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MATHEMATICS

PHAN DINH DIEU (PHAN ĐÌNH DIỆU)

ON THE DUALS OF CONSTRUCTIVE LO-
CALLY CONVEX SPACES
(Presented by Academician A. A. Dorodnitsyn on V 6, 1965)

In the present note we use the terms and notation introduced in (1−3,7,8). In
(7) the concept of a constructive locally convex space was introduced. Let 𝔐
be a constructive locally convex space, given by the list:

𝐴𝔪, 𝔓, ℭ, +, ⋅, 𝔇, 𝐴𝑛, ℑ, 𝔇. (1)

The notation 𝜃, 𝜄 will be understood in the same way as in (7). As defined in
(8), a set 𝔄 of words of type 𝜃 is called bounded in the space 𝔐 if:

∀𝑙1∃𝑎 (𝑎 > 0 & ∀𝜃1(𝜃1 ∈ 𝔄 ⊃ 𝔇(𝑙1, 𝑎 ⋅ 𝜃1))).

Denote by ⟨𝑃 ⟩ an algorithm in the alphabet 𝐴𝑐𝑎
𝔪 ∪ 2, whose notation is the word

𝑃 . Introduce the notation:

𝔎 ⟺ ((⟨𝑐0,1⟩ ∈ (𝜄 → 𝑝)) & ∀𝜄1(⟨𝑐0,1⟩(𝜄1) > 0)),

where 𝑐0,1 is a variable for words in 0. Since ℑ is a normal formula, 𝔎 is also a
normal formula. Denote by 𝔵 the subordinate generic letter whose characteristic
formula is 𝔎.

Let: 𝐴𝑟 be an alphabet; 𝔛 a one-parameter formula in a variable of genus 𝑡𝑟; ℜ a
formula in variables 𝜀 of genus 𝑡𝑟 and 𝜂 of genus 𝜃. Denote by 𝔳 the subordinate
generic letter whose characteristic formula is 𝔛. Introduce the notation

ℜ(𝑉 , 𝑈) ⟺ 𝐹 𝜀,𝜂
𝑉 ,𝑈ℜ⟂,

where 𝑉 is any term of genus 𝔳; 𝑈 is any term of genus 𝜃.
We shall call the list (𝐴𝑟, 𝔛, ℜ) a fundamental system of bounded sets in
the space 𝔐, if the conditions
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∀𝑣1∃𝔵1∀𝜃1(ℜ(𝑣1, 𝜃1) ⊃ ∀𝜄1𝔇(𝜄1, ⟨𝔵1⟩(𝜄1) ⋅ 𝜃1));

∀𝔵1∃𝑣1∀𝜃1(∀𝜄1𝔇(𝜄1, ⟨𝔵1⟩(𝜄1) ⋅ 𝜃1) ⊃ ℜ(𝑣1, 𝜃1)).

are satisfied.

A fundamental system of bounded sets (𝐴𝑟, 𝔛, ℜ) is called normal if 𝔛 is a
normal formula.

Theorem 1. For any constructive locally convex space one can construct in it
a normal fundamental system of bounded sets.

This is the system (0, 𝔎, ℜ), where the formula ℜ is defined so that

ℜ(𝔵1, 𝜃1) ≡ ∀𝜄1𝔇(𝜄1, ⟨𝔵1⟩(𝜄1) ⋅ 𝜃1).
2. Let 𝐴𝜂 ⟺ 𝐴𝔪 ∪ 3. An algorithm 𝜆 in 𝐴𝑐𝑎

𝜂 is called a functional in the
space 𝔐, if it is an operator of type (𝜃 → 𝔻) (see (7)).

Let 𝜆1 be a linear functional in 𝔐. 𝜆1 is continuous if

∀𝑛∃𝜄1∀𝜃1(𝔇(𝜄1, 𝜃1) ⊃ 𝑀(𝜆1(𝜃1)) < 2−𝑛).

This means that there is realizable in 𝐴𝑐𝑎
𝜉 (𝐴𝜉 ⟺ 𝐴𝜂 ∪ 0) an algorithm 𝜆2 of

type

(n → 𝜄) such that

∀𝑛𝜃1(𝔓(𝜆2(𝑛), 𝜃1) ⊃ 𝑀(𝜆1(𝜃1) < 2−𝑛)). (2)

An algorithm 𝜆2 of type (n → 𝜄) satisfying (2) will be called a continuity
regulator of the functional 𝜆1.

