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MATHEMATICS

B. Ya. Lishko, S. D. Eidelman

ON THE THEORY OF PARABOLIC POTEN-
TIALS
(Presented by Academician I. N. Vekua on June 7, 1965)

In the present paper the investigation of surface parabolic potentials is continued;
theorems are proved on homeomorphisms established by fractional powers of a
parabolic operator in special Hölder spaces of exponentially increasing functions.
These results find various applications. Here we present the theorems obtained
on their basis concerning solvability and well-posedness of general boundary-
value problems for the half-space in the case of systems with variable coefficients
in classes of functions analogous to those in which the Cauchy problem was
studied (1).
1. Lemma on the kernel. In the theory of parabolic boundary-value prob-
lems, an important role is played by the following

Lemma (on the kernel). If

𝐺(𝑡, 𝑥) = 𝑡−(𝑛−1+2𝑏)/2𝑏Ω ( 𝑥
𝑡1/2𝑏 )

is, for 𝑥𝑛 > 0, 𝑡 > 0, a solution of the parabolic system

Λ𝑢 ≡ 𝜕𝑢
𝜕𝑡 − ∑

|𝑘|=2𝑏
𝐴𝑘𝐷𝑘𝑢 = 0,

and Ω(𝑧) satisfies the inequality

|𝐷𝑚Ω(𝑧)| ≤ 𝐶𝑚 exp{−𝑐
𝑛

∑
𝑠=1

|𝑧𝑠|𝑞} , 𝑞 > 0

in the half-space 𝐸+
𝑛 {𝑧𝑛 > 0, −∞ < 𝑧𝑠 < ∞, 𝑠 = 1, 2, … , 𝑛 − 1}, then

∫ Ω(𝑧′, 0) 𝑑𝑧′ = 0.
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The proof is carried out with the aid of the method set forth in (5).
2. Theorem on the boundedness of an integral operator of surface
parabolic-potential type. Consider the integral operator

𝑢(𝑡, 𝑥) = 𝐼𝑓 = ∫
𝑡

0
𝑑𝜏 ∫(𝑡 − 𝜏)(1−𝑛−2𝑏)/2𝑏Ω ( 𝑥′ − 𝜉′

(𝑡 − 𝜏)1/2𝑏 , 𝑥𝑛
(𝑡 − 𝜏)1/2𝑏 ) 𝑓(𝜏, 𝜉′) 𝑑𝜉′

(1)

with a function Ω(𝑧) possessing the properties:

1) ∫ Ω(𝑧′, 0) 𝑑𝑧′ = 0;

2) |Ω(𝑧) − Ω(𝑦)| ≤ 𝐶|𝑧 − 𝑦|𝛾 [exp{−𝑐
𝑛

∑
𝑠=1

|𝑧𝑠|𝑞} + exp{−𝑐
𝑛

∑
𝑠=1

|𝑦𝑠|𝑞}] .

Precisely such are the potentials whose kernels are derivatives of order 𝑟𝑗 of the
𝑗-th column of the half-space fundamental matrix of solutions (1).
Denote by 𝐶𝑙

𝑘(𝑡)(Π𝑛) the space of functions 𝑓(𝑡, 𝑥), defined in Π𝑛{−∞ < 𝑥𝑠 <
∞; 𝑠 = 1, 2, … , 𝑛; 0 ≤ 𝑡 ≤ 𝑇 }, having [𝑙] derivatives with respect to 𝑥, for which
the norm is finite

‖𝑓‖𝑙
𝑘(𝑡) = |𝑓|𝑙𝑘(𝑡) + [𝑓]𝑙𝑘(𝑡) = sup

(𝑡,𝑥)∈Π𝑛

⎧{
⎨{⎩

∑
|𝑘|≤[𝑙]

∣𝐷𝑘
𝑥𝑓(𝑡, 𝑥)∣ exp[−𝑘(𝑡)

