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Abstract
Full Text
UDC 517.512.6

MATHEMATICS

M. Ya. ZINGER

FUNCTIONALS OF DERIVATIVES ON THE
COMPLEX PLANE
(Presented by Academician L. V. Kantorovich on 25 V 1965)

In this article the following problems are considered.

1. Among all algebraic polynomials of degree 𝑛 with real coefficients satisfy-
ing the condition max[0,1] |𝑃𝑛(𝑥)| = 1, find the one which, at a given point
𝑥 = 𝑧0 of the complex plane, gives

max | Re 𝑃 (𝑘)
𝑛 (𝑥)|

or
max | Im 𝑃 (𝑘)

𝑛 (𝑥)|
(𝑘 = 1, 2, … , 𝑛). The solution is given in the domain |𝑥| ≥ 𝜌0,𝑘, where
𝜌0,𝑘 < 1; it is sufficient to consider Im 𝑥 > 0.

2. In the same class of polynomials, find a polynomial which at the given
point 𝑥 = 𝑧0 gives

max ∣Re 𝜕𝑘𝑃𝑛
𝜕𝜑𝑘 ∣

or
max ∣Im 𝜕𝑘𝑃𝑛

𝜕𝜑𝑘 ∣

(𝑘 > 0 an integer). The solution is given in the domain |𝑥| ≥ 𝜌1,𝑘, where
𝜌1,𝑘 < 1.

We shall consider Re 𝑃 (𝑘)
𝑛 (𝑥) at the point

𝑥 = 𝑧0 = 𝜌(cos 𝜑 + 𝑖 sin 𝜑)

as a linear functional 𝐹 (𝑘)
𝑧,cos, defined on {𝑃𝑛(𝑥)} by the finite sequence

00, 01, … , 0𝑘−1, 𝑘!, (𝑘 + 1)!𝜌 cos 𝜑, … , 𝑛!
(𝑛 − 𝑘)!𝜌

𝑛−𝑘 cos(𝑛 − 𝑘)𝜑 (1)

(𝜌 > 0; 0 ≤ 𝜑 ≤ 𝜋).
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Under the same interpretation, Im 𝑃 (𝑘)
𝑛 (𝑥) at the point 𝑧0 will be given by the

functional 𝐹 (𝑘)
𝑧,sin:

00, 01, … , 0𝑘, (𝑘 + 1)!𝜌 sin 𝜑, … , 𝑛!
(𝑛 − 𝑘)!𝜌

𝑛−𝑘 sin(𝑛 − 𝑘)𝜑 (2)

(𝜌 > 0; 0 ≤ 𝜑 ≤ 𝜋).

Similarly, Re 𝜕𝑘𝑃𝑛/𝜕𝜑𝑘 will be considered as the functional 𝐹 (𝑘)
𝜑,cos, defined by

the sequence

0, 𝜌 cos 𝜑, 2𝑘𝜌2 cos 2𝜑, … , 𝑛𝑘𝜌𝑛 cos 𝑛𝜑 (𝑘 even), (3)

and as the functional 𝐹 (𝑘)
𝜑,sin, defined by the sequence

0, 𝜌 sin 𝜑, 2𝑘𝜌2 sin 2𝜑, … , 𝑛𝑘𝜌𝑛 sin 𝑛𝜑 (𝑘 odd). (4)

We shall interpret Im 𝜕𝑘𝑃𝑛/𝜕𝜑𝑘 as 𝐹 (𝑘)
𝜑,sin for even 𝑘 and as 𝐹 (𝑘)

𝜑,cos for odd 𝑘 on
the same set of polynomials. Thus,

𝐹 (𝑘)
𝑧,cos[𝑃𝑛(𝑥)] = Re 𝑃 (𝑘)

𝑛 (𝑧0); 𝐹 (𝑘)
𝑧,sin[𝑃𝑛(𝑥)] = Im 𝑃 (𝑘)

𝑛 (𝑧0),

and so on.

