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Abstract
Full Text
UDC 517.947.8

MATHEMATICS

A. V. BULEDZA

ON AN APPROXIMATE METHOD FOR
SOLVING BOUNDARY-VALUE PROBLEMS
FOR THE BIHARMONIC EQUATION
(Presented by Academician A. A. Dorodnitsyn on 24 XII 1965)

For the boundary-value problem

ΔΔ𝑢 = 𝑓(𝑥, 𝑦), 𝑢|𝑆 = 0, 𝜕𝑢/𝜕𝑛|𝑆 = 0,

considered in the rectangle {0 ≤ 𝑥 ≤ 𝑎, 0 ≤ 𝑦 ≤ 𝑏}, we construct the difference
analogue

(ΔΔ)ℎ𝑢𝑚,𝑛 = 𝑓𝑚,𝑛, (1)

𝑢𝑚,𝑛|𝑆ℎ
= 0, 𝜕𝑢𝑚,𝑛/𝜕𝜈|𝑆ℎ

= 0, (2)

𝑚 = 0, 1, … , 𝑀; 𝑛 = 0, 1, … , 𝑁; ℎ = 𝑎/𝑀 = 𝑏/𝑁,

where (ΔΔ)ℎ𝑢𝑚,𝑛 is the well-known 13-point approximation of the biharmonic
operator. If one-sided differences are used to represent 𝜕𝑢𝑚,𝑛/𝜕𝜈|𝑆ℎ

, then con-
ditions (2) will have the form

𝑢𝑚,0 = 𝑢𝑚,1 = 𝑢𝑚,𝑁 = 𝑢𝑚,𝑁−1 = 𝑢0,𝑛 = 𝑢1,𝑛 =
= 𝑢𝑀,𝑛 = 𝑢𝑀−1,𝑛 = 0. (3)

Solving the eigenfunction and eigenvalue problem for the difference biharmonic
operator, we obtain

𝑢𝑘𝑠(𝑚, 𝑛) = 𝑍(𝑚, 𝜑𝑘, 𝑣𝑘)𝑍(𝑛, 𝜓𝑠, 𝑤𝑠), (4)
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𝑍(𝑚, 𝜑𝑘, 𝑣𝑘) = 𝑒𝑣𝑘 sin(𝑚 − 1)𝜑𝑘 − sin 𝑚𝜑𝑘 + 𝑒(1−𝑚)𝑣𝑘 sin 𝜑𝑘−

−𝑒(𝑚−𝑀+2)𝑣𝑘 sin(𝑀 − 2)𝜑𝑘 + 𝑒(𝑚−𝑀+1)𝑣𝑘 sin(𝑀 − 1)𝜑𝑘,

𝜆𝑘𝑠 = 4
ℎ4 [(2 − cos 𝜑𝑘)2 + (2 − cos 𝜓𝑠)2 + 2 cos 𝜋𝑘

𝑀 − 2 cos 𝜋𝑠
𝑁 − 2 − 4] , (5)

𝑘 = 1, 2, … , 𝑀 − 3; 𝑠 = 1, 2, … , 𝑁 − 3,

where 𝜑𝑘, 𝑣𝑘, 𝜓𝑠, 𝑤𝑠 are determined from the system

sin(𝑀 − 2)𝜑𝑒2𝑣 − 2 sin(𝑀 − 1)𝜑𝑒𝑣 + sin 𝑀𝜑 = 0,

𝑒2𝑣 − 2(4 − cos 𝜑)𝑒𝑣 + 1 = 0 (6)

(to compute 𝜓𝑠, 𝑤𝑠, in (6) one should replace 𝑀 by 𝑁 , 𝜑 by 𝜓, and 𝑣 by 𝑤).

It is easy to see that the eigenfunctions (4) asymptotically (with respect to 𝑀
and 𝑁) satisfy the boundary conditions (3), i.e., conditions (3) are satisfied
the more accurately the smaller the grid step. Moreover, the error decreases
according to an exponential law.

