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We indicate two finite-difference convergent schemes for the initial-boundary
value problem in @ = Qx[0, T'], where 2 is a bounded three-dimensional domain,
T > 0, for the system of Navier-Stokes equations

0 0
a—l;—zzAu—i—uka—xi:—gradp—kf, divua =0, u‘szo, u’t:o:a’ (1)

where S is the boundary of the domain Q; f = f(z,1) € L,(Q), a = a(z) € Ly(Q)
are given vectors; diva = 0. Here, as everywhere below, summation from 1 to
3 is understood over the repeated index k.

For plane flows several difference schemes were given (see (479)). In (%) the
convergence of one of them is proved. The schemes proposed by us differ from
those previously available.

We divide the entire half-space E; x [0,00) into identical parallelepipeds by
means of the planes x; = k;h, t = kAt, where ¢+ = 1,2,3, £k =0,1,2,.., k; =
0,+1,42,...; h and At are some positive numbers.

Denote by Q;"L the closed domain on the plane t = kAt, consisting of all 3-
dimensional elementary cubes k;h < x; < (k; + 1)h belonging to @, and by
S’}f its boundary. By the same symbols we shall also denote the set of nodes
(vertices) of the grid belonging to QZ and S,’f, respectively. Similarly, by @, we
denote the set of all elementary parallelepipeds belonging to @, as well as the
set of all grid nodes belonging to Q.

We replace equations (1) by the following “implicit” difference scheme:

, , 1 , . ,
Uiy = Vg 50U (Ui, + i, ) = —Dhe, + B (2,1)
uf’fii’k =0, (2,2)
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ui|. =0, (2,3)

i i(m)
uh‘t:o =a, . (2,4)

We used the following notation:

1
Vi = Ry [v(z,t) —v(z, t — At)],
_ 1
vzk - E [v(x + ekhat) - v<xat>]a

Oy =v(z,t + At),

“hy = oz £ ey, 1),
where e, is the unit vector along the z,-axis; ufl, p;, denote difference analogues
of the functions u®,p; f, is the averaging of the vector over the cubes of the
considered partition of the domain . The vectors aﬁj") are constructed as
follows: first we choose a sequence a™) converging in Ly(Q) to a, of smooth,
solenoidal vector fields finite in €, and then approximate each vector a™ by
the difference vector a;:m, constructed according to the following rule: if o is
the boundary of the cube k;h < x, < (k; + 1)h, i = 1,2,3, and o, is that part
of it which lies in the plane x; = k;h, then the value of the component a;fm) at
the point x; = k;h, i = 1,2, 3, is defined by the formula

aﬁfm = h’Q/ a'™ do.

Obviously, the vector a;Lm) is difference-solenoidal, i.e. ag$> =0.

Equations (2,1) are considered at all interior points of the grid €,,, and equations
(2,2) everywhere where none of the four points entering into (2,2) lies outside
Qh.

It is easy to calculate that the number of unknowns uz,ph in equations (2,1),
(2,2) is equal to the number of these equations. But since among equations (2,2)
there is one dependence (the sum of all u}_ is identically zero), we add to our
system the equation '

sovietrxiv.org/items/ru-196601.84047 Machine Translation


https://sovietrxiv.org/items/ru-196601.84047

th =0, (3)

where the sum is extended over all those points of €2, which are arguments of
py, in equations (2,1).

To prove the unique solvability of the system (2,1)—(2,3), (3) on the layer QF,
it is enough to verify that the corresponding homogeneous system has only the
zero solution, uf = p, = 0. This follows immediately from the identity, valid
for any 1 < k < [T/At):

lun (B)1? + 20 Aty (k) + At up, (B)[? = [up, (k= 1)* + 2A¢(f,,wp), (4)

where
Jup (B)|? = 13> a2, ltpe (R)I? = 12w, il

(fnrun) = Zf};uz,

and the summation in the last formulas is carried out over those grid points
of QZ at which the expressions standing under the summation sign make sense,
i.e. in their construction not a single grid point not belonging to €2, is used. To
obtain (4), it is enough to multiply equation (2,1), taken on the k-th layer, by
2Ath3ul (z, kAt), and to sum the resulting equalities over all interior points of
the grid Q’,j

Theorem 1. The system (2,1)—(2,3), (3) is uniquely solvable on each layer
with respect to uy,,p;, for arbitrary f, a.

From identity (4), in a known way, the following basic inequality is derived:
k k
lun (R)1Z + 2088 flup, (]2 + A Y ug, (D]? < C, ()
=1 =1

which is a difference analogue of the basic energy inequality of hydrodynamics.
On the basis of (5), following (1) and using certain completions of the difference
functions constructed in (2), we can prove the existence of a subsequence of u,,
that converges strongly in Ly(Q), as h, At — 0, m — o0, to some u, while h
and At are chosen consistently--

accordingly. The limiting function u has generalized derivatives du/0xy,, equal
to the weak limits in L,(Q) of the sequences u;wk. Using this fact, it is easy
to prove that u is a weak solution (in the sense of E. Hopf) of problem (1) (see

(3))-
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The construction of the solution u given above is suitable for any number of spa-
tial variables, in particular for the two-dimensional case; and since in this latter
case there is a uniqueness theorem for the weak solution, the entire sequence u,,
converges to the solution u. Thus, we have proved

Theorem 2. From the difference solutions of the mized problem for the non-
stationary Navier—Stokes equations constructed according to the scheme (2,1)—
(2,4), one can always extract a subsequence converging to a weak solution (in the
sense of E. Hopf) of this problem for any ratio of the steps h and At. Moreover,
in the two-dimensional case the entire sequence converges to this solution.

For solving problem (1) one may also use the following difference scheme

) ) 1 +0; +0 +0 .
uﬁzt - Vu;szik + 5“2 ( U hxy, + uhik) =—-D hx; + f}ia (671)
uk,, =0, (6.2
uplg, =00 uf,_y = ai(m), (6,3)
where
1
U= Ay [v(z,t + At) — v(x, t)].

Equations (6,1), (6,2) should be considered at the same mesh points as in the
right difference scheme. This scheme converges for At/h% < 1/8v.
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