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Let X and Y be linear topological spaces. We shall agree to write A: X — Y
if A is a linear operator acting continuously from X into Y.

The classical Riesz-Thorin theorem (1) asserts, in particular, that if

A:LPr — L0, A:LP2 — [92] (1)

then also

A:LP — L9
where p; < p < py and

1/g=1/ga+ (1/p—1/po)(1/q1 — 1/q9) x (1/p; —1/py)~".

The main question discussed in the present note is the following: does there exist
a space X (depending only on p;, ¢y, ps, ¢y, and p) narrower than L?, and such
that, if (1) is fulfilled, then A : LP — X7 It turns out that the answer to this
question is, generally speaking, affirmative. Under the additional restrictions
p1 < qq, Py < @9, we describe the minimal space X having this property (see
item 2).

1. Let R be a space with a nonnegative countably additive measure pu. For a
p-measurable (complex) function f on R we introduce f*(t) (0 <t < o0)
—the nonincreasing right-continuous function equimeasurable with |f|:

mes{t: f*(t) > N} = u{z:|f| > N} for every N > 0.

In addition, introduce the function f**(¢)

F =1 / £(s) ds.

sovietrxiv.org/items/ru-196601.85739 Machine Translation


https://sovietrxiv.org/items/ru-196601.85739

Consider the functional | - [, ,:

1/p

o= ([ wra) L 0<a<n 1sp<s
0

[flxee = sup £f5(1),  0<A<T, (2)
0<t<oco
and the functional (f), ,, which is defined like |f] ,, but in the right-hand

sides of (2) one must substitute f**(¢) in place of f*(¢).

The inequality

ct (N flrp S (Hap S eallfllx s 0<c¢ <ep<oo

is valid.

By L, (X, p) we denote (*~*) the set of functions f for which [f],, < oo.
L, (A p) is a Banach space with norm (-), .

We also introduce the space L,,(1,1), coinciding with L}, setting | ], ; = | fl:-
We note that for A = 1/p the space L ,(A,p) coincides with L7

Theorem 1. If p; < p,, then L, (\,p;) C L,(\,py) and

||f|A,p2 < C”f”k,pla

where C' = C(X\,py,py). In general there are no other inclusion relations between
the spaces L, (), p).

2. Let X,Y,Z be linear subsets of a linear space V, and suppose that each
element z € Z admits a representation (generally not unique) z = x + y, where
x € X, yeY. If Tis a linear operator defined on a part of V' containing X
and Y, then it is also defined on Z.

In this situation we shall say that T is naturally extended to Z. In what follows
V' will mean the space of all measurable functions.

Theorem 2. Let R, and R, be spaces with measures vy and vy, and let
T: L, (N\,1) = Ly, (k;,00) (=12 0<X)\ <1, 0<pu <1, A <Ay [qF ly).
Then T is naturally extended to L, (A,p), and

T: L, (Ap)— L, (up),

where
A <A< Ay, 1<p<oo,

=ty + A=A (g — ) Ag = A7 (3)
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Let us now return to the question posed at the beginning of the note. Let
the operator 1" be defined on simple functions on R; and take them into v,-
measurable functions on R,. Suppose, moreover, that 7' : L)} — L7} (i = 1,2),
where 1 < p, <g¢; <00, p; # 00, q; # 1, and p; > py, ¢ # g5 By Theorem 1,

Lul(l/pi7 1) - LV1<1/pi’pi) = LIZZ’
Lg; = LV2(1/qi’ qz) - Lyz(l/qiv OO)

Therefore the hypotheses of Theorem 2 are satisfied with A\, = 1/p, and y; =
1/g;, and hence, for p; > p > py, we have T' : L) — L, (u,p), where p is
determined from (3) with A = 1/p. Since p, < ¢;, we have p < 1/u, and
L, (p,p) C L,ljéu. Thus the range of the operator T lies in the space L, (u,p),

generally narrower than the space L'/# obtained from the theorem of M. Riesz.
As the following theorem shows, the space L(u,p) cannot be narrowed further.

