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In the present note we use the terms and notation introduced in In

(") the concept of a constructive locally convex space was introduced. Let O
be a constructive locally convex space, given by the list:

Ama ‘137 €7 +7 y :Dv An7 ja @ (1)

The notation 6, : will be understood in the same way as in (7). As defined in
(®), a set 2 of words of type 6 is called bounded in the space O if:

Vii3a(a>0& V0,(0; € A D D(ly,a-6y))).

Denote by (P) an algorithm in the alphabet AS*U,, whose notation is the word
P. Introduce the notation:

R = (((co1) € (t = p)) & Viy({co1)(t1) > 0)),

where ¢ ; is a variable for words in . Since J is a normal formula, £ is also a
normal formula. Denote by ¢ the subordinate generic letter whose characteristic
formula is R.

Let: A, be an alphabet; X a one-parameter formula in a variable of genus ¢,.; R a
formula in variables € of genus ¢, and 7 of genus . Denote by v the subordinate
generic letter whose characteristic formula is X. Introduce the notation

RV, U) = iR,

where V is any term of genus v; U is any term of genus 6.

We shall call the list (A,,X,0) a fundamental system of bounded sets in
the space M, if the conditions
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Vo3, VO, (R(vq,01) D Ve D (g, (81) (1) - 01));

Ve 30 VO (VD (e, (81) (¢1) - 61) D R(vy,04)).

are satisfied.

A fundamental system of bounded sets (4,,X,R) is called normal if X is a
normal formula.

Theorem 1. For any constructive locally convex space one can construct in it
a normal fundamental system of bounded sets.

This is the system (g, &, R), where the formula R is defined so that

R(ry,01) = VD (eq, (1) (1) - 01).
2. Let A, <= A, Uj. An algorithm A in A7" is called a functional in the
space M, if it is an operator of type (6§ — D) (see (7)).

Let A; be a linear functional in 9. A, is continuous if

VnJ, VO, (D (11, 0,) O M(M(0,)) < 277).

This means that there is realizable in Ag* (A, <= A, U ) an algorithm A, of
type
(n — ¢) such that

Vndy (P(Ay(n), 01) D M(A(6;) <277)). (2)

An algorithm A, of type (n — ) satisfying (2) will be called a continuity
regulator of the functional );.

A linear functional A\; in 9 is called quasicontinuous if it cannot be discon-
tinuous.

Theorem 2. There exists a constructive locally convex space for which it is
false that every quasicontinuous linear functional is continuous.

Theorem 3. There exists a constructive locally convex space such that no
algorithm is possible which, for each continuous linear functional in it, enables
one to find a continuity requlator of this functional.

3. We shall say of a word ¢, ; in the alphabet A, (7 (U {0O}) that it is a
complete cipher of a linear discontinuous functional in 9, and we shall
write
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(tw,l c compl. disc.) 7 (3)

m

if the word ¢, ; has the form POQ, where P is a record of a linear discontinuous
functional in 9t and @ is a record of its continuity regulator. Let

tr1=POQ.

We shall denote:

teq 2 (P)y

LE t

1 ﬁ <Q>C

m,1

Denote by PB™ formula (3), and by m the generic letter whose characteristic
formula is P™. Introduce the formula

" B
= v91 (tml(‘gl) = t7r,2(91)>'

Denote by m* an algorithm of type (mm — m), and by th an algorithm of type
(pm — m), such that

Vmymy0; (it (m Om, ) (6;) = my(6;) +my(6,));

Vam, 6, (m(alCm, )(6;) Za. my (6,)).

Denote by ®™ the word U®V, where U is a record of an algorithm transforming
each word of type 6 into the number 0; V is a record of an algorithm transforming
each number n into a fixed word of type ¢.

Let (4,,X,R) be a normal fundamental system of bounded sets in 9t. Construct
a formula ®™ such that, whatever the word v; of type v and the word m; of
type m, one has

D™ (vy,my) = VO, (R(vy,0,) D M(my(0,)) <1).
It is not hard to prove that the list
A7r7 mma cma m+7 fn, ©m7 Ara xa ©m

is a constructive locally convex space, which we shall call conjugate to the
space 9.
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4. Let 91 be a normed space. It may be regarded as a locally convex space.
Consequently, one can construct the space conjugate to the normed space 9.
This conjugate is a locally convex space.

Theorem 4. Let 9 be a normed space with multiplication by real duplets, and
let N be its norm. If the set of points 0; such that N(6;) =1 is compact *then
the space conjugate to 91 is normable** *

* See the definition in (%), § 11.
** See the definition in (®).

Theorem 5. There exists a constructive normed space such that its conjugate
is not normable (not even seminormable) (see the definition in (8)").

Theorem 6. There exists a constructive multinormed space such that its con-
jugate is not multinormable (see (8)).

Theorem 7. There exists a constructive complete Hilbert space such that it is
not isomorphic to its conjugate.