𝑛
∑
𝑠=1

|𝑥𝑠|𝑞]
⎫}
⎬}⎭

+ sup
(𝑡,𝑥)∈Π𝑛
(𝜏,𝑦)∈Π𝑛

⎧{
⎨{⎩

∑
|𝑘|<[𝑙]

∣𝐷𝑘
𝑥𝑓(𝑡, 𝑥) − 𝐷𝑘

𝑦𝑓(𝜏, 𝑦)∣
[𝑑(𝑡, 𝑥; 𝜏 , 𝑦)]{𝑙} [exp{𝑘(𝑡) ∑𝑛

𝑠=1 |𝑥𝑠|𝑞} + exp{𝑘(𝜏) ∑𝑛
𝑠=1 |𝑦𝑠|𝑞}]

⎫}
⎬}⎭

;

𝑘(𝑡) = (𝑐 − 𝜀)𝑎
[(𝑐 − 𝜀)2𝑏−1 − 𝑎2𝑏−1𝑡]1/(2𝑏−1) ; 𝑐 is from property 2) of the function Ω(𝑧),

0 < 𝜀 < 𝑐; 𝑎 is an arbitrary positive number; 0 < 𝑇 < (𝑐 − 𝜀
𝑎 )

2𝑏−1
;

𝑑(𝑡, 𝑥; 𝜏 , 𝑦) = √|𝑡 − 𝜏|1/𝑏 + |𝑥 − 𝑦|2.
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Theorem 1. If 𝑓(0, 𝑥′) = 0, 𝑓(𝑡, 𝑥′) ∈ 𝐶𝛼
𝑘(𝑡)(Π𝑛−1); 0 < 𝛼 < 1, then 𝑢(𝑡, 𝑥) =

𝐼𝑓 belongs to 𝐶𝛼
𝑘(𝑡)(Π+

𝑛) and

[𝑢]𝛼 ≤ 𝑐1[𝑓]𝛼,

where 𝑐1 = 𝑐1(𝛼, 𝛾, 𝑛, 2𝑏, 𝐶, 𝑐).
Theorem 1 generalizes to the case of ⃗2𝑏-parabolic potentials, i.e. potentials and
spaces in which each coordinate 𝑥𝑠 has its own weight 1/2𝑏𝑠 with respect to the
time coordinate 𝑡.
3. Fractional powers of parabolic operators. Define parabolic operators of
fractional order and their inverses; they are a natural generalization to functions
of many variables of the operations of fractional differentiation and integration
in the sense of Liouville:

𝒥𝛼
𝑛𝑓 = 1

Γ(𝛼) ∫
𝑡

0
(𝑡 − 𝜏)𝛼−1 𝑑𝜏 ∫ 𝐺0(𝑡 − 𝜏, 𝑥 − 𝜉)𝑓(𝜏, 𝜉) 𝑑𝜉,

Λ𝛼𝑓 = 𝒥−𝛼
𝑛 𝑓 = 1

Γ(1 − 𝛼)Λ ∫
𝑡

0
(𝑡 − 𝜏)−𝛼 𝑑𝜏 ∫ 𝐺0(𝑡 − 𝜏, 𝑥 − 𝜉)𝑓(𝜏, 𝜉) 𝑑𝜉,

0 < 𝛼 < 1, 𝐺0(𝑡, 𝑥) is the fundamental solution of the equation Λ𝑢 = 0.
These operators are studied in the space 𝐶𝑙

𝑘(𝑡)(Π𝑛) and the space 𝐶(𝑙,𝛽)
𝑘(𝑡) (Π𝑛) of

functions 𝑓(𝑡, 𝑥) having in Π𝑛 [𝑙 + 2𝑏𝛽] derivatives with respect to 𝑥, for which
the norm is finite

‖𝑓‖(𝑙,𝛽)
𝑘(𝑡) = ‖𝑓‖ 𝑙+2𝑏𝛽

𝑘(𝑡) + ‖𝑡−𝛽𝑓‖𝑙
𝑘(𝑡).

