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MATHEMATICS
M. N. OLEVSKII

THE CAUCHY PROBLEM FOR A CLASS
OF LINEAR FACTORIZED DIFFERENTIAL-
OPERATOR EQUATIONS
(Presented by Academician I. N. Vekua, October 29, 1965)

1. Let

𝑇𝑡 = 𝐷𝑝 + 𝑎1(𝑡)𝐷𝑝−1 + … + 𝑎𝑝(𝑡), 𝐷 = 𝜕/𝜕𝑡, 𝑝 ⩾ 1,

and let 𝑋 be a linear operator, independent of 𝑡, acting in the space of the vari-
ables 𝑥1, … , 𝑥𝑛. Denote by 𝑢(𝑡, 𝑥1, … , 𝑥𝑛, 𝜆, 𝑡0; 𝑓) (more briefly 𝑢(𝑡, 𝑥, 𝜆, 𝑡0; 𝑓))
the solution of the differential-operator equation*

(𝑇 − 𝜆𝑋)𝑢 = 0 (1)

(𝜆 is a parameter), satisfying the initial conditions

𝐷𝑞𝑢∣𝑡=𝑡0
= {0, 𝑞 = 0, … , 𝑝 − 2,

𝑓(𝑥), 𝑞 = 𝑝 − 1, 𝑥 = (𝑥1, … , 𝑥𝑛). (2)

Consider the factorized differential-operator equation

(𝑇 − 𝜆1𝑋)𝑟1 … (𝑇 − 𝜆𝑙𝑋)𝑟𝑙𝑤 = 0. (3)

Here 𝜆1, … , 𝜆𝑙 (𝑙 ⩾ 1) are pairwise distinct parameters; 𝑟1, … , 𝑟𝑙 are positive
integers—the degrees of the corresponding operators, 𝑟1 + … + 𝑟𝑙 = 𝑚 > 1.
Let 𝑤(𝑡, 𝑥, 𝜆1, … , 𝜆𝑙, 𝑡0; 𝑓) be the solution of equation (3) satisfying the condi-
tions

𝐷𝑞𝑤∣𝑡=𝑡0
= {0, 𝑞 = 0, … , 𝑚𝑝 − 2,

𝑓(𝑥), 𝑞 = 𝑚𝑝 − 1. (4)

Below an explicit representation of 𝑤(𝑡, 𝑥, 𝜆1, … , 𝜆𝑙, 𝑡0; 𝑓) in terms of
𝑢(𝑡, 𝑥, 𝜆1, 𝑡0; 𝑓), … , 𝑢(𝑡, 𝑥, 𝜆𝑙, 𝑡0; 𝑓) is established, and some of its applica-
tions are indicated.
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2. Let 𝐾1(𝑡, 𝜏) be the solution of the ordinary differential equation

𝑇𝑡𝐾1(𝑡, 𝜏) = 0, (5)

satisfying the conditions

𝐷𝑞𝐾1∣𝑡=𝜏 = {0, 𝑞 = 0, … , 𝑝 − 2,
1, 𝑞 = 𝑝 − 1; (6)

and
𝐾𝑠(𝑡, 𝜏) = ∫

𝑡

𝜏
𝐾𝑠−1(𝑡, 𝑧)𝐾1(𝑧, 𝜏) 𝑑𝑧, 𝑠 = 2, … , 𝑚 − 1. (7)

There holds the formula

𝑤(𝑡, 𝑥, 𝜆1, … , 𝜆𝑙, 𝑡0; 𝑓) =

= ∫
𝑡

𝑡0

𝐾𝑚−1(𝑡, 𝜏)
𝑙

∑
𝑘=1

1
𝑟𝑘 − 1!

𝜕 𝑟𝑘−1

𝜕𝜆 𝑟𝑘−1
𝑘

( 𝜆𝑚−1
𝑘

∏𝑙
𝑖=1(𝜆𝑘 − 𝜆𝑖)𝑟𝑖

𝑢(𝜏, 𝑥, 𝜆𝑘, 𝑡0; 𝑓)) 𝑑𝜏.

