Soviet-era science, translated into English

ON A METHOD FOR
INVESTIGATING
NONLINEAR
SINGULAR EQUATIONS

MATHEMATICS
1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.83032

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196601.83032

Abstract

Full Text

UDC 517.948.324-517.544
MATHEMATICS

A. 1. GUSEINOV, Kh. Sh. MUKHTAROV

ON A METHOD FOR INVESTIGATING NON-
LINEAR SINGULAR EQUATIONS

(Presented by Academician I. N. Vekua, 25 IX 1965)

In the present note a new method is proposed for investigating the equation

b
u(z) :)\/ flw s, us)] o (1)

S —X

in the Guseinov class Hfﬁ’é (1).

We first give several functional inequalities for functions from the Holder class
H,$ and Hfﬁ s 0<a+9d, B+9, 4, a, f < 1), which were obtained by one of
the authors of the present note.

1°. Let u(x) € Hfﬁ’é. Then W(z) = u(x)y(x) belongs to the class Hlo1 K50
where 9(x) = (x —a)*"(b— x)%*% and Hlo1 k.5 s the Hélder class of functions

that vanish at the endpoints of the interval (a, b),

5 a+d 5 B+6

I, = <7) +47° <7> (b—a)’ +478(b—a)°.
4 4

2. If u(zx) € H?(ﬁ, then W (z) = u(z)(z — a)~* (b — )P~ belongs to the

class H lZ; s; o is a constant independent of K.

av

3°. fu(z) € H 5, then

. 5/(1+6p)
max |u(z)| < LKY/(1+P) {/ |u(z)|P dx} ) p > 0;
a

a<z<b

(b— a)p?*/(1+6p) 2 . 9(1+6p)/dp
25 _(b_a)6/(1+6p)7 1fb_a<7(6p)1/5 :607

1 )5p/<1+6p>

l:

(6p)1/(1+5p) + ( , ifb—a> 50.
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From 1° and 3° it follows:

4°. T u(x) € Hfﬁ)é, then

a<z<b

b 5/(1+8p)
sup {|u(x)[(z)} < 11 K)Y {/ p(a)lu(z)[P dw} ,

where p(x) = [(2)]".

Since p(x) < (b—a)7p(2), py(z) = (z—a)(b—2)"", 7 = (a+8)p+(B+8)p—1—7,
p—1<y<ap+dp, fp—1<~ < Bp+ dp, from 4° we obtain:

5°. If u(zx) € Hfﬁ’é, then

) 5/(1+6p)
sup {Ju(z)[e(x)} < Ll K)YOHP) {/ p1(@)|u(z)[? dx} ;
a<z<b a
Iy =(b— a)7%/(1+p)
6°. If u(z) € Hy 5, then
sup [u@) = uly)] < 210/ KO0 fmax |u ()| 001/, 0<d <é.

a<z,y<b |z — ?J|6/

From 1° and 6° it follows

7. For u(x) € HJ 5 5 one has

<

wp_ {12~ sl )

a<x,y<b |$ - y|6/

(6—6")/8
< 2<5é/>/6(z,K)5//‘5{ sup |u(a:)|¢(;v)} :
a<z<b
8. If u(x) € Hf,g,é’ then

sup {|U($) _u(y)<$—&)a+6(b—y)6+6} <

6/ i
a<z,y<b |$ - y|
ly—z|<o(z)

(575/)/5
suww{mpwwwuﬁ ,

a<z<b
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o= {0+ e (T2 2 o),

From inequalities 5° and 8° it follows that

luly < fy (Ll ) - *)

where

f1($) = 141(1, )1/ (140p) 00/ (1+0p) 4 14{131(1,K>1/<1+6p)}(575/)/556;7(675/)/(1%1))’

luly = sup {Ju(z)[(x)}+

a<xz<b

u(x + Az) —u(x N .
+ sup {| ( |Aﬂ7f6/ ( >|($_a)oz 5(b_fL'—A.’E)'B 6}7

a<x<b
b 1/17
wuwnz{/pmmw@ww} .