For each of the functionals written above, for any 𝑥 = 𝑧0 there exists a polyno-
mial 𝑄𝑛(𝑥, 𝑧0), called extremal, such that, with

max
[0,1]

|𝑄𝑛(𝑥, 𝑧0)| = 1,

the norm of the corresponding functional is attained on it. For example,

𝑁 (𝑘)
𝑧,cos(𝑧0) = Re 𝑄(𝑘)

𝑛 (𝑧0, 𝑧0).

Then for any polynomial ℒ𝑛(𝑥) with real coefficients,

max ∣Re ℒ(𝑘)
𝑛 (𝑧0)∣ ≤ 𝑀ℒ ⋅ 𝑁 (𝑘)

𝑧,cos(𝑧0) = 𝑀ℒ ⋅ Re 𝑄(𝑘)
𝑛 (𝑧0, 𝑧0),

where
𝑀ℒ = max

[0,1]
|ℒ𝑛(𝑥)|.

Thus, the problem consists in finding the extremal polynomials of the functionals
(1), (2), (3), and (4).

Consider two families of algebraic polynomials:

𝐿𝑛+1(𝑥) = 𝐿𝑛+1,0(𝑥) =
𝑛

∏
𝑖=0

(𝑥 − 𝜎𝑖) =
𝑛+1
∑
𝑚=0

𝑎𝑚𝑥𝑚,
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where

0 ⩽ 𝜎0 < 𝜎1 < ⋯ 𝜎𝑛 ⩽ 1, 𝐿𝑛+1,𝑘+1(𝑥) = 𝑥
𝑛 + 1𝐿′

𝑛+1,𝑘(𝑥); (5)

Λ𝑛,𝑝(𝑥) = 𝐿𝑛+1(𝑥)
𝑥 − 𝜎𝑝

=
𝑛

∑
𝑚=0

𝑎(𝑝)
𝑚 𝑥𝑚; Λ𝑛,𝑘+1,𝑝(𝑥) = 𝑥

𝑛Λ′
𝑛,𝑘,𝑝(𝑥) (6)

(𝑘 ⩾ 0 integer; 𝑝 = 0, 1, … , 𝑛).

Denote by {𝑥(𝑝)
𝑘,𝑚}𝑚=𝑛

𝑚=1 the roots of the polynomial Λ𝑛,𝑘,𝑝(𝑥); by {𝑥𝑘,𝑚}𝑚=𝑛
𝑚=0 the

roots of the polynomial 𝐿𝑛+1,𝑘(𝑥).
Lemma 1. All roots of the polynomials Λ𝑛,𝑘,𝑝(𝑥) and 𝐿𝑛+1,𝑘(𝑥) are real and
nonnegative; moreover:

1) 𝑥𝑘,𝑚 < 𝑥𝑘−1,𝑚 (𝑚 = 1, 2, … , 𝑛); 𝑥𝑘,0 ⩽ 𝑥𝑘−1,0,
2) 𝑥(𝑝)

𝑘,𝑚 < 𝑥(𝑝−1)
𝑘,𝑚 (𝑚 = 2, 3, … , 𝑛); 𝑥(𝑝)

𝑘,1 ⩽ 𝑥(𝑝−1)
𝑘,1 ,

3) 𝑥𝑘,𝑚−1 < 𝑥(𝑝)
𝑘,𝑚 < 𝑥𝑘,𝑚 (𝑚 = 2, 3, … , 𝑛); 𝑥𝑘,0 ⩽ 𝑥(𝑝)

𝑘,1 < 𝑥𝑘,1.

We shall prove the inequalities. The first follows from the recurrence formula
(5). Inequalities 2) and 3) follow from formulas (5) and (6) and the results of E.
V. Voronovskaya (see (1), p. 370).

