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MATHEMATICS

S. N. KRUZHKOV

ON SOLUTIONS OF NONLINEAR EQUA-
TIONS OF THE FIRST ORDER
(Presented by Academician I. G. Petrovsky on 19 VI 1965)

In the paper (1) a definition is given of a generalized solution of the Cauchy
problem in the whole space for the equation

𝑢𝑡 + 𝑓(𝑡, 𝑥, 𝑢, 𝑢𝑥) = 0, (1)

𝑥 = (𝑥1, … , 𝑥𝑛), 𝑢𝑥 = (𝜕𝑢/𝜕𝑥1, … , 𝜕𝑢/𝜕𝑥𝑛), 𝑢𝑡 = 𝜕𝑢/𝜕𝑡

with the initial condition

𝑢(0, 𝑥) = 𝑢0(𝑥) (2)

and theorems on the existence and uniqueness of such a solution are proved
under the assumption that the function 𝑓(𝑡, 𝑥, 𝑢, 𝑣), 𝑣 = (𝑣1, … , 𝑣𝑛), is convex
with respect to the last vector argument 𝑣. The present article continues this
work.

In the first part, some methods are considered for constructing a generalized
solution of problem (1), (2); alongside the proof of convergence of approximate
solutions, error estimates for these solutions are obtained here. In the second
part, some qualitative properties of generalized solutions of equation (1) are
given, analogous to the properties of solutions of elliptic and parabolic equations
in well-known Liouville theorems. As in (1), for simplicity of formulation we
restrict ourselves here to consideration of equation (1) with the function 𝑓 ≡ 𝑓(𝑣)
(this is the basic case).

Let 𝑓(𝑣) be twice continuously differentiable, 𝑓𝑖 = 𝜕𝑓/𝜕𝑣𝑖, 𝑓𝑖𝑗 = 𝜕2𝑓/𝜕𝑣𝑖𝜕𝑣𝑗,
and for any real (𝜉1, … , 𝜉𝑛), ∑𝑛

𝑖=1 𝜉2
𝑖 = 1, when

|𝑣| = (
𝑛

∑
𝑖=1

𝑣2
𝑖 )

1/2

≤ 𝐾
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𝑛
∑
𝑖,𝑗=1

𝑓𝑖𝑗(𝑣)𝜉𝑖𝜉𝑗 ≥ 𝜆(𝐾) > 0. (3)

Suppose that the function 𝑢0(𝑥) has continuous derivatives of first and second
order, and moreover |(𝑢0)𝑥| ≤ 𝐾0.

1. Some methods for constructing generalized solutions of problem
(1), (2). We shall carry out the basic considerations using the example of the
“vanishing viscosity”method. Let 𝑢𝜀(𝑡, 𝑥) be the solution of the Cauchy problem
in the strip Π𝑇 = {(𝑡, 𝑥) ∶ 0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ 𝑅𝑛(𝑥)} for the parabolic equation

𝑢𝑡 + 𝑓(𝑢𝑥) = 𝜀Δ𝑢, 0 < 𝜀 < 1, (4)

with the initial condition (2); here Δ is the Laplace operator with respect to
the variables 𝑥1, … , 𝑥𝑛.* Denote by 𝑆𝑁 the ball {𝑥 ∶ |𝑥| ≤ 𝑁}, and by 𝑄𝑁 the
cylinder 𝑆𝑁 × [0, 𝑇 ]. By 𝐶 we shall denote arbitrary constants depending only
on 𝑁, 𝑛, 𝑇 and on the functions 𝑢0(𝑥) and 𝜆(𝐾).
* The proof of convergence of the sequence {𝑢𝜀} as 𝜀 → +0, based on the
uniqueness of the generalized solution of problem (1), (2), is given in (1).
It follows readily from the maximum principle that |𝑢𝜀

𝑥| ≤ 𝐶.

Theorem 1. Let the functions 𝑢𝜀1(𝑡, 𝑥) and 𝑢𝜀2(𝑡, 𝑥) be solutions of problem
(4), (2) for 𝜀 = 𝜀1 and 𝜀 = 𝜀2, respectively. Then

max
𝑄𝑁

|𝑢𝜀1(𝑡, 𝑥) − 𝑢𝜀2(𝑡, 𝑥)| ≤ 𝐶(𝜀1 + 𝜀2)1/(𝑛+1), (5)

∫
𝑆𝑁

|grad (𝑢𝜀1 − 𝑢𝜀2)| 𝑑𝑥 ≤ 𝐶(𝜀1 + 𝜀2)1/2. (6)

The proof of the theorem is based on the following two lemmas.

Lemma 1. For any direction 𝑙 in the space 𝑅𝑛(𝑥),

max
𝑄𝑁

𝜕2𝑢𝜀(𝑡, 𝑥)
𝜕𝑙2 ≤ 𝐶. (7)

An analogous lemma was proved in [^1].