A linear functional 𝜆1 in 𝔐 is called quasicontinuous if it cannot be discon-
tinuous.

Theorem 2. There exists a constructive locally convex space for which it is
false that every quasicontinuous linear functional is continuous.

Theorem 3. There exists a constructive locally convex space such that no
algorithm is possible which, for each continuous linear functional in it, enables
one to find a continuity regulator of this functional.

3. We shall say of a word 𝑡𝜋,1 in the alphabet 𝐴𝜋(⇄ 0 ∪ {⊙}) that it is a
complete cipher of a linear discontinuous functional in 𝔐, and we shall
write

sovietrxiv.org/items/ru-196601.78044 Machine Translation

https://sovietrxiv.org/items/ru-196601.78044


(𝑡𝜋,1 ∈ compl.disc.
𝔪 ) , (3)

if the word 𝑡𝜋,1 has the form 𝑃 ⊙𝑄, where 𝑃 is a record of a linear discontinuous
functional in 𝔐 and 𝑄 is a record of its continuity regulator. Let

𝑡𝜋,1 ≐ 𝑃 ⊙ 𝑄.

We shall denote:

𝑡𝜋,1 ⇄ ⟨𝑃⟩𝜂; 𝑡𝜋,1 ⇄ ⟨𝑄⟩𝜁.

Denote by 𝔓𝔪 formula (3), and by 𝔪 the generic letter whose characteristic
formula is 𝔓𝔪. Introduce the formula

ℭ𝔪 ⇄ ∀𝜃1(𝑡𝜋,1(𝜃1) B= 𝑡𝜋,2(𝜃1)).

Denote by 𝔪̇+ an algorithm of type (𝔪𝔪 → 𝔪), and by 𝔪̇ an algorithm of type
(𝑝𝔪 → 𝔪), such that

∀𝔪1𝔪2𝜃1(𝔪̇+(𝔪1□𝔪2)(𝜃1) B= 𝔪1(𝜃1) + 𝔪2(𝜃1));

∀𝑎𝔪1𝜃1(𝔪̇(𝑎□𝔪1)(𝜃1) B= 𝑎 ⋅ 𝔪1(𝜃1)).

Denote by 𝔇𝔪 the word 𝑈 ⊙𝑉 , where 𝑈 is a record of an algorithm transforming
each word of type 𝜃 into the number 0; 𝑉 is a record of an algorithm transforming
each number 𝑛 into a fixed word of type 𝜄.
Let (𝐴𝑟, 𝔛, ℜ) be a normal fundamental system of bounded sets in 𝔐. Construct
a formula 𝔇𝔪 such that, whatever the word 𝜈1 of type 𝜈 and the word 𝔪1 of
type 𝔪, one has

𝔇𝔪(𝜈1, 𝔪1) ≡ ∀𝜃1(ℜ(𝜈1, 𝜃1) ⊃ 𝑀(𝔪1(𝜃1)) ≤ 1).

It is not hard to prove that the list

𝐴𝜋, 𝔓𝔪, ℭ𝔪, 𝔪+, 𝔪̇, 𝔇𝔪, 𝐴𝑟, 𝔛, 𝔇𝔪

is a constructive locally convex space, which we shall call conjugate to the
space 𝔐.
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4. Let 𝔐 be a normed space. It may be regarded as a locally convex space.
Consequently, one can construct the space conjugate to the normed space 𝔐.
This conjugate is a locally convex space.

Theorem 4. Let 𝔐 be a normed space with multiplication by real duplets, and
let 𝑁 be its norm. If the set of points 𝜃1 such that 𝑁(𝜃1) = 1 is compact *then
the space conjugate to 𝔐 is normable**.*

* See the definition in (3), § 11.
** See the definition in (8).
Theorem 5. There exists a constructive normed space such that its conjugate
is not normable (not even seminormable) (see the definition in (8)′).

Theorem 6. There exists a constructive multinormed space such that its con-
jugate is not multinormable (see (8)).
Theorem 7. There exists a constructive complete Hilbert space such that it is
not isomorphic to its conjugate.

For the proof of Theorems 5–7 it suffices to consider the space 𝑙2, constructed
in (3), § 13.

