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It is customary to study the motion of a viscous fluid (gas) in narrow regions
in the approximation of lubrication theory, whose equations were first written
down by Reynolds in 1886. For the Reynolds equations a number of stationary
problems have been solved (see, for example, * for liquid lubrication and 2 for
gas lubrication).

Recently, much attention has been attracted by questions of the stability of
bearing operation, considered within the framework of lubrication theory (*%).
The relation between stationary solutions of the Reynolds equations (lubrication
theory) and the Navier—Stokes equations was studied in (°) (for slow flows and
a wide clearance) and (%) (for a narrow clearance). In these works it was shown
that, under natural assumptions, solutions of the Navier—Stokes equations are
close to solutions of the lubrication equations.

In the present work, in a hydrodynamic formulation, the question of the stability
of the journal in the central position is studied. Mathematically the problem
is formulated as follows. A viscous incompressible fluid (lubricant) fills the
space between a fixed outer cylinder (the bearing) and a movable inner one
(the journal). The journal rotates with a prescribed angular velocity w and
moves in the lubricant under the action of hydrodynamic forces and an external
force W, applied to its center. In particular, when W, = 0, a stationary
regime is possible, characterized by a coaxial arrangement of the journal and
the bearing. Below the stability of this regime with respect to infinitesimally
small perturbations is investigated. It turns out that this regime is unstable
and, in the linear approximation, “breaks down” into motion along a slowly
unwinding spiral with the angular velocity of the center of the journal equal to
w/2. This result is obtained under the additional assumption of smallness of
the clearance between the journal and the bearing.

We consider the equations
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—My+wo+7§tdzzo; (1)
C

d
d—: = —grad % + 2vdiv D; (2)
divv =0. (3)
Boundary conditions:
Ve =ve =y +wxe —y| 7 Vlgr =ver =0,

where (1) is the equation of motion of the center of the journal; (2) and (3)
are the equations of motion of the fluid in the variable region between the
cylinders C and C'; y, X, and xo see Fig. 1; t = —pn + 2vpynD is the
stress vector of the fluid; v is the velocity vector of motion of the fluid particles;
D is the deformation tensor, in mixed components it is written in the form
D} =1/,(V' + Viv,), in particular, in a Cartesian system (div D), = Auvy;
p is the pressure in the fluid; v is the kinematic viscosity of the fluid; p, is the
density of the fluid; M = wR?p, is the mass of the journal; p; is the density of
the journal material; 7 is the unit vector tangent to the contour C' at the point
xo; [xe =yl = R;

|| =R+0; =R, —R
is the radial clearance between the journal and the bearing (see Fig. 1).

Let us consider the stability of the central stationary position of the journal,
characterized by the conditions:

W,=0; y,=0; v=vy p=pg, etc

Suppose the journal has received a small displacement §y from the central po-
sition; denote

y=0y; V=vg+Vvy p=pyt+p; t=tytty; T =T00;

Ty = Teg + 0y,

where quantities with subscript 0 refer to the stationary solution; CO is the
stationary position of the contour C’; C'1 is the perturbed position of the contour.

We shall linearize the equations of motion (1)—(3) (taking account of the mobil-
ity of the boundary); we write the resulting system in dimensionless form. We
obtain
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Fig. 1. Geometrical diagram of a hydrodynamic bearing

Figure 1: Fig. 1. Geometrical diagram of a hydrodynamic bearing
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+ VOo‘ gradvlo’ + Vlo’ grad VOO’ =
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2
= —ngradp,, + —divD,,,
X

divv,, =0

with boundary conditions in the region between C0Oc and C’0o:

Vicos = MY, + 2Xb(n,dy,)7 — Ay, F,

Vicroe = 0. (5)

Fig. 1. Geometrical diagram of a hydrodynamic bearing

The index o, indicating that all quantities are dimensionless, will be omitted in
all subsequent calculations.

The relations between dimensionless and dimensional quantities have the form:

where p, is atmospheric pressure;

1
0y, = =0y;
Yo 5 Y

the contours C0c and C1lo are circles of unit radius: the contour C’0¢ is a circle
of radius (1 + \);
Xcoe =1 Xoie =D+ AJY,;

1 1
= —p; D, =-—D,.
Pis ppl lo = &1

a

Voo = TJRVO? Vie = T.)va;
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The dimensionless parameters are:
A=0/R; n=p,/pow?R* x=wR?/vi v =pi/pg; b= (1+X)?/A2+N).
The tensor grad v in mixed components is the covariant derivative of the con-
travariant velocity vector. The vector

H = v, gradv,

in covariant components is
k i
H, =v5V 0.

The vector
P=divD

in covariant components is
Pi = Vk(vivk + Vk’l}i>.

F is the rotation tensor; in curvilinear orthogonal coordinates, in physical com-
ponents
Fi,=F,=0, F,=1 F, =-1.

Integrating the third equation of system (4), we obtain:
v, = 1ot 1,

where
Y =k
(k is the unit vector normal to the plane of rotation, 1 is the stream function).

Using the boundary conditions (5) and the stationary solution

vy = (a+b/z?)xF, wherea=—1/A(2+ \),

and introducing the polar coordinate system (r,6) with the pole at the center
of the bearing, we reduce system (4) to the form

- 1 1 03

0y —6 ————— b6 F—iyg —7dl=0. 6
YT Y T R = g 07 )
08y n22Y [ 1ae —at 2

o = w(r) 50 + XA ¥, where w(r) =a+ 3 (7)

with boundary conditions

rot Yoo = A0y + 2Xb(n, 8y) 7 — ASyF, (8)
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rot TZC/O =0.

