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In the paper (1) a definition is given of a generalized solution of the Cauchy
problem in the whole space for the equation

ut—l—f(t,x,u,um) :Oa (1)

x=(xq,..,2,), u, = (Ou/0xq,...,0u/dx,), uy, = Ou /ot

with the initial condition

w(0, ) = uy(x) (2)

and theorems on the existence and uniqueness of such a solution are proved
under the assumption that the function f(¢,z,u,v), v = (vq,...,v,,), is convex

with respect to the last vector argument v. The present article continues this
work.

In the first part, some methods are considered for constructing a generalized
solution of problem (1), (2); alongside the proof of convergence of approximate
solutions, error estimates for these solutions are obtained here. In the second
part, some qualitative properties of generalized solutions of equation (1) are
given, analogous to the properties of solutions of elliptic and parabolic equations
in well-known Liouville theorems. As in (1), for simplicity of formulation we
restrict ourselves here to consideration of equation (1) with the function f = f(v)
(this is the basic case).

Let f(v) be twice continuously differentiable, f; = df/dv;, f,; = 9°f/dv;0v;,
and for any real (&, ...,&,), 2?21 &2 =1, when

N 1/2
o] = (Zv?) <K
=1
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n

Z fi (V&€ = AMK) > 0. (3)

ij=1

Suppose that the function uy(z) has continuous derivatives of first and second
order, and moreover |(ug),| < K.

1. Some methods for constructing generalized solutions of problem
(1), (2). We shall carry out the basic considerations using the example of the
“vanishing viscosity” method. Let u®(¢, ) be the solution of the Cauchy problem
in the strip Il = {(t,2) : 0 <t < T, x € R, (x)} for the parabolic equation

uy + fu,) = eAu, 0<e<l, (4)

with the initial condition (2); here A is the Laplace operator with respect to
the variables x4, ..., x,.* Denote by Sy the ball {z : |[x| < N}, and by Q the
cylinder Sy x [0,T]. By C we shall denote arbitrary constants depending only
on N,n,T and on the functions ug(z) and A(K).

* The proof of convergence of the sequence {u} as ¢ — +0, based on the
uniqueness of the generalized solution of problem (1), (2), is given in (1).

It follows readily from the maximum principle that |uZ| < C.

Theorem 1. Let the functions u®1 (¢, z) and u®2(¢,z) be solutions of problem
(4), (2) for € = ¢, and € = ¢, respectively. Then

max Ut (1,) = u(,2)] < Oley +29)/04), (5)
N
/ lgrad (u®1 — uf2)| do < C(g, +&4)"/2. (6)
Sn

The proof of the theorem is based on the following two lemmas.
Lemma 1. For any direction / in the space R, (z),
O%us(t, x)

IIQI?VXT <C. (7)

An analogous lemma was proved in ["1].

Lemma 2. For 0 <t¢, < T,

/S [0 (tg, ) — 02 (tg, 2)| dx < Cle; + ). (8)
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For the proof, multiply the equation satisfied by the function u®1 — u®2 by a
smooth function g(¢,z), finite with respect to x, and integrate over the layer
IT; . Integrating by parts, we find that

/g (ufr — u®2) ’t:to dz — // (ufr —u®2) A(g)de dt =
I,

= // g (g1 Aufr — ey Auf?) da dt, (9)
I

to

where

n 1 1 n
A@E%+ZJJ%JM%+/ ZﬂAJW&+ﬂﬂ%%%Mm
i—1 J0 0 4,j=1

() = (tuzg' + (1 —7)ug?) .

Let n(r) € C*°([0,4+00)), 0 < n(r) <1, n(r) =0 for r > N+1, and n(r) = 1 for
0 <r < N. In (9), take as g(t, z) the solution of the following Cauchy problem:

Alg) =0, glto, ) = n(|z])z,,(2),

where 2, (v) € C%(R, (7)), |2,,| < 1, and z,,, — sgn(u —u2)|,_, asm — o0
in Ly (Sy,1)- It is not difficult to see that g(¢, ) = 0 for |z| > C; using condition
(3) and Lemma 1, as in ["1], we establish that the coefficient of the function g
in the operator A is bounded above, whence it follows that |g| < C. Taking (7)
into account, we find that the absolute value of the right-hand side in identity
(9) does not exceed C(g; + ,). Letting m — oo in (9), we complete the proof
of Lemma 2.

