
Soviet-era science, translated into English

ON THE INFLUENCE
OF EXCITATION
DIFFUSION ON THE
REGIME OF
MULTIMODE
GENERATION
PHYSICS

1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.81877

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196601.81877


Abstract
Full Text
UDC 535.232.14

PHYSICS

B. L. LIVSHITS, S. N. STOLYAROV, V. N. TSIKUNOV

ON THE INFLUENCE OF EXCITATION DIF-
FUSION ON THE REGIME OF MULTIMODE
GENERATION
(Presented by Academician I. V. Obreimov, 9 VIII 1965)

1. The spectral composition of the output radiation of quantum generators
indicates the presence of a large number of axial and nonaxial modes appearing
at considerable excesses of the pumping energy over the threshold. In works (1–
4), the successive excitation of various types of resonator oscillations (various
modes) is explained by the spatial inhomogeneity of the electromagnetic field
inside the resonator.

The inhomogeneous distribution of the electromagnetic field, arising on the res-
onator oscillation type with the highest quality factor because of the presence
of induced radiation, leads to the establishment of an inhomogeneous distribu-
tion of the inverted population due to the “depletion”of active centers at the
maxima of the electric-field amplitude. As a result, more favorable conditions
are created in the resonator for the generation of a neighboring oscillation type,
differing in frequency, i.e., for the excitation of a neighboring mode. At the
same time, diffusion of excitation inside the resonator will lead to smoothing of
the inhomogeneous distribution of the inverted population and to the possibil-
ity of generation only on one (or several) oscillation types (2). The solution of
the coupled equations for the inverted population and the electromagnetic field
inside a Fabry–Perot resonator with allowance for excitation diffusion was given
in works (2, 4). However, the results obtained there are valid only near thresh-
old. Therefore it is of interest to solve these equations without the indicated
essential restriction.

2. Let us consider the equations for the photon density and the inverted popu-
lation with allowance for diffusion (2, 4).

𝑑𝑛
𝑑𝑡 = −𝑛 − 𝑛̄

𝜏 + 𝑘𝑑2𝑛
𝑑𝑧2 −

2𝑗+1
∑
𝑖=1

𝐷𝑔𝑖𝑛𝑁𝑖 [1 − cos 2𝜋𝑚𝑖
𝐿 𝑧] ; (1)
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𝑑𝑁𝑖
𝑑𝑡 = −𝛾𝑖𝑁𝑖 + 𝐷𝑔𝑖𝑁 𝑖 ∫

𝐿

0
𝑛 [1 − cos 2𝜋𝑚𝑖

𝐿 𝑧] 𝑑𝑧,

where 𝑛(𝑧, 𝑡) is the inverted population; 𝑁𝑖(𝑡) is the number of photons in the
𝑖-th axial mode; 𝑚𝑖 is the number of half-waves fitting between the resonator
mirrors at a distance 𝐿; 𝑔𝑖 is the ordinate of the normalized luminescence line
shape at the frequency of the 𝑖-th axial mode; 𝜏 is the time determined by
formula (18) (see below); 𝑘 is the diffusion constant; 𝛾𝑖 is a quantity inversely
proportional to the quality factor of the resonator for the 𝑖-th mode; 𝐷 is a
quantity proportional to the Einstein coefficient; 𝑧 is the direction of the axis
of a Fabry–Perot resonator of length 𝐿.

In what follows we shall speak only of axial modes, and, at a given pumping
level, the number of simultaneously generating axial modes is taken equal to
(2𝑗 + 1). The quantity 𝑛̄ corresponds to the equilibrium value of the inverted
population in the absence of induced radiation and is determined by the pump
power.

Let 𝑛(𝑧, 𝑡) and 𝑁𝑖(𝑡) be independent of time. Then for the first equation of
system (1) we obtain

𝑘𝜏 𝑑2𝑛(𝑧)
𝑑𝑧2 − [1 +

2𝑗+1
∑
𝑖=1

𝑄𝑖] 𝑛(𝑧) + (
2𝑗+1
∑
𝑖=1

𝑄𝑖 cos 2𝜋𝑚𝑖
𝐿 𝑧) 𝑛(𝑧) + 𝑛̄ = 0; (2)

where

𝑄𝑖 = 𝐷𝜏𝑔𝑖𝑁𝑖. (3)

We seek the solution of equation (2) by the method of successive approximations,

𝑛(𝑧) = 𝑛(0) + 𝑛(1)(𝑧) + 𝑛(2)(𝑧) + …

We shall assume that

2𝑗+1
∑
𝑖=1

𝑄𝑖 cos 2𝜋𝑚𝑖
𝐿 𝑧 ≪ 1 +

2𝑗+1
∑
𝑖=1

𝑄𝑖.