In the linear equation (7) we separate the variables. Representing the function
1 in the form

+00o
Y= e (r)e?, 9)
—0o0
we reduce equation (7) to a system of ordinary differential equations:

1+ 2n?
r2

14 2n?
-

2 .
042 g (o imatr) +

| £z [xton + inwtr

Reducing the interval of integration to [0, 1] by the linear substitution r = Ar;+1,
we obtain

2
JAED 7 — N2 [X(O'n +inw(Ar; + 1)) +

1+ 2n? ,,
Arg+ 17"
1

(Ary+1)2]°"
1+ 2n?
— | 7/ 10
4 —n?
(Ar; +1)2

—\3
>\T1+1

1 .
m |:X(O'n + ZTLW(AT‘l + 1)) — n2
1

[X(Jn +inw(Ar; + 1)) —

+ A }fn=0~

Equation (6), taking into account the boundary conditions (8), has the solution

+0o0o

Sy = > (E,i+ B,je’n, (11)

—00

where i, j are constant unit vectors; j = 4i’, the vector i is directed along the
polar axis; E,,, B, are constants depending on o,,.

Substituting expressions (9) and (11) into the boundary conditions (8), we find
that for all n, except n = +1, f,,(0) = f/(0) = 0; and since f, (1) = f/(1) =0
for all n and equations (10) are homogeneous, it follows that f,(r;) = 0 for

n %+ +1.

For n = +1, from equation (6) and the boundary conditions (8) we obtain the
boundary conditions for equation (10):

f.(0) = L%(Ui) 7(0), f1(0) = L:2t<0i> 7(0), fi(1) =0, fi(1) =0,

(12)
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where

fi(ry), Li(o,), Ly(o,) correspond to n = +1;

f_(ry), Li(o_), L5(o_) correspond to n = —1;

a 1 a
Li(o,) =—i(1 Li(o,) = (€ +idoy) —~—7
1 (Ui) )\3( + Zoi)a2/)\ T io,i’ 2 (Ui) A3 (5 +1 Ji)a2/>\ ¥ ZO’i
1 1+)2 1+ (14 N)?
ay =5 a2:6a17( + ) ; :7—‘_( +) .
(v—1)x 24X 24 A

The investigation of the solutions of (10) as A — 0 reduces to the investigation
of two equations

V) =0 (13)

with boundary conditions (12).

In order that system (12)—(13) have a nontrivial solution, its characteristic
determinant must be equal to zero. This leads us to the equations

12a . 6a

a?r—i— )\310+—|—2>\—31:0 for n = +1,
12 6

o? + Agla_—i—;lz() for n = —1.

Each of these equations has one bounded root as A — 0:

LA 6
J+—@a—§+O(A) forn—+17
123
=—— 4= A6 f =—1.
o_ 48a1+2+0( ) forn

It follows from this:

1. The central position of the journal under investigation is unstable (Re o, >
0).
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2. The loss of stability leads to a motion which, in the linear approximation,
is a rotation of the center of the journal about the center of the bearing
with angular velocity w/2 (Im o, = :F%) and a slow unwinding from the

center (Reo, ~ A3 > 0).

The problem considered is a special case of the more general problem of the sta-
bility of a general stationary position of a journal in a bearing with an arbitrary
clearance (i.e., with any A). There are grounds to believe that in the general
case the stationary position of the journal will prove unstable, and moreover that
the instability will grow as the clearance increases. Therefore the restrictions
imposed in the formulation of the problem (the central stationary position of
the journal and the smallness of \) are not related to the essence of the question
of the stability of the journal and were introduced only to simplify the problem.
The question of the motion of the journal after loss of stability reduces to con-
sideration of a nonstationary problem in the full nonlinear formulation and is
not touched upon in the present work.

Moscow State University
named after M. V. Lomonosov

Received
21 X 1965

REFERENCES

1. Hydrodynamic Theory of Lubrication, collection, series Classics of Natural
Science, Moscow—Leningrad, 1934.

2. S. A. Sheinberg, Friction and Wear in Machines, collection VIII, Publish-
ing House of the Academy of Sciences of the USSR, 1953, p. 107.

3. a) M. M. Reddy, P. R. Trampler, Design and Technology of Mechanical
Engineering, Transactions of the American Society of Mechanical
Engineers, 84, 3, 58 (1962). b) N. S. Cheng, P. R. Trumpler, Trans.
ASME, ser. B, 85, 3, 274 (1963).

4. S. A. Sheinberg, Machine Tools and Instruments, 2, 1 (1965).

5. P. E. Zhukovskii, S. A. Chaplygin, collection Hydrodynamic Theory of
Lubrication, series Classics of Natural Science, Moscow—Leningrad, 1934,
p. 477.

6. A. K. Nikitin, Some Questions of the Hydrodynamic Theory of Lubrication,
Kazan, 1958.

sovietrxiv.org/items/ru-196601.78327 Machine Translation


https://sovietrxiv.org/items/ru-196601.78327

Note: Figure translations are in progress. See original paper for figures.
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