|Az|<o(x)
From inequalities 5° and 7° it follows that
lully < £ (lulz, () - (%)

where

Fu(@) = Ll(1, KV +0p) 530/ (0) 4 9(6=5)/6(p )3 16

x{1,1(1, K)1/<1+6p>}(676’>/6$p<676’>/(1+6p>7

lully = sup {|u(z)(z)}+

a<z<b

by [l Attt A el
a<z<b |A1‘|
|Az|<o(z)
Theorem 1. Let f(z,s,u) be defined for a < s, s < b, —00 < u < 400 and

satisfy the conditions
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A{|Az]Y + |As]®
|f(x 4+ Az, s + As,u + Au) — f(x, s,u)| < {[Az]” +|As|’}

T (s—a)*(b—s— Asg)htd + BlAul,

(2)

fa;sO

- ds€ HLY s 0<d<d <L (3)
— X

Suppose, further, that F(z,s,u) = f(x,s,u) — f(s, s, u) satisfies the condition

‘F($7S7U)—F(1‘7S,U>‘ gg(x7s)|u—v|, (4)

where g(z, s) is a nonnegative function such that the integral

b b q P
fa:{lmu%lpfﬂw w] } (5)

converges for some p > 1, 1/p+1/¢g=1, v <1, 4" < 1. Then the operator

Mu—)\/ f:vsu

S§—X

g(x, s)
s—x

for small A maps H O{{ 5,5 into H, f 5.6 and is a contraction operator in the space
Hfﬁ s With metric
pa(u,v) = Ju— ol ()

provided

A < Ao = min{K/K’,1/R,}, K’ =K,+ Cy(2A+ KB),

Ry=CB+ R,, C,and (] are certain constants.

If one takes into account inequality (*), then we have proved

Theorem 2. If f(x,s,u) satisfies the conditions of Theorem 1 and |A| < A,
then equation (1) has a unique solution u§(z) € HSIE 5> and this solution can
be found by the method of successive Picard approximations

fSC S,Un 1 )} K
)\ P ds, ug(z) € Hy 55
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The successive approximations converge in the sense of the metric

ps(u,v) = |lu—vl,,
and

n

R
paltar) < i { T oMt} ©

where Ry = |AR, < 1.

If one takes into account that

b
paMug,ug) S KRy, Ry=2 [ fi@yda.  fife) = (a-a)or(o-o)” .

then, substituting its expression in place of f;(z), we obtain

p3(uy, up) < KT, Ry g gyp0-0D/Eonhy (6°)

where

. R, dp/(1+6p)
ly =130 1_7]%3 )

_§71/61(14+6"p) /(1+6p) 1(6—8") /5 R
15:2(5 5)/5l(1+ p)/( +p>l< )/ ( 4

p(6—48")/(1+6p)
3 1—}@)

Inequalities of type (6”) can also be obtained in the sense of the metric

pa(u,v) = Ju—wvl;.

It should be noted that inequality (6”) for nonlinear singular equations has been
obtained here for the first time.

On the basis of the inequalities given above, a theorem is proved which charac-
terizes the dependence of the solution of equation (1) on the parameter .

Theorem 3. Suppose that f(z,s,u) satisfies all the conditions of Theorem
2. Suppose, further, that u(z, A;), u(z, Ay) are solutions of equation (1), corre-
sponding to the parameters Ay, Ay (|[A;| < Ag, [Aa] < Ag). Then
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sup {|u(z, \;) —u(z, \y)|(x)} < Rg|A; — Ay |2P/(1F0P),

a<z<b

dp/(1+6p)
By ) , )

1= Ry[Ag|

P
A
Rg/ { fle:s.uts: M)l >st} i

If in inequality (7) we set p =1/(1—9), takingy=ap—1+¢,v = Bp—1+¢4,
0 <e,e; <1, we obtain

Rg = 1(21, K)1/(1+9p) (

sup {|u(z, \y) —u(z, \y)|(z)} < Rg|Ay — )\2|5

a<xz<b

under the condition that integral (5) converges.
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