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CRYSTALLOGRAPHY

V. I. BURDINA

EXPRESSION OF THE BASIC COMPUTA-
TIONAL FORMULAS OF STRUCTURAL
ANALYSIS OF CRYSTALS IN TERMS OF
PARAMETERS OF SYMMETRY GROUPS
(Presented by Academician N. V. Belov, December 3, 1965)

In the present work, aimed mainly at setting up tables (1), the computational
formulas for the electron density, structural factors, and derivatives of structural
factors with respect to coordinate parameters are expressed through one and the
same parameters of symmetry groups. As in (2–5), the basis of the calculations
is formed by the simplest arguments

2𝜋 ⎛⎜
⎝

ℎ
𝑘
𝑙
⎞⎟
⎠

⎛⎜
⎝

𝑥
𝑦
𝑧
⎞⎟
⎠

;

the maximum number of variants of formulas within a single symmetry group
has been reduced from 16 to 8. This approach has been tested on programs for
the electronic computer of the Institute of Crystallography of the Academy of
Sciences of the USSR and partly on the programs described in (6, 7).

1. An arbitrary symmetry transformation 𝒮 in a fixed system of crystallo-
graphic axes is described by the linear expression

r′ = 𝒮r = Sr + t, (1)

in which r = (𝑥, 𝑦, 𝑧), r′ = (𝑥′, 𝑦′, 𝑧′) are the radius vectors of the initial and
symmetry-related points; S = ‖𝑠𝑚𝑛‖ is a 3 × 3 rotation matrix, t = (𝑡1, 𝑡2, 𝑡3)
is a translation. The elements 𝑠𝑚𝑛 are always either 0 or ±1, and the nonzero
components of t are fractions with denominators equal to 2, 3, 4, or 6.

We shall restrict ourselves to consideration of the factor group of symmetry
transformations modulo the subgroup of translations, i.e., we shall consider all
transformations up to pure translations.

From the complete system of transformations
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𝒮1, 𝒮2, … , 𝒮𝑛 (2)

we shall select the transformations

ℰ1, ℰ2, … , ℰ𝑝; ℰ𝑖r = r𝑖 = E𝑖r + ⃗𝜏𝑖; E𝑖 = ⎛⎜
⎝

𝛼𝑖 0 0
0 𝛽𝑖 0
0 0 𝛾𝑖

⎞⎟
⎠

; 𝑖 = 1, … , 𝑝, (3)

which are characterized by a diagonal structure of the rotation matrices E𝑖; we
shall call them rhombic.

The rhombic transformations (3) form a subgroup with the property of a normal
divisor (see (7)). The system (2) decomposes into 𝑞 nonintersecting classes
of equivalent transformations, consisting of transformations that differ by a
rhombic multiplier. Selecting one representative from each class, we obtain the
system

𝒴1, 𝒴2, … , 𝒴𝑞; 𝒴𝑗r = r𝑗 = I𝑗r + ⃗𝜃𝑗; 𝑗 = 1, … , 𝑞, (4)

of nonequivalent transformations. Note that always 𝑝 ≤ 8, 𝑞 ≤ 6. By virtue
of the property of a normal divisor (see (8)), transformation of an arbitrary
rhombic transformation ℰ𝑖 with respect to the transformation 𝒴𝑗 of system
(4) will again be a rhombic transformation 𝒴−1

𝑗 ℰ𝑖𝒴𝑗 = ℰ𝑖′ , generally speaking
different from the original one; for the corresponding rotation matrices of these
transformations we have

I−1
𝑗 E𝑖I𝑗 = E𝑖′ , (5)

in this case the matrices 𝐸𝑖 and 𝐸𝑖′ will differ only by a permutation of their
diagonal elements, the same for all 𝑖 = 1, … , 𝑝 at fixed 𝑗. The system of trans-
formations (4) will correspond to the sequence of permutations

𝜋1, 𝜋2, … , 𝜋𝑞 (6)

of the diagonal elements in system (3).