Introduce the trigonometric polynomials

1
(𝑛 + 1)𝑘 𝐹 (𝑘)

𝜑,cos[𝐿𝑛+1(𝑥)] =
𝑛+1
∑
𝑚=1

𝑎𝑚𝜌𝑚 ( 𝑚
𝑛 + 1)

𝑘
cos 𝑚𝜑 (𝑘 = 1, 2, …),

1
𝑛𝑘 𝐹 (𝑘)

𝜑,cos [𝐿𝑛+1(𝑥)
𝑥 − 𝜎𝑝

] =
𝑛

∑
𝑚=1

𝑎(𝑝)
𝑚 𝜌𝑚 (𝑚

𝑛 )
𝑘

cos 𝑚𝜑 (𝑘 = 1, 2, …).

Denote the real roots 𝜑 of the polynomial 𝐹 (𝑘)
𝜑,cos[𝐿𝑛+1(𝑥)], for 𝜌 = const ⩾ 𝑥𝑘,𝑛,

by {𝜓𝑘,𝑚(𝜌)}𝑚=𝑛
𝑚=0 , and the roots of 𝐹 (𝑘)

𝜑,cos[𝐿𝑛+1(𝑥)/(𝑥 − 𝜎𝑝)] by {𝜓(𝑝)
𝑘,𝑚}𝑚=𝑛

𝑚=1 .

Lemma 2. For 𝜌 ⩾ 𝜌1,𝑘 = 𝑥𝑛,𝑘 (𝑥𝑘,𝑛 < 1 and 𝑥𝑘,𝑛 → 0 as 𝑘 → ∞), the
following inequalities hold:

1) 𝜓(𝑝)
𝑘,𝑚 < 𝜓(𝑝+1)

𝑘,𝑚 (𝑚 = 1, 2, … , 𝑛; 𝑝 = 0, 1, … , 𝑛);
2) 𝜓𝑘,𝑚−1 < 𝜓(𝑝)

𝑘,𝑚 < 𝜓𝑘,𝑚 (𝑚 = 1, 2, … , 𝑛; 𝑝 = 0, 1, … , 𝑛).
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For the proof, note that

(1/(𝑛 + 1)𝑘)𝐹 (𝑘)
𝜑,cos[𝐿𝑛+1(𝑥)] = 𝐹cos[𝐿𝑛+1,𝑘(𝑥)],

(1/𝑛𝑘)𝐹 (𝑘)𝑠
𝜑,cos[Λ𝑛,𝑝(𝑥)] = 𝐹cos[Λ𝑛,𝑘,𝑝(𝑥)],

where the functional 𝐹cos on {𝑃𝑛} is defined by the finite sequence
1, 𝜌 cos 𝜑, 𝜌2 cos 2𝜑, … , 𝜌𝑛 cos 𝑛𝜑, and the inequalities follow from Lemma
1 and Theorem 1 of note (3).

Denote: (𝜏𝑚)𝑛
0 are the nodes of the polynomial 𝑇𝑛(𝑥) = cos 𝑛 arccos(2𝑥 − 1),

𝑅𝑛+1(𝑥) =
𝑛

∏
𝑖=0

(𝑥 − 𝜏𝑖);

𝜌0,𝑘 is the largest root of the polynomial

𝑑𝑘

𝑑𝑥𝑘 (𝑅𝑛+1(𝑥)/𝑥).

Theorem 1. In the semicircle of radius 𝜌 ⩾ 𝜌0,𝑘 there are 𝑛 − 𝑘 + 1 arcs
[𝛼(𝑘)

𝑚 (𝜌); 𝛽(𝑘)
𝑚 (𝜌)] (𝑘 = 1, 2, … , 𝑛; 𝑚 = 1, 2, … , 𝑛−𝑘 +1), at whose points, for the

functional (1), one of the polynomials ±𝑇𝑛(𝑥) is extremal; the arc boundaries are
𝛼(𝑘)

1 = 0; 𝛼(𝑘)
2 , 𝛼(𝑘)

3 , … , 𝛼(𝑘)
𝑛−𝑘+1 are the roots of the equation 𝐹 (𝑘)

𝑧,cos[𝑅𝑛+1(𝑥)/(𝑥 −
1)] = 0; 𝛽(𝑘)

1 , 𝛽(𝑘)
2 , … , 𝛽(𝑘)

𝑛−𝑘 are the roots of the equation 𝐹 (𝑘)
𝑧,cos[𝑅𝑛+1(𝑥)/𝑥] = 0,

and 𝛽(𝑘)
𝑛−𝑘+1 = 𝜋. We shall call these arcs Chebyshev arcs.