(8)

* We shall omit the subscript 𝑡 on the operator 𝑇 where this cannot cause
misunderstanding.

under the assumption that: 1) the functions 𝑎𝑘(𝑡) ∈ 𝐶𝑝(𝑚−1)−1 (𝑘 = 1, … , 𝑝) on
the interval 𝐺𝑡 under consideration in the variable 𝑡, 𝑡0 ∈ 𝐺𝑡; 2) the operator 𝑇
in 𝐺𝑡, the operator 𝑋 and the function 𝑓(𝑥) in the domain 𝐺𝑥 under considera-
tion in the variable 𝑥 are such as to ensure the smoothness in 𝜆, required on the
right-hand side of (8), of the function 𝑢(𝑡, 𝑥, 𝜆, 𝑡0; 𝑓) for 𝜆 = 𝜆1, … , 𝜆𝑙; 3) the op-
erator 𝑋 (≠ 0) is permutable with integration with respect to 𝜏 and with differ-
entiations with respect to 𝜆𝑘 on the right-hand side of (8); 4) 𝐷𝑘𝐷𝑠

𝑗𝑢𝑗 = 𝐷𝑠
𝑗𝐷𝑘𝑢𝑗,

𝐷𝑗 = 𝜕/𝜕𝜆𝑗, 𝑢𝑗 = 𝑢(𝑡, 𝑥, 𝜆𝑗, 𝑡0; 𝑓), 0 < 𝑘 ≤ 𝑝, 0 < 𝑠 ≤ 𝑟𝑗 − 1 (𝑗 = 1, … , 𝑙). (A
prime on a product means omission of the factor corresponding to the value
𝑖 = 𝑘.)
In particular, for 𝑙 = 1, i.e., for the Cauchy problem (4) referring to the iterated
equation

(𝑇 − 𝜆𝑋)𝑚𝑤 = 0, (3’)

we obtain the formula*

𝑤(𝑡, 𝑥, 𝜆, 𝑡0; 𝑓) = ∫
𝑡

𝑡0

𝐾𝑚−1(𝑡, 𝜏) 𝜕𝑚−1

𝜕𝜆𝑚−1 ( 𝜆𝑚−1

(𝑚 − 1)! 𝑢(𝜏, 𝑥, 𝜆, 𝑡0; 𝑓)) 𝑑𝜏. (8’)
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Remark 1. If 𝑋 in equation (3) is an operator of multiplication (𝑋 ≠ 0), the
representation of 𝑤 in terms of 𝑢𝑗 (𝑗 = 1, … , 𝑙) can, under conditions 1), 2), and
4), be written in the form

𝑤(𝑡, 𝑥, 𝜆1, … , 𝜆𝑙, 𝑡0; 𝑓) =
𝑙

∑
𝑘=1

1
𝑟𝑘 − 1!

𝜕𝑟𝑘−1

𝜕𝜆𝑟𝑘−1
𝑘

(𝑋−(𝑚−1)𝑢(𝑡, 𝑥, 𝜆𝑘, 𝑡0; 𝑓)
∏𝑙

𝑖=1
′(𝜆𝑘 − 𝜆𝑖)𝑟𝑖

) . (9)

Remark 2. Formula (8) (as also (9)) remains valid if the right-hand sides of
equations (1) and (3) are replaced by one and the same function 𝐹(𝑡, 𝑥), and 𝑢
and 𝑤 are then understood as solutions of the corresponding nonhomogeneous
equations satisfying respectively the conditions (2) and (4).

3. The problem of determining the solution 𝑤(𝑡, 𝑥, 𝜆1, … , 𝜆𝑙; 𝑓0, … , 𝑓𝑚𝑝−1) of
equation (3), satisfying the general initial conditions

𝐷𝑞𝑤∣𝑡=𝑡0
= 𝑓𝑞(𝑥), 𝑞 = 0, … , 𝑚𝑝 − 1,

can be reduced (see (1)) to problem (3)—(4).

4.1. To establish the validity of formula (8), we first note the following lemmas.

Lemma 1. If the function 𝐾1(𝑡, 𝜏) satisfies equation (5) and conditions (6),
then, as a function of 𝜏 , 𝜏 ∈ 𝐺𝑡, it satisfies (under the assumption that in 𝐺𝑡
𝑎𝑘(𝑡) ∈ 𝐶𝑝−𝑘 (𝑘 = 1, … , 𝑝)) the equation (see (2))

𝑇 ∗
𝜏 𝐾1(𝑡, 𝜏) = 0 (10)

and the conditions

𝐷̃𝑞𝐾1∣𝜏=𝑡 = (−1)𝑝−1𝛿𝑞,𝑝−1, 𝑞 = 0, … , 𝑝 − 1, 𝐷̃ = 𝜕/𝜕𝜏, (11)

where 𝑇 ∗ is the operator adjoint to the operator 𝑇 , and 𝛿𝑞,𝑝−1 is the Kronecker
symbol.

