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1. Let

T, = DP +a,(t)DP"' + ... +a,(t), D =9/0t, p>1,
and let X be a linear operator, independent of ¢, acting in the space of the vari-
ables xq, ..., x,,. Denote by u(t,xq,...,x,, A ty; f) (more briefly u(t,z, A, ty; f))
the solution of the differential-operator equation™®

(T —AX)u=0 (1)

(X is a parameter), satisfying the initial conditions

0 =0,...,p—2
D = AT TS ). 2)
=t | f(z), ¢=p—1,

Consider the factorized differential-operator equation
(T =X X)" o (T — N x)w=0. (3)

Here Aq,...,\; (I > 1) are pairwise distinct parameters; rq,...,r; are positive
integers—the degrees of the corresponding operators, r; + ...+, =m > 1.

Let w(t,z, A, ..., A\, to; f) be the solution of equation (3) satisfying the condi-

tions
0 =0,.. -2
qu‘ — I q ) I mp ’ (4)
t=to f(x)a qg=mp—1.
Below an explicit representation of w(t,x, Ay, ..., A, te; f) in terms of

u(t,x, A, to; f)y - u(t,x, A, t; f) is established, and some of its applica-
tions are indicated.
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2. Let K, (¢,7) be the solution of the ordinary differential equation

TtKl (t77—) =0, (5)
satisfying the conditions
Oa q=0,...,p—2,
DKy, = o (6)
T 1a q=p— 1a
and .
K (t,7)= / K, ,(t,2)K,(z,7)dz, s=2,...,m—1. (7)

There holds the formula

w(t, x, A,y Ayt f) =

[ st A O (i )
= m_1&, T — u(T, 2, A, by T.
to ' = e 1 oa ! Hﬁzlw — A" e

(8)

* We shall omit the subscript ¢ on the operator T' where this cannot cause
misunderstanding.

under the assumption that: 1) the functions a(t) € Cp,,_1)—1 (k=1,...,p) on
the interval G, under consideration in the variable ¢, t, € G,; 2) the operator T'
in G,, the operator X and the function f(z) in the domain G, under considera-
tion in the variable x are such as to ensure the smoothness in A, required on the
right-hand side of (8), of the function u(t,z, A, ty; f) for A = A, ..., A;; 3) the op-
erator X (# 0) is permutable with integration with respect to 7 and with differ-
entiations with respect to Aj on the right-hand side of (8); 4) DkD§uj = D;Dkuj,
D; = 0/0N;, uj = u(t,z, A\, t0; f), 0 <k <p,0<s<r;—1(=1,..,10). (A
prime on a product means omission of the factor corresponding to the value

i=k)

In particular, for [ = 1, i.e., for the Cauchy problem (4) referring to the iterated
equation

(T — AX)™w = 0, (3)

we obtain the formula*

8m—1 ( )\m—l
(

t
w(t,x, N\ tg; f) = [O K, (tT) o1 \m =1 U(T,{B7)\7t0;f)> dr. (8)
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Remark 1. If X in equation (3) is an operator of multiplication (X # 0), the
representation of w in terms of u; (j = 1,...,[) can, under conditions 1), 2), and
4), be written in the form

t,x, Ay ALt f) =
w(ﬂﬁ‘, 1o 9 ALy 07f) ;rkfll 8)\2"'71 Hl-_ll(Ak*)‘i)ri

L 1 ot [ XDyt N ts f)

( ) w
Remark 2. Formula (8) (as also (9)) remains valid if the right-hand sides of
equations (1) and (3) are replaced by one and the same function F(t,z), and u
and w are then understood as solutions of the corresponding nonhomogeneous
equations satisfying respectively the conditions (2) and (4).

3. The problem of determining the solution w(t, z, Ay, ..., A;; fo, --- of

equation (3), satisfying the general initial conditions

) mpfl)

qu‘t:to :fq(]")7 q20)"'7mp_15

can be reduced (see (1)) to problem (3)—(4).
4.1. To establish the validity of formula (8), we first note the following lemmas.
Lemma 1. If the function K (¢,7) satisfies equation (5) and conditions (6),
then, as a function of 7, 7 € G,, it satisfies (under the assumption that in G,
ay(t) € C,_ (k=1,...,p)) the equation (see (2))

T:K,(t,7) =0 (10)

and the conditions

DU, = (-1)P1s

=t

¢q=0,...,p—1, D=29/or, (11)

q,p—1>

where T™ is the operator adjoint to the operator T', and J,,,_; is the Kronecker
symbol.

Lemma 2. For K (t,7), (a =2,...,m — 1), the equalities
j;Ka(t,T) :Kafl(ta’r)v DqKa|t:T :Oa q:(),...,pfl, (12)
T:Ka(t77-> :Ka—l(taT)v ﬁqKa‘T:t :Oa qu,...,p—l. (13)
hold. Hence, in particular, it follows that K, (¢, 7) satisfies the equation

" 'K, ,(t,7) = 0. (14)
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* The case when in equation (3) | = 1 was considered in (1); the integral
representation of w in terms of u obtained there contains no differentiations with
respect to A, but the kernel in it is defined as the solution of the corresponding
equation in partial derivatives.

and the conditions

Dqu_1|t:T:5 pim—1)—1, ¢=0,...,p(m—1)— 1. (15)

q’

Lemma 3. Let

m A :
a H " (16)

i=1

A1y -y A are all distinct from one another; r; (i = 1,...,1) are integers > 1;
rrl + en + rrl —