Theorem 2*. The operator 𝒥𝛼
𝑛 maps the space 𝐶𝑙

𝑘(𝑡)(Π𝑛) into the space
𝐶(𝑙,𝛼)

𝑘(𝑡) (Π𝑛) and is bounded, i.e.

‖𝒥𝛼
𝑛𝑓‖(𝑙,𝛼)

𝑘(𝑡) ≤ 𝑀‖𝑓‖𝑙
𝑘(𝑡).

The operator Λ𝛼 maps the space 𝐶(𝑙,𝛼)
𝑘(𝑡) (Π𝑛) into the space 𝐶(𝑙)

𝑘(𝑡)(Π𝑛) and is
bounded. For any 𝑓 ∈ 𝐶𝑙

𝑘(𝑡), Λ𝛼𝒥𝛼
𝑛𝑓 = 𝑓 .

* Using Lemma 1 and Theorems 1, 2 in the case 𝑘(𝑡) ≡ 0, one of the authors,
by means of the standard method set forth in (5), obtained Schauder estimates
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for solutions of general boundary-value problems for Petrovskii-parabolic sys-
tems with variable coefficients in bounded cylindrical domains with smooth
boundaries. These results were reported by him at the All-Union Conference in
Dushanbe (April 1964). For more general parabolic systems, deeper results on
a priori estimates and the correct solvability of boundary-value problems were
announced by V. A. Solonnikov (3).

4. General boundary-value problems for a half-space.
Consider the problem of finding a solution of the parabolic Petrovskii system

𝐿(𝑢) ≡ 𝜕𝑢
𝜕𝑡 − ∑

|𝑘|=2𝑏
𝐴𝑘(𝑡, 𝑥)𝐷𝑘𝑢 − ∑

|𝑘|≤2𝑏−1
𝐴𝑘(𝑡, 𝑥)𝐷𝑘𝑢 ≡

≡ 𝜕𝑢
𝜕𝑡 − 𝐴0(𝑡, 𝑥, 𝐷)𝑢 − 𝐴1(𝑡, 𝑥, 𝐷)𝑢 = 𝑓(𝑡, 𝑥) (2)

in the domain Π+
𝑛 , satisfying the following initial and boundary conditions:

𝑢∣𝑡=0 = 𝜑(𝑥); lim
𝑥𝑛→+0

𝐵𝑗(𝑡, 𝑥, 𝐷)𝑢 =

= lim
𝑥𝑛→+0

[𝐵𝑗0(𝑡, 𝑥, 𝐷)𝑢 + 𝐵𝑗1(𝑡, 𝑥, 𝐷)𝑢] = 𝜓𝑗(𝑡, 𝑥′), (3)

𝑗 = 1, 2, … , 𝑏𝑁.

Under the assumption that condition 𝑃(1) is fulfilled:

∣det∫
Γ

𝐵0(𝜏, 𝜉, 𝜎) 𝐴−1
0+(𝜏, 𝜉, 𝑝, 𝜎) 𝑀1(𝜎𝑛) 𝑑𝜎𝑛∣ ≥ 𝛿1(|𝜎′|2 + |𝑝|1/𝑏)𝑚/2

for arbitrary real 𝜎′, (𝜏, 𝜉) ∈ Π+
𝑛 , 𝑝 = 𝑎0 + 𝑖𝑝1, 𝑎0 > 0, −∞ < 𝑝1 < ∞, for the

solution of the posed problem a special fundamental matrix of solutions 𝐸 is
constructed, whose principal term is the kernel 𝐺 with columns 𝐺𝑗 = 𝒢𝑎𝑗

𝑛−1(𝐺𝑗);
𝑎𝑗 = (2𝑏 − 1 − 𝑟𝑗)/2𝑏; 𝐺𝑗 are the columns of the half-space fundamental matrix
of solutions studied in (1, 2), and then the solution of the problem is sought in
the form

