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In the present note a very general variational problem is formulated and the
corresponding necessary condition for extremality is given, containing as special
cases the known first-order necessary conditions of the calculus of variations, as
well as Pontryagin’ s maximum principle and its various generalizations.

Let B and @ be two sets in a locally convex linear topological space J. It is
assumed that 0 € BN and that the topology in J induces the usual Euclidean
topology on every finite-dimensional subspace of J. Let ¢ be a continuous map-
ping of some neighborhood N of zero in J into R™ (m-dimensional Euclidean
space), with ¢(0) = 0, and let Y = {z : 2 € N, ¢(x) = 0}. We shall say that
zero in J is a (Q, B, ¢)-extremal if there exists a neighborhood N* of zero in J
such that N*NBNQNY = {0}.

To obtain meaningful necessary conditions for extremality, it is necessary to
assume that B, @, and @ possess certain properties which, in a known sense,
may be characterized as the existence of “convex first-order approximations.”
Precisely, these properties may be formulated as follows. It is assumed that
there exists a continuous linear mapping [ from J into R™ such that

@(jy) —1(z) asy—xz, e—0 (1)

for every x € J.

It is also assumed that there exists a convex cone Z C J with vertex at 0,
possessing the following property: for each ray p C Z there exist a cone Z, and
a neighborhood N, of zero in J such that: a) the vertex of Z,isat 0; b) Z, C Z;
c) Z, has a nonempty open core and p is an interior ray of Z; d) Z,NN,CB.
In this case we say that Z is an inner cone for B at 0.

Next we shall assume the existence of a convex subset K of J, containing 0
and possessing the following property: if S is an arbitrary simplex from K with
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vertices z,,...,z,, and N is an arbitrary neighborhood of zero in J, then there
exists a number g, > 0 such that for every ¢, 0 < € < g, there is a continuous

mapping (. from P = {8 = (B1,...,8,) : f; 2 0, i = L,..,v, S0 f; = 1}
into J (this mapping may depend both on ¢ and on S and N), satisfying the
condition

¢.(B) € {6 (iﬁixi +f\f) } NQ for every g € P”.
i=1

In this case we shall say that K is a convez first-order approximation for @ at
zero.

Let 11 = {z : 2 € J, I(z) = 0}, 2/ = ZNIL. Our last assumption is that
7' 411, 7' 4 {0}.

As is indicated below, most optimal-control problems can be reduced to the
scheme described.

Necessary conditions for optimality are given by the following two theorems.

Theorem 1. If 0 is a (Q, B, ¢)-extremal and @, B, and ¢ satisfy the conditions
listed above, then K and Z’ are separable, i.e., there exists a linear continuous
nonzero functional {* on J such that

*(z) <0< I*(y)
foralze K, ye Z'.

Theorem 2. If I* is a linear functional on J such that I*(y) > 0 for y € Z’,
then

M) =1(z)+a-l(z)
for any 2 € J, where a is a vector in R™ and [(y) > 0 for any y € Z.

Let ¢, be a real function defined in some neighborhood N, of zero in J, and
suppose that there exists a continuous convex functional [, from J to R! such
that [y(x) < 0 for some = € J and

poley)/e — lp(x) for any x € J. (2)
ey—>0+
If
B={z:2 €Ny, polz) <0} U{0}
and

Z={z:xzelJ, ly(x) <0}U{0},
then Z is an interior cone for B at 0.

We now indicate how the formulated results are to be applied to optimal-control
problems. Let J, be the space of continuous mappings of the compact interval
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I into R™, with the usual metric of uniform convergence. Let J = J; x A, where
A is a convex set in R*, and U an arbitrary set in R". Denote by € the set of
all essentially bounded measurable functions from I into U. Let f(z,u,t) be a
function from R™ x U x I into R™, of class C! with respect to x and measurable
with respect to (u,t), and suppose that f(z,u,t), f,(z,u,t) are bounded on
X x I for any function u € Q2 and compact set X C R".

Further, let @, be the set of all absolutely continuous functions z(t) € J,

satisfying the equation
o(t) = fz(t), ul(t),t) (3)

for a suitable choice of u(t) € 2. Let @ be a continuous function from an open
set W C J into R™, and let ¢, ¢q,..., ¢, be functionals defined on W (not
necessarily linear). Consider the following optimal problem: find an element
z € WN(Qy x A) satistying the conditions @(z) = 0, ¢;(2) <0, ¢ = 1,..., 4,
and minimizing the functional ¢,(z). Let z* = (a*,a*), 2* € Qy, o € A, be a
solution of the problem, and put

p(2) =0(z+27), wi=wi(z+2"), @olz) = @o(z+2") — @o(z7).

Assume that conditions (1) and (2) are satisfied for the functions @, ¢,;, i =
0,1, ..., 1, where [ is a linear continuous mapping onto all of R™, and the func-
tionals /; are convex and continuous. Discarding, if necessary, some of the ¢,,
assume that ¢;(0) = 0. If we put

Q=Qy—z)x(A—a*), B={z:zeW, p,(2)<0,i=0,1,...,u}t U{0},
then we obtain that 0 is a (Q, B, ¢)-extremal and that the set
Z=Azx:zeld, l(x)<0,i=0,1,...,pu} U{0}

is an interior cone for B at 0. Using the main result of [2], it is easy to show
that ) admits at zero a convex first-order approximation.

If the “differentials” ly, [y, ..., 1, are linear and 1 is a linear functional on J ., such
that I(y) > 0 for any y € Z, then

I
l:Zaili, o; <0.
i=0
Using Theorems 1 and 2, we conclude that in the case under consideration

there exist real numbers «;, ¢ = 0,1,...,u, and a vector @ € R™ (not all equal
to zero), such that

a-lz)+ Y oli(x) <0, zeK, <0, i=0,1..,pu (4)
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It is easy to show that (4) contains Pontryagin’ s maximum principle as a special
case.

If 1 >0, p; = sup,_; g(x(t)), i = 1,..., u, where g is a function of class C* from
R™ to R', then the continuous convex functionals

= suplgradg(a® ()] -2(t),  T={t-tel, ga(®) =0} (5)
te
i = 1,...,p, satisfy condition (2), and Theorems 1 and 2 give necessary con-

ditions for optimal problems with constrained phase coordinates, analogous to
the conditions in (1), Chap. VI and (*%). It can also be shown that formula (4)
is valid in this case as well and gives new necessary conditions for optimality.
If (5) is also valid for ¢ = 0, we obtain necessary conditions for minimax prob-
lems. Similar considerations make it possible to obtain necessary conditions for
discrete optimal processes (°) and for optimal processes with impulsive control.

In conclusion, let us note that optimal processes from a similar point of view
were recently considered by A. Ya. Dubovitskii and A. A. Milyutin (7), and our
results in many respects supplement the results contained in (7).
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