To the symmetry transformation (1) in reciprocal space there corresponds the
relation of the structure factors: 𝐹𝐻′ = exp[2𝜋𝑖(H′, t)]𝐹 𝑛

𝐻 , where H′ = 𝑆−𝑇 H
(see (5)), (H′, t) = ℎ′𝑡1 + 𝑘′𝑡2 + 𝑙′𝑡3, which in the particular case of rhombic
transformations (3) takes the form

𝐹𝐻𝑗
= exp[−2𝜋𝑖(H, ⃗𝜏𝑗)]𝐹𝐻 ; 𝑗 = 1, 2, … , 𝑝, (7)
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where H𝑗 = 𝐸𝑗H = (𝛼𝑗ℎ, 𝛽𝑗𝑘, 𝛾𝑗𝑙), ⃗𝜏𝑗 = (𝜏 (𝑗)
1 , 𝜏 (𝑗)

2 , 𝜏 (𝑗)
3 ). In the case of inversion

ℰr = −r + ⃗𝜏 (8)

provided Friedel’s law 𝐹H = 𝐹 ∗
𝐻 is satisfied, we shall have 𝐹 ∗

𝐻 =
exp[−2𝜋𝑖(H, ⃗𝜏)]𝐹 ∗

𝐻 . Hence the phase of the structure factor 𝜑 = 𝜋(H, ⃗𝜏) + 𝜋𝑚,
where 𝑚 is an integer (see also (10)).

Acting within the set of eight structure factors

𝐹ℎ𝑘𝑙, 𝐹ℎ̄𝑘𝑙, 𝐹ℎ𝑘̄𝑙, 𝐹ℎ𝑘 ̄𝑙, 𝐹ℎ̄𝑘̄𝑙, 𝐹ℎ̄𝑘 ̄𝑙, 𝐹ℎ𝑘̄ ̄𝑙, 𝐹ℎ̄𝑘̄ ̄𝑙, (9)

each relation (7) reduces the number of independent parameters of system (9) by
a factor of two. In one group there may act up to three independent relations
(7); therefore, with Friedel’s law also satisfied, the number of independent
parameters in (9) may decrease from 16 to one.

2. The formula for the electron density can be represented in the form

𝜌(𝑥, 𝑦, 𝑧) = 𝑐1
𝑣

∞
∑
ℎ=0

∞
∑
𝑘=0

∞
∑
𝑙=0

𝑐2
2𝑚 (Φ0𝐶𝐶𝐶−Φ1𝑆𝑆𝐶−Φ2𝑆𝐶𝑆−Φ3𝐶𝑆𝑆+Ψ0𝑆𝑆𝑆−Ψ1𝐶𝐶𝑆−Ψ2𝐶𝑆𝐶−Ψ3𝑆𝐶𝐶),

(10)

where, for brevity, 𝑠 and 𝑐 in the triple products denote sin and cos of arguments
respectively equal to 2𝜋ℎ𝑥, 2𝜋𝑘𝑦, and 2𝜋𝑙𝑧; 𝑚 is the number of zeros in the
triple of indices ℎ, 𝑘, 𝑙. If the structure has no center of inversion, then the
factor 𝑐1 = 2, and the coefficients of the triple products are equal to

Φ𝑖 = ∑
𝐻

[𝜈𝑖(H)𝐹 𝐴
𝐻 + 𝜈′

𝑖(H)𝐹 𝐵
𝐻 ] ; Ψ𝑖 = ∑

𝐻
[𝜇𝑖(H)𝐹 𝐴

𝐻 + 𝜇′
𝑖(H)𝐹 𝐵

𝐻 ] ; (11)

in the presence of the center described by relation (8), the constant 𝑐1 = 1,

Φ𝑖 = ∑
𝐻

[𝜈𝑖(H) + 𝜈′
𝑖(H) tg 𝜋(H, ⃗𝜏)] 𝐹 𝐴

𝐻 ;