This approximation is fulfilled quite well when a large number of modes are
generated simultaneously.

Retaining all terms up to and including second order, we obtain from (3)
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𝑛(𝑧) = 𝑛̄
1 + ∑2𝑗+1

𝑙=1 𝑄𝑙
{1 +

2𝑗+1
∑
𝑘=1

𝜀𝑘𝑄𝑘
1 + 𝜀𝑘 ∑2𝑗+1

𝑙=1 𝑄𝑙
⋅ [cos 2𝜋𝑚𝑘

𝐿 𝑧 +
2𝑗+1
∑
𝑖=1

1
2𝑄𝑖

× ⎛⎜
⎝

cos 2𝜋
𝐿 (𝑚𝑖 − 𝑚𝑘)𝑧

1 + ∑2𝑗+1
𝑙=1 𝑄𝑙 + 𝑘𝜏 [ 2𝜋

𝐿 (𝑚𝑗 − 𝑚𝑘)]2 + cos 2𝜋
𝐿 (𝑚𝑖 + 𝑚𝑘)𝑧

1 + ∑2𝑗+1
𝑙=1 𝑄𝑙 + 𝑘𝜏 [ 2𝜋

𝐿 (𝑚𝑖 + 𝑚𝑘)]2
⎞⎟
⎠

+ …]};

𝜀𝑘 = {1 + 𝑘𝜏 (2𝜋𝑚𝑘
𝐿 )

2
}

−1

.

(4)

Here the terms of the first approximation are proportional to the quantities 𝑄𝑘,
and the terms of the second approximation to 𝑄𝑖𝑄𝑘.

3. Substitute expression (4) into the second equation of system (1). For the
stationary case we obtain

𝑁𝑖𝛾𝑖 {−1 + 𝛼𝑖
1 + ∑2𝑗+1

𝑙=1 𝑄𝑙
[(1 −

1
2 𝜀𝑖𝑄𝑖

1 + 𝜀𝑖 ∑2𝑗+1
𝑙=1 𝑄𝑙

) +
2𝑗+1
∑
𝑘=1

1
2 𝜀𝑘𝑄𝑘

1 + 𝜀𝑘 ∑2𝑗+1
𝑙=1 𝑄𝑙

× ( 𝑄𝑘
1 + ∑2𝑗+1

𝑙=1 𝑄𝑙
−

1
2 𝜀𝑖 (𝑄𝑘+𝑖 + 𝑄𝑘−𝑖 + 𝑄𝑖−𝑘)

1 + 𝜀𝑖 ∑2𝑗+1
𝑙=1 𝑄𝑙

) + …]} = 0,

(5)

where

𝛼𝑖 = 𝐷𝐿𝑔𝑖𝑛̄/𝛾𝑖. (6)

The quantity 𝜀𝑖 changes little within the width of the luminescence line. There-
fore, in all subsequent calculations it may be regarded as constant (although,
generally speaking, this is not necessary) and equal to

𝜀𝑖 ≃ 𝜀𝑘 = 𝜀 = (1 + 𝑑)−1, where 𝑑 = (4𝜋𝜇)2(𝐿dif/𝜆izl)2; (7)

Here 𝜇 is the refractive index of the medium inside the resonator; 𝜆izl is the
wavelength of the radiation in vacuum corresponding to the center of the lumi-
nescence line; 𝐿dif =

√
𝑘𝜏 is the diffusion length.

