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(Presented by Academician V. I. Smirnov on 14 VI 1965)

In the author’s paper (1) one generalized area theorem (namely the theorem of §
1) was proved for nonoverlapping simply connected domains, and examples were
given of the application of this theorem to obtaining inequalities of a certain
kind in some classes of functions univalent in the disk. The present article is
devoted to extending the method of (1) to the case of nonoverlapping finitely
connected domains.

Let B/, j = 0,1,...,n; n = 0,1,..., be arbitrary, henceforth fixed, finitely
connected domains of the z-plane, with the complement of the domain B’ having
no isolated points; let a; be a fixed point of B; let a;, j=0,1,...,n, be distinct
fixed points of the w-plane and agq = oo; let w = f;(z2), f;(a;) = a;, be a function
meromorphic, if j = 0, and regular, if j # 0, in the domain B?, univalently
mapping B’ onto a domain D7 of the w-plane, and suppose that the domains
D’ have no common points pairwise (nonoverlapping domains). Thus there is
a system {f;(z)}y of n + 1 functions. The set of such systems of functions will

be called the class 971.
Let g;(w,t) be the Green” s function of the domain DY, and

Lh=f{w: gjwa) =lnp},  Di={w: g;(w,a;) >np},

D), ={w: Inp<g;(wa) <lnp}, 1<p<p <oo,

The complement G, of U;L:O Gf;, obviously, consists of a finite number of finitely
connected domains G’;, k=0,1,...,m, each of which, for p sufficiently close to
one, has a boundary A’; consisting of a finite number of simple closed analytic
curves. In what follows we assume that the curves L) and A’; are oriented so

that the domains Dz and G’; lie on the left when moving in the direction of the
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corresponding curve (positive direction of traversal). We denote the area of G o
by S(p) and put S(1) = lim,, ;. S(p).

For an arbitrary domain B functions P(z,a,b) and Q(z,a,b), z € B, a € B
and b € B, are introduced (see (?), Chap. VI). The corresponding functions
for the domain G} (and B’) will be denoted by P,;(w,t,a;) and Q,;(w,t,a;)
(respectively by p](z ¢, a;) and g;(z, ¢, ;). It is necessary to keep in mind the
following properties of these functions. Let LJ,; consist of m; closed curves Lf;k,
k= 1,2,..,m;. Then for w € Lf;k we have P i(w,t,a;) = —Q,;(w,t,a;) +
C ikt a;), where C,;k(t,a;) does not depend on w. The function

—t
ij(w,t,aj) = lnw— + R

(w— aj)(t — aj) Pj(w’ t aj) +C

pJ?

where C,; is a constant, and the functions P,;(w,t,a;) and R,;(w,t, a;), regular

in w on Df, for t € D , vanish if either w = a; or t = a;, and

P,(w,t,a;) = P,;(t,w,a;), R

A N w,t,a;) = R,;(t,w,a;).

pj( ]

Moreover, for every function f(w) regular on HZ, the following formula holds
(an element of area in the t-plane):

s = [ o GREw o, 1)

Let {f;(2)}¢ € 9, and let a function Q(w) be given, regular (and single-valued)
in the domain Gpo’ 1 < py < 00, with Q' (w) # 0 for w € G;“O, k=0,1,...,m

We may regard p, as such that every domain D,ZO has the same connectivity as
D7, Introduce the functions

0 , ,
ij(w) :_2m'/L' Q(w) EQ (t,w, a;) dt, p<p <py, weD;p,,

P,i(w) :—_/L_Q(t) o Piltsw,a;)dt,  we Dj.
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It is easy to show that the functions R,;(w) and P,;(w) are regular in Hg; for

every function f(w), regular in Hg,
[ T Q) dw =0
L

for w € Lgk we have

Ppi(w) = =Qp;(w) + Clj,
where € is a constant; as p — 1+ 0, the functions R,;(w) and P,;(w) tend
uniformly inside D7 to certain functions R;(w) and P, ( ) regular in D7. Put

Tj(2> = Rj(fj(z)> and pj(z) = Pj(fj(z>)'
Theorem 1. The inequality

/ 7 (2) 2 dor, <Z / ()P do, @)
Bi BJ

holds (do, is the element of area in the z-plane). Equality holds if and only if
S(1) = 0.

Proof. Consider the expression for the area of the image of G, under the
mapping by the function £ = Q(w),

://G,, IQ’(w)Izdakaf;)//Gﬁ QW)do, >0,  1<p<p,

Using Green’ s formula (see (2), p. 246), we obtain

Hence, using the representation of the function Q(w), the properties of the
functions R,;(w), Q,;(w), and P,;(w), and Green’ s formula, we have

//D R ( |2da,,,+z//| W) do, > 0.