Lemma 2. For 𝐾𝛼(𝑡, 𝜏), (𝛼 = 2, … , 𝑚 − 1), the equalities

𝑇𝑡𝐾𝛼(𝑡, 𝜏) = 𝐾𝛼−1(𝑡, 𝜏), 𝐷𝑞𝐾𝛼∣𝑡=𝜏 = 0, 𝑞 = 0, … , 𝑝 − 1, (12)

𝑇 ∗
𝜏 𝐾𝛼(𝑡, 𝜏) = 𝐾𝛼−1(𝑡, 𝜏), 𝐷̃𝑞𝐾𝛼∣𝜏=𝑡 = 0, 𝑞 = 0, … , 𝑝 − 1. (13)

hold. Hence, in particular, it follows that 𝐾𝑚−1(𝑡, 𝜏) satisfies the equation

𝑇 𝑚−1
𝑡 𝐾𝑚−1(𝑡, 𝜏) = 0. (14)
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* The case when in equation (3) 𝑙 = 1 was considered in (1); the integral
representation of 𝑤 in terms of 𝑢 obtained there contains no differentiations with
respect to 𝜆, but the kernel in it is defined as the solution of the corresponding
equation in partial derivatives.

and the conditions

𝐷𝑞𝐾𝑚−1∣𝑡=𝜏 = 𝛿𝑞, 𝑝(𝑚 − 1) − 1, 𝑞 = 0, … , 𝑝(𝑚 − 1) − 1. (15)

Lemma 3. Let

𝑎(𝑚)
𝑘𝑙 = 𝜆𝑚−1

𝑘
𝑟𝑘 − 1!

𝑙
∏
𝑖=1

′(𝜆𝑘 − 𝜆𝑖)−𝑟𝑖 ; (16)

𝜆1, … , 𝜆𝑙 are all distinct from one another; 𝑟𝑖 (𝑖 = 1, … , 𝑙) are integers ≥ 1;
𝑟1 + ⋯ + 𝑟𝑙 = 𝑚.

The identities hold

𝑙
∑
𝑘=1

𝜕 𝑟𝑘−1

𝜕𝜆 𝑟𝑘−1
𝑘

(𝑎(𝑚)
𝑘𝑙
𝜆𝑠

𝑘
) = {0, 𝑠 = 1, … , 𝑚 − 1,

1, 𝑠 = 0. (17)

4.2. We now outline the proof of formula (8). Relying on the assumptions of §
2, (1)—(2) for 𝜆 = 𝜆1, 𝜆2, (5), (6), (10), and (11), we establish that the function
𝑤, defined by formula (8) for 𝑚 = 2 and 𝑟1 = 𝑟2 = 1 (which we denote by
𝑤2), satisfies the equation (𝑇 − 𝜆2𝑋)𝑤2 = 𝑢(𝑡, 𝑥, 𝜆1, 𝑡0; 𝑓), and consequently
also the corresponding equation (3). Next, let in equation (3) 𝑙 = 𝜎 and 𝑟𝑘 = 1
(𝑘 = 1, … , 𝜎), 𝜎 > 2; denote the corresponding function 𝑤 (according to formula
(8)) by 𝑤𝜎, and suppose that it satisfies the corresponding equation (3). Then,
using (1)—(2) for 𝜆 = 𝜆1, … , 𝜆𝜎+1, (12), (13), and (17), under the assumptions
of § 2 we find that (𝑇 − 𝜆𝜎+1𝑋)𝑤𝜎+1 = 𝑤𝜎, i.e. 𝑤𝜎+1 satisfies equation (3)
for 𝑙 = 𝜎 + 1, 𝑟𝑘 = 1, 𝑘 = 1, … , 𝜎 + 1. Taking into account what has been
proved for the function 𝑤2, we obtain that 𝑤𝑙 for 𝑟1 = ⋯ = 𝑟𝑙 = 1 satisfies
the corresponding equation (3). Further we establish, as above, that if the
function 𝑤 = 𝑤𝜌1,…,𝜌𝑙

