p > 1) will be called the power trans-
form of the scale E, (0 < o <1). It is easy to see that E_(1/p) is a continuous
normal scale.

Theorem 5. Let E; and E; be related ideal structures, and let the set M be
dense in E;. Then the minimal scale constructed from the spaces F,(1/p) and
E,(1/p) majorizes the scale E™"(1/p) (see (1)).

We give an example of an interpolation theorem that is a consequence of Theo-
rem 5.

Consider the minimal scale E™", connecting the spaces £; and £, which is
the Marcinkiewicz scale M2, consisting of all functions z(¢) € A for which

mes e—0

lim [/e|x(t)|dt/(mese)a} =0

with norm

[|r0 = sup [/m(t)|dt/(mese)a] < 00
« mese#0 LJe

(see (1)). Every continuous normal scale F, (0 < « < 1), majorizing the

minimal scale F™" (0 < a < 1), possesses the normal interpolation property

with respect to the power transform of the Marcinkiewicz scale M2 (1/p).

Let us note that the maximal scale connecting two related ideal structures con-
sists of ideal structures.

Theorem 6. The power transform of the maximal scale connecting two related
ideal structures H, and H; such that the set M is dense in H; is a regular scale
and, consequently, possesses the strict interpolation property with respect to
every minimal scale.

As an example one may give the power transform of the Lorentz scale A, (see
(5)), which is the maximal scale connecting the spaces £, and £ (see (1)).

The space conjugate to A, (1/p) consists of measurable functions f(t) for which

1/q

1
If 1A, c1/py —inf{(la)/ taD(t)th} < 00,
0
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where the infimum is taken over all functions D(t) such that

(1-a) /OstaD(t) dtz/os F5(¢) at

forall s €[0,1], 1/p+1/g=1,p> 1.
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