Restricting ourselves in (5) to the terms corresponding to the first approxima-
tion, we have

𝑁𝑖𝛾𝑖 {−1 + 𝛼𝑖
1 + ∑2𝑗+1

𝑙=1 𝑄𝑙
⋅ [1 −

1
2 𝜀𝑄𝑖

1 + 𝜀 ∑2𝑗+1
𝑙=1 𝑄𝑙

]} = 0. (8)

According to our assumption, the number of oscillating modes is equal to (2𝑗+1).
Therefore, for modes with numbers 𝑖 < 2𝑗 + 1 the number of photons in the
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𝑖-th mode 𝑁𝑖 is different from zero, while for modes with numbers 𝑖 > 2𝑗 + 1,
𝑁𝑖 ≡ 0. The mode with number 𝑖 = 2𝑗 + 1 is at threshold. Since 𝑄𝑖 in
(3) is proportional to 𝑁𝑖, for each 𝑖-th mode that is in the oscillation regime
(𝑖 < 2𝑗 + 1), the quantity 𝑁𝑖 ≠ 0. In this case it is not difficult to obtain from
equation (8) that

𝑄𝑖 = 2
𝜀 (1 − 1

𝛼𝑖
) + 2 [(1 − 1

𝛼𝑖
) − 1

𝜀𝛼𝑖
] 𝑋 − 2

𝛼𝑖
𝑋2 (9)

or

𝑄𝑖 = 2
𝛼𝑖

(𝑋 + 1
𝜀) [(𝛼𝑖 − 1) − 𝑋], 𝑋 =

2𝑗+1
∑
𝑙=1

𝑄𝑙. (10)

Summing expression (9) over 𝑖 in the range from 1 to (2𝑗 + 1), we obtain an
equation for determining the quantity 𝑋

(
2𝑗+1
∑
𝑖=1

1
𝛼𝑖

) 𝑋2+[1
2 + 1

𝜀 (
2𝑗+1
∑
𝑖=1

1
𝛼𝑖

) −
2𝑗+1
∑
𝑖=1

(1 − 1
𝛼𝑖

)] 𝑋−1
𝜀 [

2𝑗+1
∑
𝑖=1

(1 − 1
𝛼𝑖

)] = 0.

(11)

After solving equation (11), explicit expressions for 𝑄𝑖 can be obtained with the
aid of (9).

4. If the Lorentzian form of the luminescence line is adopted, then in the
presence of (2𝑗 + 1) simultaneously oscillating modes we obtain

𝑔𝑖 = 𝑔0/[1 + 𝛽(𝑗 + 1 − 𝑖)2],

where 𝑔0 gives the maximum value of the 𝑔-factor, corresponding to the (𝑗 + 1)-
th mode; 𝛽 = (𝛿𝜈/Δ𝜈)2; 2Δ𝜈 is the half-width of the spontaneous luminescence
line; 𝛿𝜈 is the distance between two neighboring axial modes in the Fabry–Perot
resonator.

In this case expression (6) for 𝛼𝑖 takes the form

𝛼𝑖 = 𝛼/[1 + 𝛽(𝑗 + 1 − 𝑖)2], 𝛼 = 𝐷𝐿 ̄𝑔0𝑛̄/𝛾. (12)

In the last expressions it is assumed that the quantities 𝛾𝑖 are the same for all
frequencies within the width of the luminescence line and are equal to 𝛾.

In order to relate the total number of oscillating modes (2𝑗 + 1) to the pump
level, determined by the quantity 𝛼, we shall assume that 𝛼 corresponds to such
an excitation energy at which the (2𝑗 + 1)-th mode is at threshold. This means
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that 𝑄2𝑗+1 = 0. In this case, for 𝑖 < 2𝑗 + 1, 𝑄𝑖 > 0, while for 𝑖 > 2𝑗 + 1 all
𝑄𝑖 ≡ 0.

By virtue of (10), the condition 𝑄2𝑗+1 = 0 means

𝑋 = 𝛼2𝑗+1 − 1 = 𝛼/(1 + 𝛽𝑗2) − 1.

On the other hand, from equation (11), with the aid of (12), we have

𝑋 = [𝛼(4𝑗 + 1)/4(2𝑗 + 1)
1 + 𝛽𝑗(𝑗 + 1)/3 − 1 + 1/𝜀

2 ] +

+ {[𝛼(4𝑗 + 1)/4(2𝑗 + 1)
1 + 𝛽𝑗(𝑗 + 1)/3 − 1 + 1/𝜀

2 ]
2

+ 1
𝜀 [ 𝛼

1 + 𝛽𝑗(𝑗 + 1)/3 − 1]}
1/2

.