The identities hold

zl: ot (a0, s=1,..,m—1, a7

2o\ ) T s-o
4.2. We now outline the proof of formula (8). Relying on the assumptions of §
2, (1)=(2) for A = Ay, Ay, (5), (6), (10), and (11), we establish that the function
w, defined by formula (8) for m = 2 and r; = ry = 1 (which we denote by
w,), satisfies the equation (T' — A, X)wy = u(t,z, A, ty; f), and consequently
also the corresponding equation (3). Next, let in equation (3) I =0 and r, =1
(k=1,...,0), 0 > 2; denote the corresponding function w (according to formula
(8)) by w,, and suppose that it satisfies the corresponding equation (3). Then,
using (1)—(2) for A = Ay, ..., Aypq, (12), (13), and (17), under the assumptions
of § 2 we find that (T'— A\, X)w,,; = w,, e w, ; satisfies equation (3)
forl=0+1, r, =1, k=1,...,0 + 1. Taking into account what has been

proved for the function w,, we obtain that w; for r; = --- = r; = 1 satisfies
the corresponding equation (3). Further we establish, as above, that if the
function w =w, , (defined by formula (8)) is a solution of equation (3) with
the exponents rq,...,r; in it respectively equal to py,..., p;, then the function
W, 41,p,....p, Satisfies the equation

(T B AlX)wp1+11p2 ----- pr = Worpaspy?

and consequently also the corresponding equation (3). In view of the commu-
tativity of the operators (7' — A\, X)", (T'— A\;X)"7, it is possible to restrict the
induction to only one of the exponents. Slnce wy _, satisfies the corresponding
equation (3), this completes the proof that the function w, defined by formula

sovietrxiv.org/items/ru-196601.79922 Machine Translation


https://sovietrxiv.org/items/ru-196601.79922

(8), satisfies equation (3). As for the conditions (4), their fulfillment (under
the assumptions of § 2) can be verified for: a) ¢ = 0,...,p(m — 1) — 1; b)
g=pm—1)+1i;i=0,...,p—2, and ¢) ¢ = pm — 1, if one takes into account
respectively (15), (2) and, finally, (2) and (17).

Let us note some applications of formula (8).

5. Let in equation (3) the operator T' = DP; in this case

1
Km—l(th): ;(t_T)S7 szp(m—l)—l (18)
5.1. If l=m, ie. r; = =r,, =1, then (see (8) and (16))
= /t L_T)S ia(mu(T x, A, 0; f)dr (19)
- A S! £ km My Ny Yy

(here and below in §§ 5—6 it is assumed that ¢, = 0). In particular, for p = 1 and
A, = e2mk/m (= 1,...,m) we have asgzl) =1/m, and (19) gives, for X = 0/0x,
a generalization of d’ Alembert’ s formula (under the assumption that for m > 2
the function f(x) is analytic) ®). For p =1, X = A, m = 2, and Al = =i,
we obtain (under the appropriate smoothness assumptions on f(x)) a solution
of the generalized Boussinesq problem (4.

5.2. Let in equation (3) at least one of the numbers r, ..., r; be greater than 1;
the differentiations of the function u(7,x, A, 0; f) that arise in this case

with respect to A in formula (8) can be (for T'= DP) reduced to such differen-
tiations with respect to 7:

3ju(t,x, )‘kvo; f)

J
2B gyt () (0 e 05 0) L (20)
k

as a result of which (taking into account (15), (2), and (16)) we can give formula
(8) the form

t 1
w= / Zwk(t,ﬂ Ay s APu(T, 2, 0,05 f)dr (p>1whenl=1), (21)
0 k=1

where
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r—1

o arkflfja(m) ) o J
= (_)\kp)ﬂq{k_lw_lfj%f(aﬂ)p (THpE) (TPK,, ,(t,7)). (22)
J=0 k

For p =1 and [ = 1 (i.e. for the Cauchy problem (4) relating to equation (3")
tmfl

with C = D), from (8"), taking (20) into account, we obtain w = T
m — 1!
u(t,x, X\, 0; f); for the case when X is the Laplace operator, see (5).

For p > 1, I =1, it follows from (22) that

m—1 m—1
wien = i () ) )

in particular, for p = 2,

bty m) = 252 [(m — 1) — 2 7(22 — 7)™,

and (21) gives the structure of the solution of the Cauchy problem (4) for the
“generalized polywave” equation (3") (see (1)). The case p = 2, [ > 1, under
the assumption that X in equation (3) is the Laplace operator, was considered

in (6); there w only for r; = - = r,, = 1 is directly expressed in terms of
u(t,z, Ay, 05 ), o, ult, x, Ay, 05 ).

Representation (21) makes it possible to establish all cases when, for the solution
of problem (3)—(4) with

T-Dp% X=Y (aQ/axg + “ia/axi) ,
=1 Ti
A, >0, k=1,...,1 (a; are constants and, for a; # 0, |z;| >t >0 (i =1,...,n)),

the Huygens principle holds (cf. (7); (1) for I = 1, and (6) for a; = 0 (i =
1,...,n), I >1).

6. For the case when the operator in the left-hand side of (3) consists of
“generalized wave factors with dispersion,” i.e. T = D? 4 u?, u is constant,
we have

K, (t,71)=clt—1)°J,(u(t —71)), 2s = 2m — 3,

¢ = (Va/2u)* [ (m - 2)\.
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In particular, if the operator X is the Laplacian, formula (8") gives the solution
of the Cauchy problem (4) for the iterated Klein-Gordon equation (cf. (8)).

7. Let us note that, for the case when

a/p71
tp—1

T:DP+%DP—1+---+ D—l—ap,

ay, ... ,a, are constants and ¢, > 0 (i.e. when (1)—(2) is a regular Cauchy problem
for the generalized Euler-Poisson-Darboux differential-operator equation (9)),
the differentiations of w(t,z, A, ty, f) with respect to A, in (8) reduce to such
differentiations with respect to ¢ and t,:
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