(defined by formula (8)) is a solution of equation (3) with
the exponents 𝑟1, … , 𝑟𝑙 in it respectively equal to 𝜌1, … , 𝜌𝑙, then the function
𝑤𝜌1+1,𝜌2,…,𝜌𝑙

satisfies the equation

(𝑇 − 𝜆1𝑋)𝑤𝜌1+1,𝜌2,…,𝜌𝑙
= 𝑤𝜌1,𝜌2,…,𝜌𝑙

,

and consequently also the corresponding equation (3). In view of the commu-
tativity of the operators (𝑇 − 𝜆𝑖𝑋)𝑟𝑖 , (𝑇 − 𝜆𝑗𝑋)𝑟𝑗 , it is possible to restrict the
induction to only one of the exponents. Since 𝑤1,…,1 satisfies the corresponding
equation (3), this completes the proof that the function 𝑤, defined by formula
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(8), satisfies equation (3). As for the conditions (4), their fulfillment (under
the assumptions of § 2) can be verified for: a) 𝑞 = 0, … , 𝑝(𝑚 − 1) − 1; b)
𝑞 = 𝑝(𝑚 − 1) + 𝑖; 𝑖 = 0, … , 𝑝 − 2, and c) 𝑞 = 𝑝𝑚 − 1, if one takes into account
respectively (15), (2) and, finally, (2) and (17).

Let us note some applications of formula (8).

5. Let in equation (3) the operator 𝑇 = 𝐷𝑝; in this case

𝐾𝑚−1(𝑡, 𝜏) = 1
𝑠! (𝑡 − 𝜏)𝑠, 𝑠 = 𝑝(𝑚 − 1) − 1. (18)

5.1. If 𝑙 = 𝑚, i.e. 𝑟1 = ⋯ = 𝑟𝑚 = 1, then (see (8) and (16))

𝑤 = ∫
𝑡

0

(𝑡 − 𝜏)𝑠

𝑠!
𝑚

∑
𝑘=1

𝑎(𝑚)
𝑘𝑚 𝑢(𝜏, 𝑥, 𝜆𝑘, 0; 𝑓) 𝑑𝜏 (19)

(here and below in §§ 5—6 it is assumed that 𝑡0 = 0). In particular, for 𝑝 = 1 and
𝜆𝑘 = 𝑒2𝜋𝑖𝑘/𝑚 (𝑘 = 1, … , 𝑚) we have 𝑎(𝑚)

𝑘𝑚 = 1/𝑚, and (19) gives, for 𝑋 = 𝜕/𝜕𝑥,
a generalization of d’Alembert’s formula (under the assumption that for 𝑚 > 2
the function 𝑓(𝑥) is analytic) (3). For 𝑝 = 1, 𝑋 = Δ, 𝑚 = 2, and 𝜆1,2 = ±𝑖,
we obtain (under the appropriate smoothness assumptions on 𝑓(𝑥)) a solution
of the generalized Boussinesq problem (4).

5.2. Let in equation (3) at least one of the numbers 𝑟1, … , 𝑟𝑙 be greater than 1;
the differentiations of the function 𝑢(𝜏, 𝑥, 𝜆𝑘, 0; 𝑓) that arise in this case

with respect to 𝜆𝑘 in formula (8) can be (for 𝑇 = 𝐷𝑝) reduced to such differen-
tiations with respect to 𝜏 :

𝜕𝑗𝑢(𝑡, 𝑥, 𝜆𝑘, 0; 𝑓)
𝜕𝜆𝑗

𝑘
= (𝜆𝑘𝑝)−𝑗𝑡𝑝 ( 𝜕

𝜕𝑡𝑡1+𝑝)
𝑗
(𝑡−(𝑗+1)𝑝𝑢(𝑡, 𝑥, 𝜆𝑘, 0; 𝑓)) , (20)

as a result of which (taking into account (15), (2), and (16)) we can give formula
(8) the form

𝑤 = ∫
𝑡

0

𝑙
∑
𝑘=1

𝜓𝑘(𝑡, 𝜏 , 𝜆1, … , 𝜆𝑙)𝑢(𝜏, 𝑥, 𝜆𝑘, 0; 𝑓) 𝑑𝜏 (𝑝 > 1 when 𝑙 = 1), (21)

where

𝜓𝑘(𝑡, 𝜏 , 𝜆1, … , 𝜆𝑙) =
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=
𝑟𝑘−1
∑
𝑗=0

(−𝜆𝑘𝑝)−𝑗𝐶𝑗
𝑟𝑘−1

𝜕 𝑟𝑘−1−𝑗𝑎(𝑚)
𝑘𝑙

𝜕𝜆 𝑟𝑘−1−𝑗
𝑘

𝜏−(𝑗+1)𝑝 (𝜏1+𝑝 𝜕
𝜕𝜏 )