It can also be shown that

(𝑢𝑘𝑠(𝑚, 𝑛), 𝑢𝑘′𝑠′(𝑚, 𝑛)) → 0 as 𝑘 ≠ 𝑘′, 𝑠 ≠ 𝑠′, 𝑀 → ∞, 𝑁 → ∞, (7)

where the convergence of the scalar product to zero occurs according to an
exponential law.

The property defined by condition (7) will be called asymptotic orthogonality.

It is now easy to construct the difference Green’s function of problem (1), (2)
(which exists by virtue of the positive definiteness of the difference operator)

𝐺(𝑚, 𝑛, 𝜇, 𝜈) = ∑
𝑘,𝑠

𝑢𝑘𝑠(𝑚, 𝑛)𝑢𝑘𝑠(𝜇, 𝜈)
𝜆𝑘𝑠‖𝑢𝑘𝑠‖2

and to write the solution of this problem in the form
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𝑢(𝑚ℎ, 𝑛ℎ) = ℎ4

4
𝑀−2
∑
𝜇=2

𝑁−2
∑
𝜈=2

(∑
𝑘,𝑠

𝑢𝑘𝑠(𝑚, 𝑛)𝑢𝑘𝑠(𝜇, 𝜈)
𝜆𝑘𝑠‖𝑢𝑘𝑠‖2 ) 𝑓(𝜇ℎ, 𝜈ℎ), (8)

where

𝜆𝑘𝑠 = ℎ4

4 Λ𝑘𝑠, ‖𝑢𝑘𝑠‖2 = (𝑢𝑘𝑠, 𝑢𝑘𝑠) = 𝐹(𝑀, 𝜑𝑘, 𝜈𝑘)𝐹(𝑁, 𝜓𝑠, 𝑤𝑠),

𝐹 (𝑀, 𝜑, 𝜈) = 𝑒2𝜈

2 (𝑀 − 2.5 − sin(2𝑀 − 5)𝜑
2 sin 𝜑 ) − 𝑒𝜈 ((𝑀 − 3) cos 𝜑 − sin 2(𝑀 − 2)𝜑 − sin 2𝜑

2 sin 𝜑 )

+ 1
2 (𝑀 − 3 − cos 𝑀𝜑 sin(𝑀 − 3)𝜑

sin 𝜑 )

+ 1
𝑒2𝜈 − 1 ((𝑒𝜈 sin(𝑀 − 2)𝜑 − sin(𝑀 − 1)𝜑)2 + sin2 𝜑)

+ (𝑒2𝜈 sin2(𝑀 − 2)𝜑 − 𝑒𝜈 sin(𝑀 − 2)𝜑 sin(𝑀 − 1)𝜑 + sin2 𝜑)

+ 1
𝑒2𝜈 − 2𝑒𝜈 cos 𝜑 + 1 (4𝑒𝜈 sin 𝜑 2𝜑 − sin2 2𝜑 + 1

2 sin 4𝜑

−2 sin2 𝜑 cos 2𝜑 + 2(𝑒2𝜈 − 1)(𝑒𝜈 sin(𝑀 − 2)𝜑
− sin(𝑀 − 1)𝜑)(𝑒𝜈 sin 𝜑 cos(𝑀 − 1)𝜑 − (𝑒𝜈 cos 𝜑 − 1) sin(𝑀−)𝜑)) .

Let us note that in the expression for ‖𝑢𝑘𝑠‖2, small terms of the form
𝐶(𝑘)

1 𝑒−𝑀𝜈𝑘 , 𝐶(𝑘)
2 𝑒−2𝑀𝜈𝑘 , 𝐶(𝑠)

1 𝑒−𝑁𝑤𝑠 , 𝐶(𝑠)
2 𝑒−2𝑁𝑤𝑠 have been discarded, where 𝐶(𝑘)

𝑖 ,
𝐶(𝑠)

𝑖 , although they depend respectively on 𝑀 and 𝑁 , do not grow as 𝑀, 𝑁
increase.

Formulas have also been obtained which make it possible to write the solution of
the difference boundary-value problem in closed form (8) also in the case when
the condition 𝜕𝑢/𝜕𝑛|𝑆 is replaced by the condition Δ𝑢|𝑆 = 0, or by all possible
combinations of them on the sides of the rectangle.
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