Ψ𝑖 = ∑
𝐻

[𝜇𝑖(H) + 𝜇′
𝑖(H) tg 𝜋(H, ⃗𝜏)] 𝐹 𝐴

𝐻 (12)

or

Φ𝑖 = ∑
𝐻

[𝜈𝑖(H) ctg 𝜋(H, ⃗𝜏) + 𝜈′
𝑖(H)] 𝐹 𝐵

𝐻 ;
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Ψ𝑖 = ∑
𝐻

[𝜇𝑖(H) ctg 𝜋(H, ⃗𝜏) + 𝜇′
𝑖(H)] 𝐹 𝐵

𝐻 ,

𝑖 = 0, 1, 2, 3. (12’)

The summation in the right-hand sides of (11), (12), and (12′) is carried out
over the independent structure factors 𝐹𝐻 = 𝐹 𝐴

𝐻 +𝑖𝐹 𝐵
𝐻 of the set (9), taking into

account the relations (7) caused by the rhombic transformations, and Friedel’s
law. The quantities 𝜈𝑖, 𝜈′

𝑖 , 𝜇𝑖, and 𝜇′
𝑖 take the values 0, ±1 and

(𝑣0
𝑣′

0
) = 1

𝑐2
(𝑣0

𝑣′
0
); (𝑣1

𝑣′
1
) = 𝑆ℎ𝑘

𝑐2
(𝑣1

𝑣′
1
); (𝑣2

𝑣′
2
) = 𝑆ℎ𝑙

𝑐2
(𝑣2

𝑣′
2
);

(𝑣3
𝑣′

3
) = 𝑆𝑘𝑙

𝑐2
(𝑣3

𝑣′
3
); (𝜇0

𝜇′
0
) = 𝑆ℎ𝑘𝑙

𝑐2
(𝑤0

𝑤′
0
); (𝜇1

𝜇′
1
) = 𝑆𝑙

𝑐2
(𝑤1

𝑤′
1
);

(𝜇2
𝜇′

2
) = 𝑆𝑘

𝑐2
(𝑤2

𝑤′
2
); (𝜇3

𝜇′
3
) = 𝑆ℎ

𝑐2
(𝑤3

𝑤′
3
),

(13)

where 𝑆𝑢 is a multiplier equal to +1 if 𝑢 ⩾ 0, and to −1 otherwise;

(𝑣0
𝑣′

0
) = ∑

𝑖

cos
sin 2𝜋(H, ⃗𝜏𝑖); (𝑤0

𝑤′
0
) = ∑

𝑖
𝛼𝑖𝛽𝑖𝛾𝑖

sin
− cos 2𝜋(H, ⃗𝜏𝑖);

(𝑣1
𝑣′

1
) = ∑

𝑖
𝛼𝑖𝛽𝑖

cos
sin 2𝜋(H, ⃗𝜏𝑖); (𝑤1

𝑤′
1
) = ∑

𝑖
𝛾𝑖

sin
− cos 2𝜋(H, ⃗𝜏𝑖);

(𝑣2
𝑣′

2
) = ∑

𝑖
𝛼𝑖𝛾𝑖

cos
sin 2𝜋(H, ⃗𝜏𝑖); (𝑤2

𝑤′
2
) = ∑

𝑖
𝛽𝑖

sin
− cos 2𝜋(H, ⃗𝜏𝑖);

(𝑣3
𝑣′

3
) = ∑

𝑖
𝛽𝑖𝛾𝑖

cos
sin 2𝜋(H, ⃗𝜏𝑖); (𝑤3

𝑤′
3
) = ∑

𝑖
𝛼𝑖

sin
− cos (H, ⃗𝜏𝑖);

(14)

here 𝛼𝑖, 𝛽𝑖, 𝛾𝑖 and ⃗𝜏𝑖 are the parameters of the rhombic transformations (3);
the summation on the right-hand sides of (14) is from 𝑖 = 1 to 𝑖 = 𝑝. For
the group 𝑃1, formulas (10)—(11) essentially coincide with those given in (11),
p. 343.