𝑗
(𝜏𝑝𝐾𝑚−1(𝑡, 𝜏)) . (22)

For 𝑝 = 1 and 𝑙 = 1 (i.e. for the Cauchy problem (4) relating to equation (3′)
with 𝐶 = 𝐷), from (8′), taking (20) into account, we obtain 𝑤 = 𝑡𝑚−1

𝑚 − 1! ×
𝑢(𝑡, 𝑥, 𝜆, 0; 𝑓); for the case when 𝑋 is the Laplace operator, see (5).
For 𝑝 > 1, 𝑙 = 1, it follows from (22) that

𝜓1(𝑡, 𝜏) = (−1)𝑚−1

𝑝𝑚−1(𝑚 − 1)! 𝜏−𝑝 (𝜏𝑝+1 𝜕
𝜕𝜏 )

𝑚−1
(𝜏−𝑝(𝑚−2)𝐾𝑚−1(𝑡, 𝜏)) ; (23)

in particular, for 𝑝 = 2,

𝜓1(𝑡, 𝜏) = 23−2𝑚[(𝑚 − 1)!(𝑚 − 2)!]−1𝜏(𝑡2 − 𝜏2)𝑚−2,

and (21) gives the structure of the solution of the Cauchy problem (4) for the
“generalized polywave”equation (3′) (see (1)). The case 𝑝 = 2, 𝑙 ≥ 1, under
the assumption that 𝑋 in equation (3) is the Laplace operator, was considered
in (6); there 𝑤 only for 𝑟1 = ⋯ = 𝑟𝑚 = 1 is directly expressed in terms of
𝑢(𝑡, 𝑥, 𝜆1, 0; 𝑓), … , 𝑢(𝑡, 𝑥, 𝜆𝑚, 0; 𝑓).
Representation (21) makes it possible to establish all cases when, for the solution
of problem (3)—(4) with

𝑇 = 𝐷2, 𝑋 =
𝑛

∑
𝑖=1

(𝜕2/𝜕𝑥2
𝑖 + 𝑎𝑖

𝑥𝑖
𝜕/𝜕𝑥𝑖) ,

𝜆𝑘 > 0, 𝑘 = 1, … , 𝑙 (𝑎𝑖 are constants and, for 𝑎𝑖 ≠ 0, |𝑥𝑖| > 𝑡 ≥ 0 (𝑖 = 1, … , 𝑛)),
the Huygens principle holds (cf. (7); (1) for 𝑙 = 1, and (6) for 𝑎𝑖 = 0 (𝑖 =
1, … , 𝑛), 𝑙 ≥ 1).

6. For the case when the operator in the left-hand side of (3) consists of
“generalized wave factors with dispersion,”i.e. 𝑇 = 𝐷2 + 𝜇2, 𝜇 is constant,
we have

𝐾𝑚−1(𝑡, 𝜏) = 𝑐(𝑡 − 𝜏)𝑠𝐽𝑠(𝜇(𝑡 − 𝜏)), 2𝑠 = 2𝑚 − 3,

𝑐 = (√𝜋/2𝜇)𝑠/(𝑚 − 2)!.
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In particular, if the operator 𝑋 is the Laplacian, formula (8′) gives the solution
of the Cauchy problem (4) for the iterated Klein–Gordon equation (cf. (8)).

7. Let us note that, for the case when

𝑇 = 𝐷𝑝 + 𝑎1
𝑡 𝐷𝑝−1 + ⋯ + 𝑎𝑝−1

𝑡𝑝−1 𝐷 + 𝑎𝑝,

𝑎1, … , 𝑎𝑝 are constants and 𝑡0 > 0 (i.e. when (1)—(2) is a regular Cauchy problem
for the generalized Euler–Poisson–Darboux differential-operator equation (9)),
the differentiations of 𝑢(𝑡, 𝑥, 𝜆𝑘, 𝑡0, 𝑓) with respect to 𝜆𝑘 in (8) reduce to such
differentiations with respect to 𝑡 and 𝑡0:

𝑝𝜆𝑘𝜕𝑢/𝜕𝜆𝑘 = (𝑡𝜕/𝜕𝑡 + 𝑡0𝜕/𝜕𝑡0 + 1 − 𝑝) 𝑢.
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