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MATHEMATICS

I. A. NOVOSEL’SKII

SOME CRITERIA FOR THE COMPLETE-
NESS OF A SYSTEM OF ROOT VECTORS
OF A LINEAR OPERATOR IN A SPACE
WITH TWO NORMS
(Presented by Academician M. V. Keldysh on 30 VI 1965)

In the present note (§ 1) some theorems are established on the completeness of
the system of root vectors of a completely continuous operator in a space with
two norms (1), i.e., in a Banach space 𝔅 in which a weaker Hilbert norm is also
introduced. Some conditions are also indicated for the 𝑛-fold completeness (2)
of the system of eigenvectors and associated vectors of a polynomial operator
pencil in such a space (§ 2). In the third section one application of the results of
§ 2 to elliptic operators is given. In the last section two theorems are established
on the completeness of the system of generalized root vectors. The results of
the note are, in the main, generalizations of some theorems on completeness in
Hilbert space (2−6).

1. Let 𝔅 be a Banach space, Ω(𝔅) the normed ring of all linear bounded
operators acting in 𝔅, and 𝔖∞(𝔅) the two-sided ideal of completely con-
tinuous operators. For an operator 𝐴 ∈ Ω(𝔅) put

𝑠𝑛+1(𝐴) = inf ‖𝐴 − 𝐾‖ (𝑛 = 0, 1, …),

where the lower bound is taken over all 𝑛-dimensional operators 𝐾 ∈ Ω(𝔅), and

𝑑𝑛(𝐴) = inf
𝐿𝑛

sup
‖𝑥‖⩽1

𝜌(𝐴𝑥, 𝐿𝑛) (𝑛 = 0, 1, …),

where 𝜌(𝑧, 𝐿) is the distance from 𝑧 to 𝐿, and the lower bound is taken over all
𝑛-dimensional subspaces 𝐿𝑛 ⊂ 𝔅.

For 𝑝 > 0, by 𝔖𝑝(𝔅) (𝔇𝑝(𝔅)) we denote the set of all operators for which
∑ 𝑠𝑝

𝑛(𝐴) < ∞ (∑ 𝑑𝑝
𝑛(𝐴) < ∞). As is known, 𝔖𝑝(𝔅) ⊂ 𝔇𝑝(𝔅) (𝑝 > 0). By 𝔑𝑝

(0 < 𝑝 ⩽ 1) we shall denote the set of all operators 𝐴 ∈ Ω(𝔅) representable in
the form
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𝐴𝑥 =
∞

∑
𝑗=1

𝛼𝑗𝑓𝑗(𝑥)𝑦𝑗, (𝑓𝑗 ∈ 𝔅∗, 𝑦𝑗 ∈ 𝔅, ‖𝑓𝑗‖ = ‖𝑦𝑗‖ = 1, 𝑗 = 0, 1, …), (1)

where ∑ |𝛼𝑗|𝑝 < ∞.

We shall call an operator 𝐴 ∈ 𝔖∞(𝔅) complete if the system of its root
vectors corresponding to nonzero eigenvalues is complete in 𝔅. By ℜ(𝐴) below
we denote the set of values of the operator 𝐴.

Suppose that in the space 𝔅 a scalar product (𝑥, 𝑦) is given, and that the norm
|𝑥| = √(𝑥, 𝑥) generated by it is weaker than the original norm ‖𝑥‖. Completing
the space 𝔅 in the norm | ⋅ |, we obtain a Hilbert space ℌ.

An operator 𝐴 ∈ Ω(𝔅) is called Hermitian if (𝐴𝑥, 𝑦) = (𝑥, 𝐴𝑦) for all 𝑥, 𝑦 ∈ 𝔅.
We shall say that the operator 𝐴 is ℌ𝔅-continuous (1) and write 𝐴 ∈ Ω(ℌ, 𝔅),
if there exists a number 𝐶 such that,

that ‖𝐴𝑥‖ ≤ 𝐶|𝑥| (𝑥 ∈ 𝔅). An operator 𝐴 ∈ Ω(𝔅) is called regular (7) if there
exists an operator 𝐴+ ∈ Ω(𝔅) such that (𝐴𝑥, 𝑦) = (𝑥, 𝐴+𝑦) (𝑥, 𝑦 ∈ 𝔅). The set
of all regular operators will be denoted by Π.

Theorem 1. Let 𝐴 be an ℌ𝔅-continuous Hermitian operator and let 𝐴 ∈
𝔇𝑝(𝔅) for some 𝑝 > 0. If 𝑇 is a regular operator from 𝔖∞(𝔅), 𝐵 = (𝐼 + 𝑇 )𝐴,
and ℜ(𝐵) = 𝔅, then the operator 𝐵 is complete in 𝔅.

This theorem is proved on the basis of a theorem of M. V. Keldysh (2) (see also
(3)) and the following simple propositions.

1∘. If 𝐴 ∈ Ω(ℌ, 𝔅), ℜ(𝐴) = 𝔅, and the operator 𝐴 is complete in ℌ, then 𝐴 is
complete also in 𝔅.