As is seen from (14), the final form of the right-hand sides of formulas (11),
(12), and (12′), in addition to the parameters of the rhombic transformations,
will also depend on the current values of the indices ℎ, 𝑘, and 𝑙; the various
variants of these formulas, and consequently also formulas (10), will ultimately
be determined by the residues 𝛾1, 𝛾2, and 𝛾3 in the right-hand sides of the
system of congruences
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𝛾11ℎ + 𝛾12𝑘 + 𝛾13𝑙 ≡ 𝛾1 (mod 𝑚1),
𝛾21ℎ + 𝛾22𝑘 + 𝛾23𝑙 ≡ 𝛾2 (mod 𝑚2),
𝛾31ℎ + 𝛾32𝑘 + 𝛾33𝑙 ≡ 𝛾3 (mod 𝑚3),

the coefficients 𝛾𝑖𝑗 of whose left-hand sides are determined by the symmetry
group, the setting, and, within (1), can take the values 0, ±1, and ±2; the
moduli 𝑚1, 𝑚2, and 𝑚3 of the congruences are equal to 0, 2, or 4. The largest
number of variants within one group is not more than 8. The multiplier 𝑐2 from
(10), depending on the group and the variant, may be equal to 1, 2, 4, or 8.
Note that in most settings (1) the values 𝑣′

𝑖 and 𝜇𝑖, 𝑖 = 0, 1, 2, 3, are all equal
to zero. The total number of nonzero values of the left-hand sides of (14) for all
variants does not exceed 20.

3. In considering formulas for structural factors, following (1), we shall re-
strict ourselves to expressions for groups of geometrically equivalent points
in general position. Taking into account the complete system of symme-
try transformations (2) and the lattice type, these expressions may be
represented in the form

𝐴 = 𝑐3

𝑞
∑
𝑗=1

𝑎(r𝑗); 𝐵 = 𝑐3

𝑞
∑
𝑗=1

𝑏(r𝑗), (15)

where 𝑐3 = 𝑐2𝑐4, with 𝑐2 the same quantity as above, while 𝑐4, depending on
the lattice type, may be equal to 1, 2, 3, or 4; r𝑗, 𝑗 = 1, 2, … , 𝑞, is a subsystem
of points equivalent under the nonrhombic transformations (4);

(𝑎(r𝑗)
𝑏(r𝑗)

) = (𝑣0
𝑣′

0
)𝑐𝑐𝑐 − (𝑣1

𝑣′
1
)𝑠𝑠𝑐 − (𝑣2

𝑣′
2
)𝑠𝑐𝑠 − (𝑣3

𝑣′
3
)𝑐𝑠𝑠

+ (𝜇0
𝜇′

0
)𝑠𝑠𝑠 − (𝜇1

𝜇′
1
)𝑐𝑐𝑠 − (𝜇2

𝜇′
2
)𝑐𝑠𝑐 − (𝜇3

𝜇′
3
)𝑠𝑐𝑐;

(16)

here, as before, 𝑠 denotes sin, 𝑐 denotes cos, and the arguments of the triple
products are respectively equal to 2𝜋|ℎ|𝑥𝑗, 2𝜋|𝑘|𝑦𝑗, and 2𝜋|𝑙|𝑧𝑗; the coefficients
(𝜈𝑖

𝜈′
𝑖
) and (𝜇𝑖

𝜇′
𝑖
), 𝑖 = 0, 1, 2, 3, are determined by formulas (13) and (14); note that

for 𝑗 = 1, 2, … , 𝑞 they retain constant values.

In the case of a centrosymmetric structure, the components 𝐴 and 𝐵 are con-
nected by the additional relation 𝐴/𝐵 = tg 𝜋(H, ⃗𝜏), where ⃗𝜏 is the translation
participating in the inversion transformation (8); therefore, in calculating struc-
ture factors, as well as their derivatives, it is sufficient to confine oneself to the
computation of one of these components by formulas (15) and (16).