Theorem 8. For natural numbers 𝑚, 𝑛, 0 ⩽ 𝑚 ⩽ 𝑛, there exists a 𝑇 ′-separable,
𝑛-dimensional in the strong sense locally convex space such that its conjugate
is an 𝑚-dimensional, normable space.

Theorem 9. For any natural number 𝑚 there exists a 𝑇 ′-separable, infinite-
dimensional locally convex space such that its conjugate is an 𝑚-dimensional,
normable space.

Theorems 8 and 9 are proved with the aid of the space 𝔖, constructed in (7).
6. We shall consider bounded sets in the inductive limit of a sequence of

locally convex spaces.

Let 𝐴𝑚 and 𝐴𝑛 be alphabets; 𝔓 a two-parameter formula in the variables 𝑘 and
𝛼, where 𝑘 is a variable for natural numbers and 𝛼 is a variable of type 𝑡𝑚; 𝔈 a
three-parameter formula in the variables 𝑘 and 𝛽, 𝛾 of type 𝑡𝑚; + an algorithm
of type (𝑡𝑚𝑡𝑚→̇𝑡𝑚); ⋅ an algorithm of type (𝑝𝑡𝑚→̇𝑡𝑚); 𝔇 a fixed word of type
𝑡𝑚; ℑ a normal two-parameter formula in the variables 𝑘 and 𝛿 of type 𝑡𝑛; 𝔏 a
three-parameter formula in the variables 𝑘, 𝜉 of type 𝑡𝑛 and 𝜂 of type 𝑡𝑚.

We agree to denote:

𝔓(𝑁, 𝑅) ⇔ 𝐹 𝑘,𝛼
𝑁,𝑅 𝔓⟂; 𝔈(𝑁, 𝑅, 𝑆) ⇔ 𝐹 𝑘,𝛽,𝛾

𝑁,𝑅,𝑆 𝔈⟂; (𝑅 + 𝑆) ⇔ +(𝑅□𝑆);

(𝑎 ⋅ 𝑅) ⇔ ⋅(𝑎□𝑅); ℑ(𝑁, 𝑇 ) ⇔ 𝐹 𝑘,𝛿
𝑁,𝑇 ℑ⟂; 𝔏(𝑁, 𝑇 , 𝑅) ⇔ 𝐹 𝑘,𝜉,𝜂

𝑁,𝑇 ,𝑅 𝔏⟂,
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where 𝑁 is any natural number, 𝑅 and 𝑆 are any terms of type 𝑡𝑚, 𝑇 is any
term of type 𝑡𝑛, and 𝑎 is any rational number. Suppose that

∀𝑘𝛼(𝔓(𝑘, 𝛼) ⊃ 𝔓(𝑘 + 1, 𝛼)); ∀𝑘 𝔓(𝑘, 𝔇);

∀𝑘𝛽𝛾(𝔓(𝑘, 𝛽)&𝔓(𝑘, 𝛾) ⊃ (𝔈(𝑘, 𝛽, 𝛾) ≡ 𝔈(𝑘 + 1, 𝛽, 𝛾)));

∀𝑘𝛽𝛾(𝔓(𝑘 + 1, 𝛽)&𝔓(𝑘, 𝛾)&𝔈(𝑘 + 1, 𝛽, 𝛾) ⊃ 𝔓(𝑘, 𝛽));

∀𝑘𝛽𝛾(𝔓(𝑘, 𝛽)&𝔓(𝑘, 𝛾) ⊃!(𝛽 + 𝛾)&𝔓(𝑘, 𝛽 + 𝛾));

∀𝑘𝑎𝛼(𝔓(𝑘, 𝛼) ⊃!(𝑎 ⋅ 𝛼)&𝔓(𝑘, 𝑎 ⋅ 𝛼)).

Under these assumptions we shall call the list

𝐴𝑚, 𝔓, 𝔈, +, ⋅, 𝔇, 𝐴𝑛, ℑ, 𝔏 (4)

an expanding sequence of constructive locally convex spaces, if for each
fixed natural number 𝑘 this list represents a constructive locally convex space
(we denote it by 𝔐𝑘) and if the identity operator from each 𝔐𝑘 into 𝔐𝑘+1 is
continuous (see the definition of a continuous operator in (7)).
Let the list (4) be an expanding sequence of locally convex spaces. Introduce
the notation:

𝔓∗ ⇔ ∃𝑘 𝔓(𝑘, 𝛼);