2∘. If the operator 𝐴 is Hermitian and 𝐴 ∈ 𝔇𝑝(𝔅), then 𝐴 ∈ 𝔖𝑟(ℌ) for every
𝑟 > 𝑝.

Remark 1. The condition 𝐴 ∈ 𝔇𝑝(𝔅) in Theorem 1 may be replaced by one
of the following: a) 𝐴𝑛 ∈ ℜ1(𝔅) for some natural number 𝑛; b)

∞
∑
𝑘=1

|𝜆𝑘|𝑝 < ∞,

where {𝜆𝑘} is the complete system of eigenvalues of the operator 𝐴.

We shall next need the following proposition on estimating the resolvent of an
ℌ𝔅-continuous operator in the space ℌ.

Lemma 1. If 𝐴 is an ℌ𝔅-continuous operator and 𝐴 ∈ 𝔇𝑝(𝔅) (respectively
𝐴 ∈ ℜ𝑞(𝔅)), then

lim
𝜌→∞

{𝜌−𝑟 ln max
|𝜆|=𝜌

∣(𝐼 − 𝜆𝐴)−1∣} = 0
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for every 𝑟 > 𝑝 (respectively for every 𝑟 > (1/𝑞 − 1/2)−1).

With the aid of Lemma 1 and results of A. S. Markus (5) (lemma and Theorem
8), the following is established.

Theorem 2. Let the operator 𝐴 ∈ Ω(ℌ, 𝔅), | arg(𝐴𝑥, 𝑥)| ≤ 𝛾𝜋/2 (𝛾 < 2) for
all 𝑥 ∈ 𝔅, and let at least one of the conditions be fulfilled: a) 𝐴 ∈ 𝔇𝑝(𝔅)
(𝑝 < 𝛾−1); b) 𝐴 ∈ ℜ𝑞(𝔅) (𝑞 < (𝛾 + 1/2)−1). If 𝑇 is a regular operator from
𝔖∞(𝔅), 𝐵 = (𝐼 + 𝑇 )𝐴, and ℜ(𝐵) = 𝔅, then the operator 𝐵 is complete in 𝔅.

2. An operator 𝐴 ∈ Π will be called normal if 𝐴+𝐴 = 𝐴𝐴+.

Theorem 3. Let 𝐴 ∈ Ω(ℌ, 𝔅) be a normal operator, and suppose that 𝐴𝑛 is
Hermitian for some natural number 𝑛. If 𝐴 ∈ 𝔇𝑝(𝔅) (𝑝 > 0) and ℜ(𝐴) = 𝔅,
then the system of eigenvectors and associated vectors of each of the pencils

𝐿(𝜆) = 𝐼 −
𝑛−1
∑
𝑗=0

𝜆𝑗𝐴𝑗𝑇
𝑗 − 𝜆𝑛𝐴𝑛, 𝑀(𝜆) = 𝐼 −

𝑛−1
∑
𝑗=0

𝜆𝑗𝑇 𝑗
𝑗𝐴 − 𝜆𝑛𝐴𝑛,

where 𝑇𝑗 (𝑗 = 0, 1, … , 𝑛−1) are regular operators from 𝔖𝑝(𝔅), is 𝑛-fold complete
in 𝔅.

The proof of this theorem is based on propositions 1∘, 2∘ and the theorem of M.
V. Keldysh (2).
Remark 2. With the aid of a theorem of Yu. A. Palant (4) it can be shown that
Theorem 3 remains valid for the pencil 𝐿(𝜆) when the condition 𝐴 ∈ 𝔇𝑝(𝔅)
is replaced by the following conditions: 𝐴 ∈ 𝔖∞(𝔅); 𝑇0𝐴𝑛, 𝐴𝑘𝑇

𝑘 ∈ 𝔇𝑝(𝔅)
(𝑘 = 1, … , 𝑛 − 1).
With the aid of Lemma 1 and the results of the article (6), the following is
proved.

Theorem 4. Let the operator 𝐴 ∈ Ω(ℌ, 𝔅), | arg(𝐴𝑥, 𝑥)| ≤ 𝛾𝜋/2 (𝛾 < 2) for
all 𝑥 ∈ 𝔅, and let at least one of the conditions be fulfilled: a) 𝐴 ∈ 𝔇𝑝(𝔅)
(𝑝 < 𝛾−1); b) 𝐴 ∈ ℜ𝑞(𝔅) (𝑞 < (𝛾 + 1/2)−1). If 𝑇𝑗 (𝑗 = 0, 1, … , 𝑛 − 1) are
regular operators from 𝔖∞(𝔅) and ℜ(𝐴) = 𝔅, then the system of eigenvectors
and associated vectors of each of the pencils

𝐼 −𝑇0 −𝜆𝐴𝑇1 −⋯−𝜆𝑛−1𝐴𝑇𝑛−1 −𝜆𝑛𝐴, 𝐼 −𝑇0 −𝜆𝑇1𝐴−⋯−𝜆𝑛−1𝑇𝑛−1𝐴−𝜆𝑛𝐴

is 𝑛-fold complete in 𝔅.

