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1. In the numerical solution of a system of equations

dz/dt = f(t, ) (f={fitie, z={z}) (1)

a typical situation is one in which the desired solution is asymptotically stable,
and the initial point is chosen correctly. At the same time, the fact that the
presence of asymptotic stability eliminates accumulated errors is not taken into
account, and the computation is carried out in such a way as to ensure, for large
t, the required accuracy at each step. This shortcoming is partially overcome
in the present note, in which algorithms are considered (of the Euler-method
type) for finding a solution z°(t) that is asymptotically stable in some region*
G ([z°@)|* = Z?:1 |20 (¢)|? < M) of system (1). We shall assume everywhere
(and shall not mention this further) that the vector-function f(¢,x) has partial
derivatives, uniformly bounded in ¢ (0 < ¢ < 00), with respect to all arguments
on every set H, where here and below H denotes a bounded set H C G.

Let us note that, in the indicated problem, in the case when 2°(t) = 2° (i.e.,

equation (1) has in G an asymptotically stable singular point), the question
reduces to that of finding the minimum** of a continuously differentiable func-
tional F(z) having a unique stationary point in the region G = {z : F(z) <
F(zy)}, and also to the question of finding the saddle point™** of a convex-
concave functional under special constraints. Thus, in the cases listed, Theorem
2 of the present note is applicable.

2. In proving convergence theorems, an essential role is played by a Lyapunov
function V(¢,x). In what follows we shall use the fact that, under our assump-
tions concerning system (1), there exists a Lyapunov function V (¢, x) possessing
the following properties****:
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a) there exist continuous functions W,(z) (i = 1,2,3) such that Ws(x) >

?

V(t,z) > W, (), where Wy (z%(t)) =0, Wy (x) > 0 for = # 2°(¢)

* By the region of asymptotic stability is meant such a region G that, if z, € G,
then the trajectory z(xg,ty,t) € G for t > t,,.

** This case is discussed in the paper of I. M. Glazman (). The methods of the
present note are close to the methods of the indicated paper; in particular, the
algorithms described in the note use so-called controlling sequences.

*#% In (2) the indicated question is reduced to the problem of finding an asymp-
totically stable, in the whole space, singular point of a special differential equa-
tion.

#HE¥% A proof of this fact for the case when 2°(t) = z° can be found, for example,
in (®), pp. 37-38; the case of the trajectory 2°(t) (||z°(¢)| < M) is easily reduced
to the preceding case by the change of variables y = z — 2%().

and W;(z) — oo as ¢ — G\ G (if G is unbounded, then W;(z) — oo when
|| = o0);

b)
AV (t,x)/dt = OV /ot + (grad_ V, f(t,2)) < —W,(z) < 0

for x #+ 20(t);

¢) the function V (¢, z) has continuous partial derivatives of all orders with
respect to all arguments, uniformly bounded in ¢ on every H C G.

3. Let us first consider the case 2°(t) = 2. Let z,, be an arbitrary point of
the domain G, and let {«y,}5° be some sequence of nonnegative numbers

such that
oo
Y a, = oo
n=0
Denote
n—1
tn = ak., to == O.
k=1

The point x, generates a sequence {z,, }5° according to the rule

Tpy1 = Ty + anf<tn7 xn) (2)

Theorem 1. If the sequence {x,,}5° defined above is contained in H (z° € H)
and a,, — 0 (n — o), then z,, — 2% as n — co.

The proof of the theorem is based on the following two lemmas, in which V (¢, z)
is the Lyapunov function described above.
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Lemma 1. Let 2° € H. Then there exists a > 0 such that, for an arbitrary
point € H and ¢ € [0, 00),

Vit,z) >V(Et+a,z+af(t,z)). (3)

Lemma 2. If o,, = 0 (n — 00), the sequence {z,}3° defined by equations (2)
with initial point xy € H is contained in H, and

inf W, (z,) > 0,

then

&)
E o, < 00.
n=0

The use of Lemma 1 and of the properties of the Lyapunov function V (¢, z)
shows that the following also holds.

Lemma 3. For every z, € G there exists a > 0 such that the sequence {z,, }°,
Tpo1 =2, +af(ne, x,), is contained in some set H.

4. We first describe the algorithms

ml({An}Tov{an}go) and Q’ll(q)m{an}go)
<A <. <A, <A, 1<..;0,>20 O,

denotes the set of = for which ®(z) < ¢); each of them consists of the
successive performance of identically described stages (only the verification
of the conditions for passing to the next stage differs). Stage number
Jj consists in forming a sequence z,(j), n = 0,1,2, ..., according to the
following rule:

n+j—1
xn+1(j) = xn(.j> +aTL+jf ( Z akvx’rL(j)> )
k=]

where the initial point z,(j) = z, (this point does not change when passing
to the next stage). The construction of the sequence {z,(4)},, is stopped,
and the transition to the next stage is carried out, in the case of the
algorithm

A ({4,175 {e350)s

when the inequality [z,;(j)| > A; is satisfied, and, in the case of the
algorithm

Ql1(‘1)0; {an}go)’
when the inequality ®(z,_(j)) > c is satisfied.
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We shall also use the following algorithms:

(here
0=2S5,<5, <85, <8, <..).

