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PHYSICS

B. I. KOCHELAEV

HYPERFINE STRUCTURE OF THE RAYLEIGH
LINE OF LIGHT SCATTERING IN A PARA-
MAGNET
(Presented by Academician M. A. Leontovich, 17 VI 1965)

1. Light scattering in a paramagnetic crystal must have features associated
with the fact that the splittings of the spin levels of paramagnetic ions
are of the same order of magnitude as the energy of the phonons partici-
pating in the scattering. Under resonant conditions the presence of spin–
phonon interaction can appreciably change the spectrum of lattice vibra-
tions, which will also lead to a change in light scattering. The question
of the influence of spin–phonon interaction on the sound velocity was dis-
cussed earlier (1). In (2) the shift of the components of the fine structure
of the Rayleigh scattering line in a paramagnet was considered. In the
present article we shall show that, under certain conditions, an additional
splitting of each component should arise.

2. The intensities of the Stokes and anti-Stokes lines of light scattering by
phonons are determined by the Fourier transforms of the statistical aver-
ages ⟨𝑏+

𝑞𝜆(𝑡)𝑏𝑞𝜆(0)⟩ and ⟨𝑏𝑞𝜆(𝑡)𝑏+
𝑞𝜆(0)⟩, respectively; here 𝑏𝑞𝜆(𝑡) and 𝑏+

𝑞𝜆(𝑡)
are the annihilation and creation operators of a phonon with wave vector
q and polarization 𝜆 in the Heisenberg representation. Our problem is to
calculate these quantities in the presence of interaction between the spin
system and the phonons in a paramagnet. The Hamiltonian of the system
may be written in the form

ℋ = ℋ𝑐 + ℋ𝜙 + ℋ𝑐𝜙;

ℋ𝑐 = ∑
𝑗𝑚

𝐸𝑚𝑃 𝑗
𝑚𝑚, ℋ𝜙 = ∑

𝑞𝜆
ℏ𝜔(0)

𝑞𝜆 𝑏+
𝑞𝜆𝑏𝑞𝜆, (1)

ℋ𝑐𝜙 = 𝑖 ∑
𝑗𝑚𝑛

∑
𝑞𝜆

𝑞√ ℏ
2𝑀𝜔𝑞𝜆

𝐺𝜒𝜆
𝑚𝑛𝑃 𝑗

𝑚𝑛 (𝑏𝑞𝜆𝑒𝑖qr𝑗 − 𝑏+
𝑞𝜆𝑒−𝑖qr𝑗) ,
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where ℋ𝑐, ℋ𝜙, and ℋ𝑐𝜙 are the Hamiltonians of the spin system, the phonons,
and the spin–phonon interaction, respectively; 𝐸𝑚 is the energy of the 𝑚-th
spin level; 𝑃 𝑗

𝑚𝑛 is the one-particle static operator in the energy representation;
r𝑗 is the coordinate of the 𝑗-th paramagnetic ion; 𝜔(0)

𝑞𝜆 is the frequency of a free
phonon; 𝜒 = q/𝑞; 𝑀 is the mass of the crystal; 𝐺𝜒𝜆

𝑚𝑛 is a constant characterizing
the magnitude of the spin–phonon interaction. We shall find the correlation
functions of the phonons through Green’s functions of the type

𝐷𝑞𝜆(𝑡 − 𝑡′) = 𝑖𝜃(𝑡 − 𝑡′)⟨𝑏𝑞𝜆(𝑡)𝑏+
𝑞𝜆(𝑡′) − 𝑏+

𝑞𝜆(𝑡′)𝑏𝑞𝜆(𝑡)⟩ = ⟨⟨𝑏𝑞𝜆 ∣ 𝑏+
𝑞𝜆⟩⟩,

where 𝜃(𝑡 − 𝑡′) = 0 for 𝑡 < 𝑡′ and 𝜃(𝑡 − 𝑡′) = 1 for 𝑡 > 𝑡′. Writing out
the equations for them in the usual way (see, for example, (3)) and passing
to Fourier transforms with respect to time, we truncate the chain of coupled
equations on the basis of the smallness of the spin–phonon interaction:

⟨⟨(𝐺𝜒′𝜆′

𝑛𝑘 𝑃 𝑗
𝑚𝑘 − 𝐺𝜒′𝜆′

𝑘𝑚 𝑃 𝑗
𝑘𝑛) (𝑏𝑞′𝜆′𝑒𝑖q′r𝑗 − 𝑏+

𝑞′𝜆′𝑒−𝑖q′r𝑗) ∣ 𝑏+
𝑞𝜆⟩⟩

𝜔
≃

≃ 𝛿𝑞q′𝛿𝜆𝜆′𝐺𝜒𝜆
𝑛𝑚⟨𝑃𝑚𝑚𝛿𝑘𝑚 − 𝑃𝑛𝑛𝛿𝑘𝑛⟩𝑒𝑖qr𝑗𝐷𝑞𝜆(𝜔). (2)

As a result we obtain

{𝜔 − 𝜔(0)
𝑞𝜆 − 𝑞 ∑

𝑚𝑛

𝐴𝜘⃗𝜆
𝑚𝑛

𝜔 − 𝜔𝑛𝑚
} 𝐷𝑞𝜆(𝜔) = − 1

2𝜋 ,

𝐴𝜘⃗𝜆
𝑚𝑛 = 𝑁

2ℏ𝜌𝑣𝜆
∣𝐺𝜘⃗𝜆

𝑚𝑛∣2 (𝜂𝑚 − 𝜂𝑛). (3)