Hence it is not difficult to obtain that

𝛼 = (1 + 𝛽𝑗2)2

1 − 𝛽𝑗(8𝑗2 − 3𝑗 − 2)/3 [1 + 2𝑗
3

4𝑗2 − 1
1 + 𝛽𝑗2 𝑑𝛽] . (13)

In the case when 𝑗 ≫ 2, equation (15) gives

𝑗 ≃ 3√ 3
8𝛽

3√ 𝛼 − 1
𝛼 + 𝑑 . (14)

Here the quantity 𝑑 (see formula (7)) determines the diffusion. As 𝑑 → 0,
formula (16) coincides with the corresponding result of work (5), and for (𝛼 −
1) ≪ 1 with the results of work (2). As 𝑑 → ∞ in the genera-

only one mode is produced. Using (10), (12), and (13), one can also obtain an
expression for 𝑄𝑖

𝑄𝑖 = 2𝛽(1 + 𝑑)
1 − 𝛽𝑗(8𝑗2 − 3𝑗 − 2)/3(𝑖 − 1)[(2𝑗 + 1) − 𝑖] for 𝑖 < 2𝑗 + 1, (15)

𝑄𝑖 = 0 for 𝑖 > 2𝑗 + 1.

Expression (15), with the aid of (3), makes it possible to determine the number of
photons 𝑁𝑖 in a given mode in the presence of (2𝑗+1) simultaneously oscillating
modes.

5. From expression (14) it is seen that, at large pump energies 𝑎 ≫ 1, there
is a limiting number of oscillating modes in the resonator, namely
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𝑗max ≃ 3√3
8 (Δ𝜈

𝛿𝜈 )
2
.

At pump energies close to threshold (𝑎 ≃ 1), the results obtained by us are
analogous to the results of paper (2).
In paper (2) it was also shown that excitation diffusion in ruby has an insignif-
icant influence on the oscillation regime. In semiconductors, however, owing
to the high mobility of carriers, a stronger excitation diffusion occurs. Thus,
for example, for heavily doped gallium arsenide at liquid-nitrogen temperature
(4), the quantity 𝑑 ≃ 500–700, whereas for ruby at liquid-nitrogen temperature
𝑑 ≪ 1 (2).
For this reason it is of interest to compare the theory with experimental results.
For example, in paper (4) it was shown that for gallium arsenide at liquid-
nitrogen temperature the theoretical value of the quantity 𝑎2 is 3.92, whereas
the experimental value of this quantity is 2.1. Here 𝑎2 corresponds to that
injection current through the 𝑝–𝑛 junction at which the second mode began
to oscillate. In comparison with experiment, the quantity 𝑎 in paper (4) was
determined by the formula

𝑎 = (𝐸��� − 𝐸���)/(𝐸��� − 𝐸���), (16)

where 𝐸��� is the pump power; 𝐸��� is the pump power corresponding to the
oscillation threshold; and 𝐸��� is the pump power corresponding to equalization
of the populations of the upper and lower levels of the two-level system. However,
in paper (5) it was shown that for a two-level system the quantity 𝑎 must be
determined by the formula

𝑎 = 𝐸��� − 𝐸���
𝐸��� + 𝐸���

𝐸��� + 𝐸���
𝐸��� − 𝐸���

(17)

and, moreover, the time 𝜏 becomes dependent on the pump power,

𝜏 = 𝜏0
1 + 𝐸���/𝐸���

, (18)

where 𝜏0 is the spontaneous decay time.

At a pump power close to threshold (𝑎 ≃ 1), expression (17) reduces to (16).
However, in the example given above the quantity 𝑎 − 1 ≃ 1, and therefore
formula (17) should be used.

If one now uses (17) and (18), then with the aid of formula (13) one can obtain
𝑎2 ≃ 2.46. The remaining discrepancy may be due to heating of the diode during
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the oscillation pulse, as well as to possible experimental errors in determining
the quantities 𝐸��� and 𝐸���.

We express our gratitude to Academician I. V. Obreimov for his attention to
the present work.
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