These algorithms also consist of identically described stages, and the conditions
for transition to the next stage are the same as in the algorithms ;. We
describe the j-th stage of the algorithms 2A,. Suppose that, from the initial
point z,(j) = z, (independent of the stage number), the points {z,(j)}7_, have
already been constructed and the first i — 1 numbers {S, }'Z} have been crossed
out®; then, if

S <3 lali)—
k=1

* The rule for crossing out the numbers S, is given below.

—2,_1(4j)|, then the next point x,_;(j) is constructed by the formula

Zpi1(9) = 2, (4) + a5 F(,(5), 2,(9)); (4)

where t,,(j) is the sum of all &’ s over the preceding steps of the j-th stage, and
S; is deleted from the sequence {S,,}5°. If, however,

S > Z |l () — 21 (D1,
=1

then in (4) we write a;_;,; instead of a,, ;, and S; is not deleted. Upon passage

to the next stage the entire sequence {S;}5° is restored.

Let us note that the algorithms 2(; are special cases of the algorithms 2, (it suf-
fices to take S, = 0 for all n); nevertheless we have singled out their description,
since they seem to us ideologically simpler.

5. From Theorem 1 and Lemma 3 it is not difficult to derive

Theorem 2. a) Let 2° be an asymptotically stable, in the whole space, singular
point of system (1). Then for any sequences {4,}3° (4, — oo as n — o),
{5}, and {a,}5° (a, — 0 as n — oo,

and any initial point z, the algorithm 24, ({4,,}°; {5, }°; {a,, }5°) stabilizes at
some stage j, and generates a sequence {z,,(j,)}° converging to z°.
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b) Let 2 be an asymptotically stable singular point in the t-uniformly
bounded domain

Hy={z:®(,z) <c},

and let for every point x such that ®(t,x) = c one have (f(t, ), grad, ®(t,z)) <
0. Then for any initial point z, € H, and sequences {S,}5°, {a,}5° (a, —
0, ZZO:O a, = 00), the algorithm 20, (®,; {5, }5°; {a, }5°) stabilizes at some stage
jo and generates a sequence {z,,(jo)}5° converging to x°.

In particular, Theorem 2 also holds in the case when {S,, = 0}2°, i.e., for the

algorithms ;.

6. Suppose that all solutions z(x, ty,t) of system (1) in some neighborhood
of the point z satisfy, for some > 0, B > 0, the condition

(o, to, ) — 2%l < Blg|l exp(=B(t — o)), ()

for t > ¢,. Let us note that condition (5) is satisfied, for example, in the case
when the right-hand sides of system (1) do not depend on ¢ and, for the matrix of
the linear part of the system at the singular point, all eigenvalues have negative
real part (the system is nondegenerate).

Theorem 3. If system (1) satisfies condition (5), then under the conditions
of Theorem 2 (both in case a) and in case b)), with the additional requirement
S,, — 00, in the implementation of the algorithm 2, only a finite set of numbers
S,, is deleted, and thus the step «,, stabilizes.

n

In proving Theorem 3 we use the fact that, when condition (5) is fulfilled, the
function V' (¢, ) can be chosen to satisfy inequalities characteristic of a quadratic
form (for details see (3), p. 75). Denote such a Lyapunov function by VO(¢, z).

Lemma 4. For an arbitrary H C G there exists a constant multiplier of lower
relaxation, i.e., a number o, > 0 such that for any o, 0 < a0 < g,

VOt +a,x+ af(t,z)) > VOt + ag,z + agf(t, z)).

In conclusion to this item, let us note that the intuitive idea that the rate
of convergence of the process indicated in Theorem 2 decreases as the rate of
convergence of the sequence {a,}5° to zero increases does not correspond to

reality. Moreover, the following assertion holds.
For a monotone sequence {a,,}5°, o, — 0 and ZZOZO a,, = 00, one can find a

o0 ~

system (1) and a sequence {&, }5°, > —_, &, = o0 and &,/a,, — 0, such that

n

P& (o). 2®)/p(E,(jo),a") = 0 as n — oo, where the sequence {,(jo)}2o
is constructed by the algorithm 2, ({4,}7°;{e,}&°) from an arbitrary point
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ry # ¥, while {ftn(jo)}go is constructed from the same initial point by the
algorithm 2, ({4,,}7°;{&,,}&°), in which &,, > a,, (n =0,1,2,...).

7. In the general case of a bounded asymptotically stable trajectory x°(t),
there is a theorem analogous to Theorem 2. Denote

Qx(t), t = o00) :={x: I (¢, - ), z(t,) = x as n — oco};

we shall understand the notation Q(x,,,n — o) analogously.

Theorem 4. The process indicated in Theorem 2 (both in the case of item a)
and in the case of item b)) generates a sequence {x,,(jy)}§ converging to x°(t)
in the sense that

Qz,,(Jo), n — 00) = Qa(t), t — 00).

Taking this opportunity, we express our deep gratitude to I. M. Glazman for a
useful discussion of the results of the work.
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