For the proof of Theorems 5-7 it suffices to consider the space [,, constructed
in (3), § 13.

Theorem 8. For natural numbers m,n, 0 < m < n, there exists a T’-separable,
n-dimensional in the strong sense locally convex space such that its conjugate
is an m-dimensional, normable space.

Theorem 9. For any natural number m there exists a T’-separable, infinite-
dimensional locally convex space such that its conjugate is an m-dimensional,
normable space.

Theorems 8 and 9 are proved with the aid of the space &, constructed in (7).

6. We shall consider bounded sets in the inductive limit of a sequence of
locally convex spaces.

Let A,, and A,, be alphabets; B a two-parameter formula in the variables k and
«, where k is a variable for natural numbers and « is a variable of type ¢,,,; € a
three-parameter formula in the variables k and 3,y of type t,,,; + an algorithm
of type (t,,t,,—t,,); - an algorithm of type (pt,,—t,,); © a fixed word of type
t,,; J a normal two-parameter formula in the variables k and J of type ¢,,; £ a
three-parameter formula in the variables k, £ of type t,, and n of type ¢,,.

We agree to denote:

PN, R) < FyG P €N, R.8) < Fyps€ ;.  (R+S) < +(ROS);

(a-R)« (adR);  3(N,T)< Fy%3; &N, T,R) & Fy3R 2.,
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where N is any natural number, R and S are any terms of type t,,, T is any
term of type t,,, and a is any rational number. Suppose that

Vka(P(k,a) DBk +1L,0));  VEPB(k D);
VEBy(B(k, B)&PB(k,7) D (E(k, B,7) = €(k +1,8,7)));
VEBY(B(k + 1, 8)&P(k, v)&&(k +1,8,7) D Bk, B));

VkBy(B(k, B)&B(k, ) DB+ 7)&PB(k, B+ 7));
Vkaa(P(k, @) Sl(a- a)&B(k, a - a)).

Under these assumptions we shall call the list

Ama ma Qia +, 9’ Ana ja £ (4)
an expanding sequence of constructive locally convex spaces, if for each
fixed natural number £ this list represents a constructive locally convex space

(we denote it by 9;) and if the identity operator from each 9, into M, is
continuous (see the definition of a continuous operator in (7)).

Let the list (4) be an expanding sequence of locally convex spaces. Introduce
the notation:

P o Pk, a);
& < (P (k. SRk, 1)EE(k, B,7));
3" (e 1) € (H = £,)) &k 3 (k. (e 1)a(k)):
£ <& 3eg ym( ({602} € (H > £,,)) &VR(P(R, (c.0), (k)

&Lk, (60.)u (R (eo.0h, (BD)EFLY e, ) € ),

where s is the number of the alphabet A, UU, r is the number of the alphabet
A,, UlU,, and ¥ is an algorithm in A having the following property:
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¥(mOcg 5) > (¢ 2),-(0) + -+ {cg.2),-(M).

It is not difficult to prove that the list

Am7 m*a C)k7 +7 ) (97 an 3*7 o* (5)
is a locally convex space. We shall call it the inductive limit of the sequence
of spaces ;..

We shall say that:

1) The inductive limit (5) is a-regular if, for every bounded set 2 in (5), there
is a realizable number k such that 2 is contained in 90,,.

2) The inductive limit (5) is S-regular if, for every set 20 bounded in (5) and
contained in 9, there is a realizable number j such that 2l is bounded in

;.

3) The inductive limit (5) is regular if it is c-regular and S-regular (cf. the
classical definition in (°)).

We shall say that in the sequence (4) each 9, is a subspace of the space M, ;
if the following conditions are satisfied:

Vkjd(I(k,6) = 3(4,0));

VESa(T(k,0) & P(k,a) D (O(k,0,a) = O(k+ 1,8, ))).
The inductive limit (5) is called strict if, in the sequence (4), each M, is a
Z-closed subspace of M; for j > k.

The theorem on the regularity of strict inductive limits in classical mathematics
() carries over to constructive mathematics in the following form:

Theorem 10. Let 9 be a strict inductive limit of a sequence of constructive
locally convex spaces M. Then:

a) if A is a bounded set in M, then

b) M is B-regular.
On the other hand, one can prove the following theorem:

Theorem 11. There exists a strict inductive limit 9N of a sequence of con-
structive locally convex spaces M, such that: a) there is no algorithm which, for
each bounded set A in M, makes it possible to find a number k such that A is
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contained in My; b) it is false that for every bounded set A in M there is a least
number k such that A is contained in M, .

Part a) is proved with the aid of the theorem stating that there exists an algo-
rithm of type (N — N) whose applicability problem is not decidable (},®); part
b) is proved with the aid of Corollary 1 of Theorem 1 in (*).

In conclusion the author expresses his deep gratitude to A. A. Markov for a
number of valuable comments and suggestions.
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