We shall agree to say that a measure v on a space R is nonatomic if, for any
two sets F, and E, such that B, C Ey, v(E,) < v(E,), and for any number
s such that v(E;) < s < v(E,), there exists a set E, E; C E C E,, such that
v(E) =s.

Theorem 3. Let R, and R, be spaces with nonatomic measures v, and vy,
v (R,) = oo, and let arbitrary collections of numbers A\, \;, p;, 0;, ¢, 0 (1 =1,2)
be given for which the spaces L(N;,p;), L1, G;), A < A< Ag, g F pg, 1 <p <
oo make sense, and suppose that for each i (taken separately) one of the following
two conditions is satisfied: a) 0 < A\, <1, 0 < p; <1, 1 <p;, <¢q; < o0; b)
0< XN <1, p,=1, g =00. Let f be an arbitrary function from the space
L, (u,p), where p is determined from (3). Then there exists an operator T such

vy

that
T: L, (N,p;) = Ly, (15 4;) (i=1,2)
and, consequently, T is naturally extended to Ll,l()\,p),

T: L, (\p)— L, (1p)
and Tg = f, where g € L,, A\, p).
Below we give two examples illustrating the application of Theorem 2.

3. Let {¢,,}3° be an orthonormal and uniformly bounded system of functions
on a space R with measure p. Consider a space S, whose elements are all
positive integers, with measure v equal to one on each one-point set. If {c,}{°
is a sequence of numbers, then by |c|, , we shall denote the norm in L, (X, p)
of the function equal to ¢, at the point n.

Theorem 4. 1) Let f € L,(\,p) (1/2<A<1, 1 <p<oo),and let {c,}7° be
the Fourier coefficients of f with respect to the system {¢,,}$°. Then

lelinp < Alflay A=A P {e})
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2) Let, for the sequence {c,, }7°, the norm |c], , be finite (1/2 <A <1, 1<

nfl >
p < 00). Then there exists a function f for which the ¢,, are the Fourier

coefficients with respect to the system {¢,,}7°, and

”f”lf)\,p < A”C”)\,zﬂ A= A(Aapa {90})

Indeed, let T be the operator assigning to f the function ¢(n) on the space S,
where ¢(n) = ¢,, and {c,} are the Fourier coefficients of f. It is clear that
T:L,1,1) = L,0,00) and T : L,(1/2,1) — L,(1/2,00) (the latter is a
consequence of Bessel’ s inequality and Theorem 1).

From Theorem 2, 1) now follows; 2) is proved analogously. Theorem 4 contains,
as a special case, Paley’ s theorem (1).

Theorem 4 is sharp in a certain sense.

Theorem 5. Let ¢; > ¢, > c5... be a sequence tending to zero. In order that
the function f(z) =Y ¢, cosna belong to L(A,p) (0 < A< 1, 1 <p < 00), it
is necessary and sufficient that |cf|;_, , < oc.

This theorem is analogous to the Hardy-Littlewood theorem (1).

4. Consider the operator J:

e = [ FO (o< S <), (@

|t — |

where the integration is over n-dimensional real space R,. In what follows,
spaces of functions defined on R, with Lebesgue measure are considered.

Theorem 6.

J: LA p) > LA—1+a/np) (1—a/n<i<l, 1<p< o).
Theorem 6 is obtained with the aid of Theorem 2 from the fact that

J:L(1,1) = L(a/n, 00); J:L(1—a/n,1) — L(0,0).

In particular, according to Theorem 6,

J:LP - L(1/p—1+4+a/n,p) CL"

l1—a/n<l/p<l, 1/r=1/p—1+a/n).

Thus Theorem 6 yields a strengthening of the well-known Hardy-Littlewood-
Sobolev theorem (°:¢).
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Theorem 7. Let f(t) in (4) range over all L(A,p) (1—a/n <A <1, 1 <p < 00).
Consider all possible measurable functions g(x) such that |g(z)| is majorized by
some rearrangement of the function |(J f)(x)|. The set of all such g(z) coincides
with L(A — 1+ a/n,p).

Theorem 7 shows that Theorem 6 cannot be strengthened within the class of
spaces whose norm is unchanged under rearrangement of functions.
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