Passing to the limit as p — 1 4 0, we obtain the inequality

/ R (w |2dau,<2 / |Pj(w)] do,. 3)
Di D3
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It can be shown that all the integrals entering this inequality are finite. Now
putting in (3) w = f;(z) for w € D’, we obtain inequality (2). The asser-
tion about the sign of the equality in (2) follows from the fact that o(1) =
lim, ,,,00(p) = 0 if and only if S(1) =0

Remark. If B/, j =0,1,...,n, is the disk |z| < 1 and a; = 0, then Theorem
1 becomes a special case of the theorem from (), § 1, when Q(w) is regular in

G

Po”

For any two functions g(z) and h(z) regular in B’, set

0.0 = [ oehGido., ol = V00w

Theorem 2. Let s;(z) (j = 0,1,...,n) be an arbitrary function regular in B
such that ||s}||g; < 0o. The following inequalities, equivalent to (2), hold:

10 ssl 5 (5.5 s
> M <D (P50 — I = Nsil) . A= e (4)

15512

(ZI(?‘]»SJ BJ|> <D U5 — I — X850 ZIIS’IIBN (®)

J=0 J=0

—1
n

A= I JBJ|<ZIIS’| ) e, 0; = arg(r}, s})ps;

Jj=0

2
n n

<D P53 — s = Xsils) D sl (6)

7=0 7=0

Z(rjv SJ)B
0

-1

n n
S (z us;-FBj)
=0

=0
In inequality (4) we assume that s(z) # 0 in B? for j = 0,1,...,n; in (5) and
(6), that for at least one j the function s/(z) # 0 in B,
Inequalities (4), (5), and (6) are obtained analogously to the way this is done
in the paper ), § 2,1°. In inequalities (4), (5), and (6) the terms [} — X;s}| 5

may be omitted. In this case it is easy to indicate the conditions under which
the equality sign will hold in the resulting inequalities.

In connection with the above, let us make several remarks:

sovietrxiv.org/items/ru-196601.72938 Machine Translation


https://sovietrxiv.org/items/ru-196601.72938

L. It is possible not to introduce the functions R,;(w), Q,;(w), and P,;(w),
but to use the expansion of Q(w) into a series with respect to a Laurent
system of functions for the domain D} (see (3)), analogously to the way
this is done in () for the case n = 0. In this case, instead of (2), we
obtain series of squares of the moduli of the coefficients of the expansions
indicated above.

2. As the function Q(w), it is convenient to take various linear combinations
of the functions In(w—wy, ), w*, In(w—w;,)/(w—a;), (w—w;,) ", where
v and k are natural numbers and w;,, (j = 0, 1,...,n) are various points of
D7, For such a function Q(w), the functions R;(w) and Pj(w) are easily
constructed. As the functions s;(2) one may take linear combinations of
the functions

/ "
rj(z7 zjy7aj) and aifkpj(z@fvaj) )

6=,

where 27, are various points of BJ (we assume here that co € B7). These
functions possess the reproducing property @,

Example. Let z;, and z be arbltrary points of B7; Vj, and ’yﬂ, arbitrary
numbers (7 =0,1,...,n; 1/—1 2,...,m);

m

— /7 /7

= Z’ij]%‘(za ij7aj)'
v=1

Then, for example, inequality (4) (without the terms |7 — X;s%||;) takes the
form

/
Z ’Zk 0 v/ =1 ’quyju’(pk‘]( kv % jD

Z Z Vi Vior Pi(Zjus Zjur s 05),

Zuv—l ’ij'yj,/p]( Juo ]V/’aj) 7=0 vv/'=1
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1y Y52 = fe(©)(ay, — ay) _ _ |

I G~ a0 —ap)’ JEk GEO kA

11r1(<()>fjaz)7 P40, k=0
PG:2) = 4 1 Fol2) = £u(0) e

fo(z) —ay,

In (fe(2) = £ (O) frley)
(fi(2) = ap)(fr(C) — ay,

In[(fo(¢) = fo(2)) folao)l + a0(C, 2, a0), =k =0,

)+%@JAQ7j=k#&

Here the branches of the function @kj((,z) have been chosen for which
¢ (¢ a;) = 0; by fi(ag) we mean

1
lim

2oay (2= ag) fo(2)
3. Inequality (2) may be replaced by the inequality

n n
Z I — g;ll%; < Z(”p;”2BJ + 9,15 — 2Re(r),9,) 5s)
=0 7=0

where g;(2) is a function regular in B’ such that [gf|lz; < co. In this case
inequalities (4), (5), and (6) are modified in an obvious way. As the function
/

s%(z), one may now take a linear combination of the functions

alc

@KJ(Zag) )

=2,

where K;(z,() is the reproducing kernel in the class A(B7) of functions f(z),
regular in B? and such that | f]z < oo, i.e.

0= [ KEorde.  cem. s eAD)

4. Analogously to the way this was done in (1), one may consider the case
when Q(w) is a function having a regular (and single-valued) derivative in
GPO’ 1< Po < 00.

All that has been presented makes it possible to carry over many results of work
(1) to the case of multiply connected domains and to obtain a number of other
results.
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