Proof. Apply the extremality criterion, containing two conditions (see (1,2)),
to 𝑃𝑛(𝑥) = ±𝑇𝑛(𝑥). In this case 𝑠 = 𝑛 + 1 and condition 1) drops out, while
condition 2) consists in the fact that 𝛿0, 𝛿1, … , 𝛿𝑛 have alternating signs. For
the segment (1) the system of equations has the form

𝑛
∑
𝑝=0

𝛿𝑝𝜏𝑚
𝑝 = 0 (𝑚 = 0, 1, … , 𝑘 − 1),

𝑛
∑
𝑝=0

𝛿𝑝𝜏𝑚
𝑝 = 𝑚!

(𝑚 − 𝑘)!𝜌
𝑚−𝑘 cos(𝑚 − 𝑘)𝜑 (𝑚 = 𝑘, 𝑘 + 1, … , 𝑛),

and its solution is given by the formula

𝛿𝑝 = (−1)𝑛−𝑝

∏𝑝≠𝑚 |𝜏𝑝 − 𝜏𝑚|𝐹
(𝑘)
𝑧,cos [𝑅𝑛+1(𝑥)

𝑥 − 𝜏𝑝
] (𝑝 = 0, 1, … , 𝑛).
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Let us note that

𝐹 (𝑘)
𝑧,cos [𝑅𝑛+1(𝑥)

𝑥 − 𝜏𝑝
] = 𝐹cos

𝑑𝑘

𝑑𝑥𝑘 (𝑅𝑛+1(𝑥)
𝑥 − 𝜏𝑝

) ; 𝐹 (𝑘)
𝑧,cos[𝑅𝑛+1(𝑥)] = 𝐹cos[𝑅(𝑘)

𝑛+1(𝑥)].

Denote by Φ𝑗(𝑥) = 𝑅𝑛+1(𝑥)/(𝑥 − 𝜏𝑗) (𝑗 = 0, 1, …); by {𝜉(𝑚)
𝑗,𝑘 }𝑛−𝑘

𝑚=1 the roots of
Φ(𝑘)

𝑗 (𝑥); by {𝜃(𝑘)
𝑚 }𝑛−𝑘+1

𝑚=1 the roots of the polynomial 𝑅(𝑘)
𝑛+1(𝑥); by {𝛾𝑚

𝑗,𝑘(𝜌)}𝑛−𝑘
𝑚=1

the roots of 𝐹cos[Φ(𝑘)
𝑗 (𝑥)] on [0, 𝜋] (𝜌 ≥ 𝜌0,𝑘); and by {𝜉(𝑘)

𝑚 (𝜌)}𝑛−𝑘+1
𝑚=1 the roots of

𝐹cos[𝑅(𝑘)
𝑛+1(𝑥)] on [0, 𝜋].

For the roots of the polynomials {Φ(𝑘)
𝑗 (𝑥)}𝑛

𝑗=0 we have (2):

𝜉(𝑚)
0,𝑘 > 𝜉(𝑚)

1,𝑘 > ⋯ > 𝜉(𝑚)
𝑛,𝑘 (𝑚 = 1, 2, … , 𝑛 − 𝑘);

then, by Theorem 1 of Remark (3), for the roots of the polynomials
{𝐹cos[Φ(𝑘)

𝑗 (𝑥)]}𝑛
𝑗=0 the inequalities

𝛾(𝑚)
0,𝑘 < 𝛾(𝑚)

1,𝑘 < ⋯ < 𝛾(𝑚)
𝑛,𝑘 (𝑚 = 1, 2, … , 𝑛 − 𝑘)

hold. In the notation adopted,

𝛾(𝑖)
𝑚,𝑘 = 𝛼(𝑘)

𝑖+1, 𝛾(𝑖)
0,𝑘 = 𝛽𝑖 (𝑖 = 1, 2, … , 𝑛 − 𝑘).