𝔈∗ ⇔ ∃𝑘(𝔓(𝑘, 𝛽)&𝔓(𝑘, 𝛾)&𝔈(𝑘, 𝛽, 𝛾));

ℑ∗ ⇔ (⟨𝑐0,1⟩𝑠 ∈ (H → 𝑡𝑛))&∀𝑘 ℑ(𝑘, ⟨𝑐0,1⟩𝑠(𝑘));

𝔏∗ ⇔ ∃𝑐0,2𝑚((⟨𝑐0,2⟩𝑟 ∈ (H → 𝑡𝑚))&∀𝑘(𝔓(𝑘, ⟨𝑐0,2⟩𝑟(𝑘))&

&𝔏(𝑘, ⟨𝑐0,1⟩𝑠(𝑘), ⟨𝑐0,2⟩𝑟(𝑘)))&𝐹 𝛽,𝛾
𝛼,Σ(𝑚□𝑐0,2) 𝔈∗),

where 𝑠 is the number of the alphabet 𝐴𝑛 ∪ 𝒰0, 𝑟 is the number of the alphabet
𝐴𝑚 ∪ 𝒰0, and Σ is an algorithm in 𝐴𝛼

𝑟 having the following property:
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Σ(𝑚□𝑐0,2) ≃ ⟨𝑐0,2⟩𝑟(0) + ⋯ + ⟨𝑐0,2⟩𝑟(𝑚).

It is not difficult to prove that the list

𝐴𝑚, 𝔓∗, ℭ∗, +, ⋅, 𝒪, 𝒰0, ℑ∗, 𝒪∗ (5)

is a locally convex space. We shall call it the inductive limit of the sequence
of spaces 𝔐𝑘.

We shall say that:

1) The inductive limit (5) is 𝛼-regular if, for every bounded set 𝔄 in (5), there
is a realizable number 𝑘 such that 𝔄 is contained in 𝔐𝑘.

2) The inductive limit (5) is 𝛽-regular if, for every set 𝔄 bounded in (5) and
contained in 𝔐𝑘, there is a realizable number 𝑗 such that 𝔄 is bounded in
𝔐𝑗.

3) The inductive limit (5) is regular if it is 𝛼-regular and 𝛽-regular (cf. the
classical definition in (5)).

We shall say that in the sequence (4) each 𝔐𝑘 is a subspace of the space 𝔐𝑘+1
if the following conditions are satisfied:

∀𝑘𝑗𝛿(ℑ(𝑘, 𝛿) ≡ ℑ(𝑗, 𝛿));

∀𝑘𝛿𝛼(ℑ(𝑘, 𝛿) & 𝔓(𝑘, 𝛼) ⊃ (𝒪(𝑘, 𝛿, 𝛼) ≡ 𝒪(𝑘 + 1, 𝛿, 𝛼))).

The inductive limit (5) is called strict if, in the sequence (4), each 𝔐𝑘 is a
𝑍-closed subspace of 𝔐𝑗 for 𝑗 > 𝑘.
The theorem on the regularity of strict inductive limits in classical mathematics
(6) carries over to constructive mathematics in the following form:

Theorem 10. Let 𝔐 be a strict inductive limit of a sequence of constructive
locally convex spaces 𝔐𝑘. Then:

a) if 𝔄 is a bounded set in 𝔐, then

¬∀𝑘 𝔑1((𝜃1 ∈ 𝔄) & ¬(𝜃1 ∈ 𝔐𝑘)).
b) 𝔐 is 𝛽-regular.

On the other hand, one can prove the following theorem:

Theorem 11. There exists a strict inductive limit 𝔐 of a sequence of con-
structive locally convex spaces 𝔐𝑘 such that: a) there is no algorithm which, for
each bounded set 𝔄 in 𝔐, makes it possible to find a number 𝑘 such that 𝔄 is
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contained in 𝔐𝑘; b) it is false that for every bounded set 𝔄 in 𝔐 there is a least
number 𝑘 such that 𝔄 is contained in 𝔐𝑘.

Part a) is proved with the aid of the theorem stating that there exists an algo-
rithm of type (ℕ → ℕ) whose applicability problem is not decidable (1,3 ); part
b) is proved with the aid of Corollary 1 of Theorem 1 in (4).
In conclusion the author expresses his deep gratitude to A. A. Markov for a
number of valuable comments and suggestions.

Moscow State University
named after M. V. Lomonosov
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