3. Let 𝐷 be a bounded domain with a sufficiently smooth boundary Γ in
𝑚-dimensional Euclidean space, and

𝑀𝜆(𝑢) =
𝑚

∑
𝑖,𝑘=1

𝑝𝑖𝑘
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑘
+

𝑚
∑
𝑖=1

𝑞𝑖
𝜕𝑢
𝜕𝑥𝑖

+ (𝑟0 + 𝜆𝑟1 + … + 𝜆𝑛𝑟𝑛)𝑢,
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where 𝑝𝑖𝑘 (𝑖, 𝑘 = 1, … , 𝑚), 𝑞𝑖 (𝑖 = 1, … , 𝑚), and 𝑟𝑗 (𝑗 = 1, … , 𝑛) are twice
continuously differentiable functions in 𝐷, 𝑝𝑖𝑘 and 𝑟𝑛 are real, and 𝑟𝑛(𝑥) > 𝛼,

𝑚
∑

𝑖,𝑘=1
𝑝𝑖𝑘𝜉𝑖𝜉𝑘 > 𝛽

𝑚
∑
𝑖=1

𝜉2
𝑖 (𝑥 ∈ 𝐷, 𝛼 > 0, 𝛽 > 0).

On the basis of Theorem 3 one obtains

Theorem 5. The system of eigenfunctions and associated functions of the
operator pencil 𝑀𝜆(𝑢), under the boundary condition 𝑢|Γ = 0, is 𝑛-fold complete
in the space 𝑊̊ 2

2 (𝐷).
We note that the 𝑛-fold completeness of the system of eigenfunctions and asso-
ciated functions of the indicated pencil in the space 𝐿2(𝐷) was established by
M. V. Keldysh (2).

4. In this section we shall show that, if the condition of ℌ𝔅-continuity of the
operators under consideration is abandoned, then in some cases one can
establish completeness of the system of generalized root vectors.

A functional 𝑓 ∈ 𝔅∗ will be called a generalized root vector of the operator
𝐴 ∈ Ω(𝔅), corresponding to the eigenvalue 𝜆, if 𝑓((𝐴−𝜆𝐼)𝑛𝑥) = 0 for all 𝑥 ∈ 𝔅
for some natural number 𝑛. We shall say that the system of generalized root
vectors of the operator 𝐴 is complete if 𝑓(𝑥0) = 0 for all generalized root vectors
𝑓 of the operator 𝐴 only when 𝑥0 = 0 (cf. (8), Ch. I, § 4).

Theorem 6. If a Hermitian operator 𝐴 ∈ 𝔖∞(𝔅), then the system of general-
ized root vectors of the operator 𝐴 is complete.

This theorem is proved on the basis of results of M. G. Krein (1). We note
that every generalized root vector of a Hermitian operator 𝐴, corresponding to
a nonzero eigenvalue, is a generalized eigenvector.

Lemma 2. If, for the operator 𝐴 ∈ 𝔖∞(𝔅) (𝐴 ≠ 0), the following conditions
are fulfilled:

1) | arg(𝐴𝑥, 𝑥)| ≤ 𝛾𝜋/2 (𝛾 < 2) for all 𝑥 ∈ 𝔅;

2)

lim
𝜌→∞

{𝜌−𝑙 ln max
|𝜆|=𝜌

‖(𝐼 − 𝜆𝐴)−1𝑥‖} = 0 (𝑙 < 𝛾−1)

for all 𝑥 ∈ 𝔅, then 𝐴 has at least one nonzero eigenvalue.

With the aid of Lemma 2 the following theorem is proved (cf. (3), p. 107).

Theorem 7. If the operator 𝐴 ∈ 𝔖∞(𝔅), | arg(𝐴𝑥, 𝑥)| ≤ 𝛾𝜋/2 (𝛾 < 2) for all
𝑥 ∈ 𝔅, and at least one of the conditions is fulfilled: a) 𝐴 ∈ 𝔖𝑝(𝔅) (𝑝 < 𝛾−1);
b) 𝐴 ∈ ℜ𝑞(𝔅) (𝑞 = (𝛾 + 1

2 )−1), then the system of generalized root vectors of
the operator 𝐴 is complete.
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We note that condition b) of Theorem 7 may be replaced by the following: the
operator 𝐴 admits the representation (1), where 𝛼𝑗 = 𝑜(𝑗−1/𝑞).
Remark 3. Under the conditions of Theorem 6 (Theorem 7), one can also
assert that if 𝑓(𝑥0) = 0 for all generalized eigen (root) vectors 𝑓 of the operator
𝐴 corresponding to nonzero eigenvalues, then 𝐴𝑥0 = 0.

Remark 4. If the space 𝔅 is reflexive, then under the conditions of Theorems
6 and 7 the system of root vectors of the operator 𝐴∗ is complete in 𝔅∗, and
the system of its root (in Theorem 6—eigen) vectors corresponding to non-

corresponding to zero eigenvalues, is complete in ℜ(𝐴∗). We note that, at the
same time, the system of root vectors of the operator 𝐴 itself will, generally
speaking, not be complete even in ℜ(𝐴) (cf. the example in (9)).

The author expresses his gratitude to A. S. Markus for posing the problem and
for valuable advice.
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