In the paper (2) by V. A. Gusev it was shown that all the numbers

Φ(𝑘)
0 (𝜃(𝑘)

𝑖 ), Φ(𝑘)
1 (𝜃(𝑘)

𝑖 ), … , Φ(𝑘)
𝑛 (𝜃(𝑘)

𝑖 )

have the same sign (plus for 𝑖 = 𝑛 − 𝑘 + 1, 𝑛 − 𝑘 − 1, 𝑛 − 𝑘 − 3, …, and minus
for 𝑖 = 𝑛 − 𝑘, 𝑛 − 𝑘 − 2, 𝑛 − 𝑘 − 4, …). From this result, with the application of
Theorem 1 (3), we find that all the numbers

{𝐹cos[Φ(𝑘)
𝑗 (𝑥)]}𝜑=𝜉(𝑘)

𝑚
(𝑗 = 0, 1, … , 𝑛; 𝑚 = 1, 2, … , 𝑛 − 𝑘 + 1)

have the same sign (plus for odd 𝑚 and minus for even 𝑚). Consequently, if

𝜑0 ∈ [𝛼(𝑘)
𝑖 , 𝛽(𝑘)

𝑖 ],

then all the numbers

{𝐹cos[Φ(𝑘)
𝑗 (𝑥)]}𝜑=𝜑0

(𝑗 = 0, 1, … , 𝑛)

have the same sign, and for

𝜑0 = 𝛼(𝑘)
𝑚 (𝑚 = 2, 3, … , 𝑛 − 𝑘 + 1)
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only
𝐹cos[Φ(𝑘)

𝑛 (𝑥)] = 0,
whereas for

𝜑0 = 𝛽(𝑘)
𝑚 (𝑚 = 1, 2, … , 𝑛 − 𝑘)

only
𝐹cos[Φ(𝑘)

0 (𝑥)] = 0.
Thus, for

𝜑 ∈ [𝛼(𝑘)
𝑖 (𝜌); 𝛽(𝑘)

𝑖 (𝜌)]
the loads 𝛿0, 𝛿1, … , 𝛿𝑛 have alternating signs, and condition 2) of the criterion
is fulfilled. At the right endpoints

{𝛼(𝑘)
𝑚 }𝑛−𝑘+1

𝑚=2

the load 𝛿𝑛 of the node 𝜏𝑛 = 1 drops out, i.e. 𝛿𝑛 = 0, and at the left endpoints

{𝛽(𝑘)
𝑚 }𝑛−𝑘

𝑚=1

the load 𝛿0 of the node 𝜏0, i.e. 𝛿0 = 0, drops out. Consequently, at these points
the servicing of the functional 𝐹 (𝑘)

𝑧,cos by the polynomials ±𝑇𝑛(𝑥) begins or ends.
The polynomial +𝑇𝑛(𝑥) services the functional 𝐹 (𝑘)

𝑧,cos in the segments

[𝛼(𝑘)
1 , 𝛽(𝑘)

1 ], [𝛼(𝑘)
3 , 𝛽(𝑘)

3 ], … ,

and the polynomial −𝑇𝑛(𝑥) in the segments

[𝛼(𝑘)
2 , 𝛽(𝑘)

2 ], [𝛼(𝑘)
4 , 𝛽(𝑘)

4 ], … .