Let us denote by
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𝑎I, 𝑎II, 𝑎III; 𝑏I, 𝑏II, 𝑏III (17)

the expressions obtained by termwise differentiation of the right-hand sides of
(16), respectively with respect to the 1st, 2nd, and 3rd arguments of the trigono-
metric factors (which reduces to multiplying the right-hand sides of (16) by a
constant factor and permuting the coefficients). Let ⃗𝜋𝑗 = (𝑗I, 𝑗II, 𝑗III) be a per-
mutation of the elements I, II, III taken from system (6). Then the derivatives
with respect to the coordinates 𝑥, 𝑦, 𝑧 of an independent atom in the 𝑗-th class
will be equal to

𝜕𝑎(r𝑗)/𝜕𝑥 = 2𝜋ℎ𝑗𝑎𝑗I
(r𝑗); 𝜕𝑏(r𝑗)/𝜕𝑥 = 2𝜋ℎ𝑗𝑏𝑗I

(r𝑗);
𝜕𝑎(r𝑗)/𝜕𝑦 = 2𝜋𝑘𝑗𝑎𝑗II

(r𝑗); 𝜕𝑏(r𝑗)/𝜕𝑦 = 2𝜋𝑘𝑗𝑏𝑗II
(r𝑗);

𝜕𝑎(r𝑗)/𝜕𝑧 = 2𝜋𝑙𝑗𝑎𝑗III
(r𝑗); 𝜕𝑏(r𝑗)/𝜕𝑧 = 2𝜋𝑙𝑗𝑏𝑗III

(r𝑗);
(18)

the quantities (ℎ𝑗, 𝑘𝑗, 𝑙𝑗) = H𝑗 are found from the expression H𝑗 = I𝑇
𝑗 H, in

which H = (ℎ, 𝑘, 𝑙), and I𝑇
𝑗 is the transposed matrix of the 𝑗-th transformation

of system (4). Using (15)—(18), one readily obtains the total derivatives 𝜕𝐴/𝜕𝑥,
𝜕𝐴/𝜕𝑦, 𝜕𝐴/𝜕𝑧 and 𝜕𝐵/𝜕𝑥, 𝜕𝐵/𝜕𝑦, 𝜕𝐵/𝜕𝑧.

The trigonometric quantities

sin
cos 2𝜋 ⎛⎜

⎝

|ℎ|𝑥
|𝑘|𝑦
|𝑙|𝑧

⎞⎟
⎠𝑗

,

which enter into (16), as well as the expressions (17) derived from them, are
computed on the basis of (4) from the initial values

sin
cos 2𝜋 ⎛⎜

⎝

|ℎ|
|𝑘|
|𝑙|

⎞⎟
⎠

⎛⎜
⎝

𝑥
𝑦
𝑧
⎞⎟
⎠

and the table of quantities

sin
cos 2𝜋 ⎛⎜

⎝

|ℎ|𝑡1
|𝑘|𝑡2
|𝑙|𝑡3

⎞⎟
⎠𝑗

,

where 𝑡(𝑗)
1 , 𝑡(𝑗)

2 , 𝑡(𝑗)
3 are the components of the translation t𝑗 of the transformation

𝑔𝑗 of system (4), 𝑗 = 1, … , 𝑞. The latter table is common to all atoms of the
independent part of the unit cell; moreover, the components 𝑡(𝑗)

1 , 𝑡(𝑗)
2 , 𝑡(𝑗)

3 are
always zeros or fractions with denominators equal to 2, 3, 4, or 6, and an
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insignificant amount of memory is required for storing this table. The main
machine time in computing the independent structure factors of each octet (9)
and their derivatives will consist of the time needed to obtain the quantities

sin
cos 2𝜋 ⎛⎜

⎝

|ℎ|
|𝑘|
|𝑙|

⎞⎟
⎠

⎛⎜
⎝

𝑥
𝑦
𝑧
⎞⎟
⎠

for the atoms of the independent part of the cell. It is therefore expedient to pro-
vide for the preliminary generation of the program for calculating the required
part of these quantities, depending on the specific values of the parameters of
the system of rotation matrices I𝑗 of the non-origin-shift transformations (4)
(see (7)).
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Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
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