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In many cases, integration in time of partial differential equations leads to singu-
larities in the solution. This makes direct numerical integration impossible and
forces one to investigate the analytic nature of the solution near the singularity;
moreover, it proves possible to construct a limiting solution that is practically
independent of the initial conditions. A well-known self-similar solution for a
converging hydrodynamic shock wave may serve as an example. An analogous
situation also occurs in the case of the gravitational collapse of a star.

Let us consider a collapsing spherically symmetric star. In a comoving reference
system, each particle passes inside its own gravitational radius, while the energy
density and pressure along each trajectory increase without bound. Owing to
the influence of the pressure gradient, collapse (the divergence of the density
to infinity) occurs not simultaneously (not at one and the same instant of the
comoving time 7) throughout the entire star. The density first becomes infi-
nite at the center of the star, and subsequently at other points; the totality of
these events in the (7, R) plane gives the line 7 = 7,(R) (). This qualitatively
distinguishes the collapse of a star from the collapse of a closed homogeneous
universe, where the pressure gradient is absent and the collapse occurs simul-
taneously. Let us note that in a comoving reference system the concept of
simultaneity is a quite definite concept, since the time 7 is determined up to a
transformation of it into itself, and by such a transformation one cannot convert
T = 19(R) into 7 = const.

The interval in a spherical comoving reference system has the form
ds? = e7dr? — e“dR? — r2(sin” 0 dp? + d6?).
We write the field equations in the form (?)

m=1Lr(l+e 2 —ep'?), (1)

sovietrxiv.org/items/ru-196601.76968 Machine Translation


https://sovietrxiv.org/items/ru-196601.76968

m’ = dmer?r’, (2)

m = —Admpr, (3)
2/
o =, (4)
p+te
9 .
o= 4" (5)
p+e r

Here a dot denotes differentiation with respect to 7, a prime with respect to R;
p is the pressure; € is the energy density; m is the total mass inside the radius
R, the mass that would be felt by a distant observer if the matter ended at this
R. We are interested in the behavior of the solution near the line r = 0, where
p — 00, € = 0.

Naturally, here one may use a limiting equation of state—the equation of state
of an ultrarelativistic gas, p = %5, or the limiting stiff equation of state p = ¢
).

Let us first use the equation p = /5. In this case equations (4) and (5) can
be integrated, and we obtain

e 7 =p(T)Ve, e =py(R)evErt; (6)

p1(7) and @4(R) are arbitrary functions, and, owing to the ambiguity in the
definition of the variables 7 and R, they may be set equal to unity. We note
here that in a closed homogeneous universe ¢ is a function only of 7, and one
may set e? = 1.

The system takes the form

m="1/yr(1+ er, —eyertr’?), (7)
m’ = dmer?r’, (8)
m = —4/ meri. (9)

The usual way of investigating the nature of a singularity consists in assuming
some analytic character of the solution (factoring out nonanalytic factors, self-
similarity, etc.). However, it would be hopeless to try to do this in the variables
7 and R, in view of their aforementioned ambiguity.
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First of all, this applies to the variable 7; therefore we shall replace it by the
variable 7, i.e., pass to the independent variables r, R. In these variables the
system of equations has the form

1
_1 1 4 2
m="1/or+1/5r\e @0 [1—re(07/OR)?], (10)
om/or = =4 /smer?, (11)
Ordm 4 5 0T
aroR 7 gR: (12)

Let us now make an assumption about the analytic properties of the function
e(r, R). Namely, let us assume that its nonanalyticity is the same for all R (such
an assumption is natural, since there are no distinguished values of R *), i.e.,
let us assume that € can be represented in the form € = f(r)e, (r, R), where the
function ¢, is analytic, i.e.,

e(r,R) = f(r)[a(R) + rb(R) + ...].

Since derivatives of € do not enter the system of equations, we may discard
decreasing terms and approximately write

e = f(r)a(R). (13)

Our problem consists in determining the function f(r).

Representation (13) makes it possible to integrate equations (11) and (12) near
r=0.

From equation (11) we obtain
m = —"/gma(R)E(r) + my(R), (14)

where the function £(r) satisfies the equation

d¢/dr = f(r)r®. (15)

In equation (12), near r = 0, one may set d7/0r = d1y(R)/dr, and this quantity
is finite and nonzero by virtue of the basic assumption of non-simultaneity of
the collapse.
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* The only exception may be a single point—the center of the star, i.e., the
particle at which » = 0. We, however, are interested in the tending to zero of
the functions r(7, R) for all values of R.

Having done this, let us express from (12) the quantity d7/9r

or —Eﬂ'a dry fr)r?
(B) 4R (dmq/dR) — i7€(r)(dajdR)

or 3 (16)
Let us now consider the order of the terms on the right-hand side of (10). The
density becomes infinite after each particle passes through its gravitational ra-
dius; the totality of these events gives the line 2m = r. After this, right up to
the collapse, m > 3r, since m is a nondecreasing function (see (3)). This means
that the second term on the right-hand side of (10) is larger than the third.
There may then be two possibilities: either the second is the leading term, or
the order of the second and third terms is the same.

Let us first consider the second possibility. In view of the finiteness of d7,/dR,
we obtain e ~ 4, i.e. f(r) ~ r~% From (14) and (15) we obtain the order of
the quantities m and 97/0r: m ~ r~%, 37/0r ~ r~1. On the other hand, from
(10) we obtain the order of magnitude of m:

1
VI G

which contradicts the estimate of the order of the mass from equation (14).

It follows that near » = 0 the principal term in (10) is the second; i.e., in the
limit

1 1
3"V GrjarE (7

m =
Let us consider the behavior of the mass m as r — 0. Its limit may be either
finite, or the mass may grow without bound (as, for example, in the Friedmann
solution for a homogeneous universe). We shall show that the limit of the mass
is finite.

For the proof, suppose the contrary. This means that {(r) — —oo, and from
(16) we have O7/0r ~ —f(r)r?/&(r). Then from (14) and (17) we obtain f(r) ~
r~2¢2/3, Hence, with the help of (15), we obtain an equation for £(r): d¢/dr =
A(R)E?/3 whence r = 3AEY? + B. Tt then turns out that the limit of £, and
consequently also of the mass, as r — 0 is finite. The contradiction to the
assumption made proves the finiteness of m as r tends to zero.

Using the proved boundedness of the mass, immediately from (14), (16), and
(17) we obtain the desired dependence f = 2. Thus, in the variables 7, R near
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the line 7 = 7y(R) (i.e., near » = 0) the limiting behavior of the solution is
characterized by the following relations:

Let us also give analogous relations for the collapse of a star in the case of the
stiffest equation of state p = e:
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