In the case 𝑘 = 𝑛, the formula for the loads has the form (2)

𝛿𝑗 = (−1)𝑛−𝑗 × 𝑛!/ ∏
𝑖≠𝑗

|𝜏𝑗 − 𝜏𝑖| (𝑗 = 0, 1, … , 𝑛),

and for 𝜑 ∈ [0, 𝜋] the functional 𝐹 (𝑛)
𝑧,cos is serviced by the polynomial +𝑇𝑛(𝑥).

Theorem 2. In the half-circle 𝜌 ≥ 𝜌1,𝑘, for the functional (3) there are 𝑛 + 1
Chebyshev arcs

[𝜒(𝑘)
𝑚 (𝜌); 𝜔(𝑘)

𝑚 (𝜌)] (𝑚 = 1, 2, … , 𝑛 + 1);
the endpoints 𝜒(𝑘)

2 , 𝜒(𝑘)
3 , … , 𝜒(𝑘)

𝑛+1 are the roots of the equation

𝐹 (𝑘)
𝜑,cos [𝑅𝑛+1(𝑥)

𝑥 − 1 ] = 0

and 𝜒(𝑘)
1 = 0; the endpoints 𝜔(𝑘)

1 , 𝜔(𝑘)
2 , … , 𝜔(𝑘)

𝑛 are the roots of the equation

𝐹 (𝑘)
𝜑,cos[𝑅𝑛+1(𝑥)/𝑥] = 0
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and 𝜔𝑛+1 = 𝜋.

The course of the proof of this theorem is the same as that of Theorem 1. Let
us note only that the proof is based on the application of Lemma 2.

Theorem 3. In the half-circle 𝜌 ≥ 𝜌0,𝑘, between the Chebyshev arcs there are
open arcs

(𝛽(𝑘)
𝑚 (𝜌); 𝛼(𝑘)

𝑚+1(𝜌)) (𝑘 = 1, 2, … , 𝑛 − 1; 𝑚 = 1, 2, … , 𝑛 − 𝑘),

at whose points all the polynomials of passport [𝑛, 𝑛, 0] (Zolotarev polynomials,
normalized in the corresponding way (1,2 )—denote them by

{𝑄𝑛(𝑥, 𝜗)}; 𝜗 is a variable coefficient of the leading coefficient of the polynomials
{𝑄𝑛(𝑥, 𝜗)}, and only they, moreover each of them at that point of every interval
in which 𝐹 (𝑘)

𝑧,cos[𝑅𝑛(𝑥, 𝜗)] = 0, where

𝑅𝑛(𝑥, 𝜗) =
𝑛

∏
𝑚=1

(𝑥 − 𝜎𝑚) =
𝑛

∑
𝑙=0

𝑟𝑙𝑥𝑙;

( +𝜎𝑖) are the nodes of the polynomial 𝑄𝑛(𝑥, 𝜗). We shall call these arcs Zolotarev
arcs.

Theorem 4. On the semicircle 𝜌 ≥ 𝜌1,𝑘, between the Chebyshev arcs there
are open Zolotarev arcs (𝜔(𝑘)

𝑚 , 𝜒(𝑘)
𝑚+1) (𝑚 = 1, 2, … , 𝑛), at whose points for the

functional (3) all polynomials of passport [𝑛, 𝑛, 0], and only they, are extremal;
moreover, each of them is at that point of every interval in which

𝐹 (𝑘)
𝜑,cos[𝑅𝑛(𝑥, 𝜗)] = 0.

Lemma 2 also lies at the basis of the proof of this theorem.