Here 𝑁 is the number of paramagnetic ions per unit volume; 𝜂𝑚 = ⟨𝑃𝑚𝑚⟩ is the
particle distribution function over spin levels; 𝜌 is the density of the crystal; 𝑣𝜆
is the “seed”speed of sound. Let us consider the case in which 𝜔(0)

𝑞𝜆 is close to
one of the frequencies 𝜔𝑛𝑚 = Ω. Then in the sum (3) one may restrict oneself
to a single term, after which the poles of the function 𝐷𝑞𝜆(𝜔) are readily found:

𝜔(1,2)
𝑞𝜆 = 1

2 {𝜔(0)
𝑞𝜆 + Ω ± √(𝜔(0)

𝑞𝜆 − Ω)
2

+ 4𝑞𝐴𝜘⃗𝜆
Ω } . (4)

Next, by finding the spectral function from the imaginary part of 𝐷𝑞𝜆(𝜔), we
obtain in the usual way for the desired quantities:

⟨𝑏+
𝑞𝜆𝑏𝑞𝜆⟩𝜔−𝜔0

= 𝑛(𝜔 − 𝜔0)
𝜔(1)

𝑞𝜆 − 𝜔(2)
𝑞𝜆

{(𝜔(1)
𝑞𝜆 − Ω) 𝛿(𝜔 − 𝜔0 − 𝜔(1)

𝑞𝜆 ) − (𝜔(2)
𝑞𝜆 − Ω) 𝛿(𝜔 − 𝜔0 − 𝜔(2)

𝑞𝜆 )} ,
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⟨𝑏𝑞𝜆𝑏+
𝑞𝜆⟩𝜔−𝜔0

= 𝑛(𝜔0 − 𝜔) + 1
𝜔(1)

𝑞𝜆 − 𝜔(2)
𝑞𝜆

{(𝜔(1)
𝑞𝜆 − Ω) 𝛿(𝜔 − 𝜔0 + 𝜔(1)

𝑞𝜆 ) − (𝜔(2)
𝑞𝜆 − Ω) 𝛿(𝜔 − 𝜔0 + 𝜔(2)

𝑞𝜆 )} ,

𝑛(𝑥) = (exp ℏ𝑥
𝑘𝑇 − 1)

−1
, (5)

where 𝜔0 is the frequency of the incident light. It follows from this that each
component of the fine structure consists of two lines separated by the interval

𝛿𝜔 = √(𝜔(0)
𝑞𝜆 − Ω)

2
+ 4𝑞𝐴𝜘⃗𝜆

Ω . (6)

The intensity of the lines corresponding to the region far from resonance de-
creases sharply (proportionally to 2𝑞𝐴𝜘⃗𝜆

Ω /Ω2 for 𝜔(0)
𝑞𝜆 ≪ Ω). For 𝜔(0)

𝑞𝜆 = Ω, the

two lines separated by the interval 𝛿𝜔 = 2√𝑞𝐴𝜘⃗𝜆
Ω have the same intensity.

The results obtained have the following meaning: owing to the spin-phonon
interaction, oscillations arise in the system that are neither purely lattice nor
spin oscillations. The greatest mixing occurs in the region where the frequencies
of the free oscillations coincide. In the case when the width of the levels proves
to be greater than 2√𝑞𝐴𝜘⃗𝜆

Ω , the ultrafine structure under resonance conditions
remains unresolved, and we obtain only a broadening and shift of the fine-
structure components, as was indicated in Ref. (2).

3. Let us estimate the magnitude of the splitting. For this purpose we use
the results of experiments on acoustic paramagnetic resonance performed
on an MgO crystal containing an admixture of Fe2+ with concentration
𝐶 = 7.5 ⋅10−5 (4). The absorption coefficient of a longitudinal sound wave
with frequency Ω/2𝜋 = 9.46 ⋅ 109 Hz along the (100) axis is 𝛼 = 102 cm−1

at the temperature of liquid helium, if the magnetic field is directed at
right angles to the (100) axis. The constant 𝐴𝜘⃗𝜆

Ω can be estimated from
the approximate relation 𝑞𝐴𝜘⃗𝜆

Ω /Δ ∼ 𝜋𝑣𝛼(Ω), where Δ is the width of the
acoustic line.

paramagnetic resonance. In the scattering of light from a mercury arc (𝜔0/2𝜋 =
7 ⋅ 1014 Hz) at a right angle, the frequency of the phonons participating in the
scattering is 𝜔(0)/2𝜋 = 3 ⋅ 1010 Hz, according to the Mandelstam–Brillouin
formula (the speed of sound along (100) is 𝑣 = 9.25 ⋅ 105 cm/sec). Taking into
account that 𝑎(Ω) ∼ Ω2 and Δ = 3 ⋅ 108 Hz (4), we obtain for the magnitude
of the splitting 𝛿𝜔 ≈ 3 ⋅ 109 Hz. Since 𝛿𝜔 > Δ, the hyperfine structure should
be resolved. Information on theoretical estimates of the magnitude of the spin-
phonon interaction for various paramagnetic ions is contained in the review (5).
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In conclusion, we note that the results obtained may be applied in an analogous
manner to the discussion of neutron scattering by phonons, since the scattering
cross section is determined by the same correlation functions.

The author expresses gratitude to S. A. Al’tshuler for discussion of the results
of the work.

Kazan State University
named after V. I. Ulyanov-Lenin
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