To obtain estimate (5), we apply to the function w = u®t — u®2 the inequality

3

1/(n+1) yn/(n+1) 1
né]avxhu\ <¢(n) [Io/ Il/ + meSSNIO

where
Io= [ lulds, 1= max|u, |
S Sn

estimate (6) follows from the inequality (see ["2])
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gl I, s, <

1/2
Ly(Sy) ”“’|L1<SN>) + ”“"Lasm} ’

09| (8 e

if one takes into account that, by virtue of (7),

walx HLl(SN) < 07
J

and from equation (4)

lwilln, sy < Cllwglp, sy + €1+ €2)-

Corollary. From Theorem 1 and inequality (7) it follows that {u®(t,z)}, as
€ — 40, converges to the generalized solution u(t,x) of problem (1), (2), and
moreover

max |u — uf| < Cel/( D)

and

lgrad(u —uf)|L, (s,) < Cel/2.

Analogous estimates with right-hand sides of the form C(eIn1/e)” are also valid
in the case of an arbitrary initial function u,(x) satisfying a Lipschitz condition.

Let us note that in the proof of Theorem 1 only the estimates

luzl <C5ug + f(ug)lr, sy < Ce

inequality (7), and the condition u®(0, z) = ug(x) were used. This circumstance
makes it possible to consider analogously other methods for constructing a so-
lution of problem (1), (2), provided the approximate solutions obtained possess
the indicated properties,* where the first derivatives here may be understood in
the generalized sense, and inequality (7) may be replaced by the estimate

A% wf(tr + Az) +uf(t,z — Ax) — 2u (¢, @)
= <
A2 I <C, (10)

where Az = (Azq,...,Azx,) # 0.
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As an example, let us consider, in the case n = 1, the finite-difference method
with the P. Lax scheme (see (4)): ., (kT,mh) = uk,, where 7 and h are certain
positive numbers, k£ and m are integers, k > 0,

Kk k k k
U +u U —u
u]:n+1 — m+1 m—1 Tf m+1 m—1 , U(T)n — uo(mh)
2 2h
Assuming that
h/7 = sup [ f"(ug(z))],
xT
we establish the estimates
|ulfn+1 - UM < Ch, uf:n+j + ufn,—j - Zufn < C(jh)?,

where C' does not depend on 7 and h. From the values u¥, it is not difficult to
construct a piecewise-smooth function u] (¢, z) in the half-plane ¢ > 0, satisfying
the conditions:

|uf, (0, 2) — up(x)| < Ch < Cy(h?/7),

[(up).| < C, A?uT [Ax? < C
and

[h)e + F((up) ), v,y < C(R2 /7).

The method proposed above makes it possible to obtain for u] estimates analo-
gous to (5), (6), where ¢ = (h?/7).**

2. Theorem of Liouville Type

In (1) the property was established of stabilization, as ¢ — 400, of generalized
solutions of problem (1), (2), defined in the half-space

I, ={(t,z):t>0, x€R,},

to infugy(z). The following theorem concerns the properties of generalized solu-
tions of the equation

L(u) = vy + flu,) =0
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in the space R, (t,z) and in the half-space

=R, \1L.
Definition. A function u(t,x) is called a generalized solution of the equation
L(u)=01inTII_ (orin R, (t,x)) if u(t, z) satisfies a Lipschitz condition in any

bounded domain D C II_ (or D C R, (t,x)), £(u) = 0 almost everywhere in
- (OI‘ in RTL+1(t?'r>)7

Au/Ax? < C(t)

(see (10)), where the function C(t) is bounded above on every interval [T, 0]
(or on [-T,T1).

We may assume that f(0) = 0, since this can always be achieved by the change

u=u+tf(0).

Theorem 2. 1) Let the function u(t,z) be a generalized solut—

* See also (3), Theorem 3.

** The difference method considered admits a generalization to the case n >
1; for the corresponding approximate solutions, estimates (5), (6) have been
established.

in IT_, and |u,| < K, almost everywhere in II_; if u(t,z) > |z|u(|z|) + K(t),
p(r) <0, lim,_,, o u(r) =0, then u(t, ) = const in II_.

2) Let u(t,z) be a generalized solution in R, (t,x); if |u,| < K, almost
everywhere in R, ,; and |A%u/Az?| < K(t), where the function K(t) is
continuous, then wu(t,x) is linear and, consequently, representable in the
form

vz, — f(o)t.
1

u(t, ) = const +

n
1=

The proof is based on the results of the work [1].

The following example shows that the fulfillment of the one-sided estimate (10)
in case 2) is insufficient for the assertion of the theorem to be valid: the function
u = min(z; —t,0) is a generalized solution of the equation u, + (u, )* = 0 in
the plane (t,z,), satisfies condition (10), but is not linear. Moreover, since
u(t, zq) < 0, it follows from this example that in case 1) of Theorem 2 the lower
estimate for the function wu(t,z) cannot be replaced by an upper estimate.
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