Theorem 5. On the semicircle of radius 𝜌, as 𝜌 → ∞, both boundaries of
the 𝑚-th Zolotarev interval (𝛽(𝑘)

𝑚 (𝜌); 𝛼(𝑘)
𝑚+1(𝜌)) of the functional (1) tend to the

argument (2𝑚 − 1)𝜋/2(𝑛 − 𝑘) (𝑚 = 1, 2, … , 𝑛 − 𝑘).
Theorem 6. In the half-plane Im 𝑧 > 0, the branches—the boundaries of the
Chebyshev arcs 𝛼(𝑘)

𝑚 (𝜌) (𝑚 = 2, 3, … , 𝑛 − 𝑘 + 1), as 𝜌 varies from 𝜌0,𝑘 to +∞,
asymptotically approach the rays issuing from the point (𝑛 − 1)/2𝑛 on the axis
𝑂𝑥, and the branches—the boundaries 𝛽(𝑘)

𝑚 (𝜌) (𝑚 = 1, 2, … , 𝑛 − 𝑘), as 𝜌 varies
from 𝜌0,𝑘 to +∞, approach the rays issuing from the point (𝑛 + 1)/2𝑛 on the
axis 𝑂𝑥. The angles of inclination of the asymptotes are determined in Theorem
5.

Theorem 7. On the semicircle of radius 𝜌, as 𝜌 → ∞, both boundaries of
the 𝑚-th Zolotarev interval (𝜔(𝑘)

𝑚 (𝜌); 𝜒(𝑘)
𝑚+1(𝜌)) of the functional (3) tend to the

argument (2𝑚 − 1)𝜋/2𝑛 (𝑚 = 1, 2, … , 𝑛).

sovietrxiv.org/items/ru-196601.76695 Machine Translation

https://sovietrxiv.org/items/ru-196601.76695


Theorem 8. In the half-plane Im 𝑧 > 0, the branches—the boundaries of the
Chebyshev arcs of the functional (3) 𝜒(𝑘)

𝑚 (𝜌) (𝑚 = 2, 3, … , 𝑛 + 1), as 𝜌 varies
from 𝜌1,𝑘 to +∞, asymptotically approach the rays issuing from the point

(𝑛 − 1
𝑛 )

𝑘 𝑛 + 1
2𝑛

on the axis 𝑂𝑥, and the branches—the boundaries 𝜔(𝑘)
𝑚 (𝜌) (𝑚 = 1, 2, … , 𝑛), as 𝜌

varies from 𝜌1,𝑘 to +∞, approach the rays issuing from the point

(𝑛 − 1
𝑛 )

𝑘 𝑛 + 1
2𝑛

on the axis 𝑂𝑥. The angles of inclination of the asymptotes are determined in
Theorem 7.

Corollary 1. The sum of the Zolotarev arcs of the functional (1) on the
semicircle of radius 𝜌 tends to 1/𝑛 sin(𝜋/2(𝑛 − 𝑘)) as 𝜌 → ∞.

Corollary 2. The sum of the Zolotarev arcs of the functional (3) on the
semicircle of radius 𝜌 tends to ((𝑛 − 1)/𝑛)𝑘/𝑛 sin(𝜋/2𝑛) as 𝜌 → ∞.

For lack of space we do not present the corresponding results for the functionals
𝐹 (𝑘)

𝑧,sin and 𝐹 (𝑘)
𝜑,sin. We note only that for 𝜌 ≥ 𝜌0,𝑘, for 𝐹 (𝑘)

𝑧,cos and 𝐹 (𝑘)
𝑧,sin, the

Zolotarev arcs do not overlap. Then, if by 𝐸1(𝜌) and 𝐸2(𝜌) we denote the set
of points of the Zolotarev arcs of the functionals 𝐹 (𝑘)

𝑧,cos and 𝐹 (𝑘)
𝑧,sin, respectively,

then at the points of the set [0, 𝜋] ∖ 𝐸1(𝜌) ∪ 𝐸2(𝜌) the inequality

|ℒ(𝑘)
𝑛 (𝑧0)| ≤ 𝑀ℒ ⋅ |𝑇 (𝑘)

𝑛 (𝑧0)|

holds.

I express my gratitude to E. V. Voronovskaya for her attention to my work.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.76695 Machine Translation

https://sovietrxiv.org/items/ru-196601.76695

	Abstract
	Full Text
	FUNCTIONALS OF DERIVATIVES ON THE COMPLEX PLANE
	REFERENCES