𝑢(𝑡, 𝑥) = ∫
𝑡

0
𝑑𝜏 ∫ 𝐸(𝑡, 𝜏, 𝑥, 𝜉′)𝜇(𝜏, 𝜉′) 𝑑𝜉′ + 𝑊(𝑡, 𝑥) + 𝑉 (𝑡, 𝑥),

sovietrxiv.org/items/ru-196601.73093 Machine Translation

https://sovietrxiv.org/items/ru-196601.73093


𝑊(𝑡, 𝑥) = ∫
𝑡

0
𝑑𝜏 ∫ 𝑍(𝑡, 𝜏 , 𝑥, 𝜉)𝑓1(𝜏, 𝜉) 𝑑𝜉; 𝑉 (𝑡, 𝑥) = ∫ 𝑍(𝑡, 0, 𝑥, 𝜉)𝜑1(𝜉) 𝑑𝜉;

𝑓1 and 𝜑1 are the extensions by Whitney of 𝑓 and 𝜑 from Π+
𝑛 to Π𝑛 and from

𝐸+
𝑛 to 𝐸𝑛, respectively. Then the density is chosen so as to satisfy the boundary

conditions (3). In doing so, because 𝐸, generally speaking, has a reduced sin-
gularity, one arrives at a system of Volterra integral equations of the first kind
with respect to 𝜇, which, by applying the operator Λ𝛼𝑗 , is transformed into an
equivalent system of integral equations of the second kind with a quasiregular
kernel. The solution thereby obtained is studied in detail; the fact of an increase
in its smoothness with increasing smoothness of the data of the problem is es-
tablished, from which the following theorems are obtained on the solvability of
problem (2), (3) in classes of rapidly increasing functions and estimates of its
norm in terms of the corresponding norms of the functions 𝑓, 𝜑, and 𝜓𝑗.

Theorem 3. If

𝑓 ∈ 𝐶 𝑙−2𝑏+𝛼
𝐾(𝑡) (Π+

𝑛); 𝜑 ∈ 𝐶 𝑙+𝛼
𝐾(𝑡)(𝐸+

𝑛 ), 𝜓𝑗(𝑡, 𝑥′) ∈ 𝐶 𝑙−𝑟𝑗+𝛼
𝐾(𝑡) (Π𝑛−1)

and the usual compatibility conditions are fulfilled, then for any 𝑙 ≥ 2𝑏 and any
0 < 𝛼 < 1 there exists a solution of problem (2), (3), belonging to 𝐶 𝑙+𝛼

𝐾(𝑡)(Π+
𝑛),

and the estimate holds:

‖𝑢‖ 𝑙+𝛼
𝐾(𝑡) ≤ 𝐶 (‖𝜑‖ 𝑙+𝛼

𝐾(𝑡) + ‖𝑓‖ 𝑙−2𝑏+𝛼
𝐾(𝑡) +

𝑏𝑁
∑
𝑗=1

‖𝜓𝑗‖
𝑙−𝑟𝑗+𝛼
𝐾(𝑡) ) .

5. Establishing uniqueness by methods of potential theory requires that the
adjoint problem also turn out to be differential. Generalizing M. Schechter’
s construction (7), we call a system of matrix (𝑁 ×𝑁) boundary operators
𝐵𝑗(𝐷), 𝑗 = 1, 2, … , 𝑏, normal if the following conditions are satisfied: the
orders 𝑟𝑗 of the operators 𝐵𝑗 are distinct and det𝐵𝑗0

(𝜎) ≠ 0; 𝐵𝑗0
is the

principal part of 𝐵𝑗. If the system of boundary operators is normal, then
a system of boundary operators for the adjoint problem is constructed,
which also turns out to be normal. If condition P is satisfied for the
original problem, then, under the assumption 𝑟𝑘 + 𝑟𝑙 ≠ 2𝑏 − 1, 𝑘 ≠ 𝑙, it is
also satisfied for the adjoint problem. Under this assumption, problem (2),
(3) has a unique solution in any of the spaces 𝐶𝑙+𝛼

𝑘(𝑡) (Π+
𝑛), and consequently,

by Theorem 3, problem (2), (3) is correctly solvable in these spaces.
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