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(Presented by Academician A. A. Dorodnitsyn on 24 XII 1965)

For the boundary-value problem

AAu:f(:C,y), u|S =0, 8u/an|S =0,

considered in the rectangle {0 <z < a, 0 <y < b}, we construct the difference
analogue

(AA)hum,n = fm,n7 (1)
Um,n|Sh =0, aum,n/8V|Sh =0, (2)

m=0,1,...,M; n=0,1,..,N; h=a/M =0b/N,
where (AA),u,, ,, is the well-known 13-point approximation of the biharmonic

operator. If one-sided differences are used to represent du,, ,,/0v| s, then con-
ditions (2) will have the form

Um0 = Um,1 = Up,N = Uy N—1 = U p = Ut n =

=Upn = Up—1n = 0. (3)

Solving the eigenfunction and eigenvalue problem for the difference biharmonic
operator, we obtain

uks(mvn) = Z(m7@kvvk)z(nvwsvws)v (4)
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Z(m, @, v,) = eVt sin(m — 1), — sinmepy, + el ™% sin p, —

—eMm=M+2)vk gin(M — 2)p;, + ™MV gin(M — 1)y,

k
Aes = — | (2—cosp,)? + (2 — costp,)? + 2 cos T 5 COS —4{, (5)

k=1,2,...,M—3  s=12..,N—3,

where @y, vy, 1., w, are determined from the system

sin(M — 2)pe?? — 2sin(M — 1)pe? + sin My = 0,

e?’ —2(4—cosp)e’ +1=0 (6)

(to compute 1, w,, in (6) one should replace M by N, ¢ by 1, and v by w).

It is easy to see that the eigenfunctions (4) asymptotically (with respect to M
and N) satisfy the boundary conditions (3), i.e., conditions (3) are satisfied
the more accurately the smaller the grid step. Moreover, the error decreases
according to an exponential law.

It can also be shown that

(ugs(myn),up g (mym)) =0 as k#Ek,s#s, M—o00, N—=oo, (7)
where the convergence of the scalar product to zero occurs according to an
exponential law.

The property defined by condition (7) will be called asymptotic orthogonality.

It is now easy to construct the difference Green’ s function of problem (1), (2)
(which exists by virtue of the positive definiteness of the difference operator)

u (m’ n)uk (:uv V)
G(m,n,u,v) = ks 5
DI W T

and to write the solution of this problem in the form
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4 M—2N-2 Ur.(m,n)u v
w(mh,nh) = (Z e (1 0 e 1 )> flph,vh),  (8)

4 n=2 v=2 k,s AksHukst

where

h4

Aks - ZAkw ”uk3”2 = (uks7uks) = F(M7¢kvyk>F(N7¢svws)a
F(M’('O’V)_e(M_2'5_M>—€V<(M—3)Coscp—81n ( )g@ sin (p)
2 2sinp 2singp
n 1 (M— g_ cos My s.in(M— 3)<p)
2 sin ¢
+ 21 ((6” sin(M — 2)p —sin(M — 1)p)? + sin? sp)
+ (€2V SiHQ(M —2)p—e¥sin(M — 2)psin(M — 1)p + sin? @)
1 o 9 1
T e cosp + 1 (46 Sin ¢ 2 — sin” 2 + 55”14%0

—2sin® @ cos 2p + 2(e2” — 1)(e¥sin(M — 2)p
—sin(M — 1)¢)(e” sing cos(M — 1)¢ — (e” cosp — 1) sin(M—)p)) .

Let us note that in the expression for |u||?, small terms of the form

O e M P em2Mu ) emNw. | O e=2Nw. have been discarded, where C\
Cl-(s), although they depend respectively on M and N, do not grow as M, N
increase.

Formulas have also been obtained which make it possible to write the solution of
the difference boundary-value problem in closed form (8) also in the case when
the condition du/0n|g is replaced by the condition Au|g = 0, or by all possible
combinations of them on the sides of the rectangle.
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