Lemma 2. For 0 ≤ 𝑡0 ≤ 𝑇 ,

∫
𝑆𝑁

|𝑢𝜀1(𝑡0, 𝑥) − 𝑢𝜀2(𝑡0, 𝑥)| 𝑑𝑥 ≤ 𝐶(𝜀1 + 𝜀2). (8)
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For the proof, multiply the equation satisfied by the function 𝑢𝜀1 − 𝑢𝜀2 by a
smooth function 𝑔(𝑡, 𝑥), finite with respect to 𝑥, and integrate over the layer
Π𝑡0

. Integrating by parts, we find that

∫ 𝑔 (𝑢𝜀1 − 𝑢𝜀2) ∣𝑡=𝑡0
𝑑𝑥 − ∬

Π𝑡0

(𝑢𝜀1 − 𝑢𝜀2) 𝐴(𝑔) 𝑑𝑥 𝑑𝑡 =

= ∬
Π𝑡0

𝑔 (𝜀1Δ𝑢𝜀1 − 𝜀2Δ𝑢𝜀2) 𝑑𝑥 𝑑𝑡, (9)

where

𝐴(𝑔) ≡ 𝑔𝑡 +
𝑛

∑
𝑖=1

∫
1

0
𝑓𝑖(…) 𝑑𝜏 𝑔𝑥𝑖

+ ∫
1

0

𝑛
∑
𝑖,𝑗=1

𝑓𝑖𝑗(…) (𝜏𝑢𝜀1𝑥𝑖 + (1 − 𝜏)𝑢𝜀2𝑥𝑖) 𝑥𝑗 𝑑𝜏 𝑔,

(…) = (𝜏𝑢𝜀1𝑥 + (1 − 𝜏)𝑢𝜀2𝑥 ) .

Let 𝜂(𝑟) ∈ 𝐶∞([0, +∞)), 0 ≤ 𝜂(𝑟) ≤ 1, 𝜂(𝑟) = 0 for 𝑟 ≥ 𝑁 + 1, and 𝜂(𝑟) = 1 for
0 ≤ 𝑟 ≤ 𝑁 . In (9), take as 𝑔(𝑡, 𝑥) the solution of the following Cauchy problem:

𝐴(𝑔) = 0, 𝑔(𝑡0, 𝑥) = 𝜂(|𝑥|)𝑧𝑚(𝑥),

where 𝑧𝑚(𝑥) ∈ 𝐶∞(𝑅𝑛(𝑥)), |𝑧𝑚| ≤ 1, and 𝑧𝑚 → sgn(𝑢𝜀1 − 𝑢𝜀2)|𝑡=𝑡0
as 𝑚 → ∞

in 𝐿1(𝑆𝑁+1). It is not difficult to see that 𝑔(𝑡, 𝑥) = 0 for |𝑥| ≥ 𝐶; using condition
(3) and Lemma 1, as in [^1], we establish that the coefficient of the function 𝑔
in the operator 𝐴 is bounded above, whence it follows that |𝑔| ≤ 𝐶. Taking (7)
into account, we find that the absolute value of the right-hand side in identity
(9) does not exceed 𝐶(𝜀1 + 𝜀2). Letting 𝑚 → ∞ in (9), we complete the proof
of Lemma 2.

To obtain estimate (5), we apply to the function 𝑤 = 𝑢𝜀1 − 𝑢𝜀2 the inequality

max
𝑆𝑁

|𝑤| ≤ 𝑐(𝑛) [𝐼1/(𝑛+1)
0 𝐼𝑛/(𝑛+1)

1 + 1
mes𝑆𝑁

𝐼0] ,

where

𝐼0 = ∫
𝑆𝑁

|𝑤| 𝑑𝑥, 𝐼1 = max
𝑆𝑁

|𝑤𝑥|;

estimate (6) follows from the inequality (see [^2])
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‖ |𝑤𝑥| ‖𝐿1(𝑆𝑁) ≤

≤ 𝑐(𝑛, 𝑁) ⎡⎢
⎣

(
𝑛

∑
𝑖,𝑗=1

∥𝑤𝑥𝑖𝑥𝑗
∥
𝐿1(𝑆𝑁)

‖𝑤‖𝐿1(𝑆𝑁))
1/2

+ ‖𝑤‖𝐿1(𝑆𝑁)
⎤⎥
⎦

,

if one takes into account that, by virtue of (7),

‖𝑤𝑥𝑖𝑥𝑗
‖𝐿1(𝑆𝑁) ≤ 𝐶,

and from equation (4)

‖𝑤𝑡‖𝐿1(𝑆𝑁) ≤ 𝐶(‖𝑤𝑥‖𝐿1(𝑆𝑁) + 𝜀1 + 𝜀2).

Corollary. From Theorem 1 and inequality (7) it follows that {𝑢𝜀(𝑡, 𝑥)}, as
𝜀 → +0, converges to the generalized solution 𝑢(𝑡, 𝑥) of problem (1), (2), and
moreover

max |𝑢 − 𝑢𝜀| ≤ 𝐶𝜀1/(𝑛+1)

and

‖ grad(𝑢 − 𝑢𝜀)‖𝐿1(𝑆𝑁) ≤ 𝐶𝜀1/2.

Analogous estimates with right-hand sides of the form 𝐶(𝜀 ln 1/𝜀)𝜈 are also valid
in the case of an arbitrary initial function 𝑢0(𝑥) satisfying a Lipschitz condition.

Let us note that in the proof of Theorem 1 only the estimates

|𝑢𝜀
𝑥| ≤ 𝐶, ‖𝑢𝜀

𝑡 + 𝑓(𝑢𝜀
𝑥)‖𝐿1(𝑆𝑁) ≤ 𝐶𝜀,

inequality (7), and the condition 𝑢𝜀(0, 𝑥) = 𝑢0(𝑥) were used. This circumstance
makes it possible to consider analogously other methods for constructing a so-
lution of problem (1), (2), provided the approximate solutions obtained possess
the indicated properties,* where the first derivatives here may be understood in
the generalized sense, and inequality (7) may be replaced by the estimate

Δ2𝑢𝜀

Δ𝑥2 ≡ 𝑢𝜀(𝑡, 𝑥 + Δ𝑥) + 𝑢𝜀(𝑡, 𝑥 − Δ𝑥) − 2𝑢𝜀(𝑡, 𝑥)
|Δ𝑥|2 ≤ 𝐶, (10)

where Δ𝑥 = (Δ𝑥1, … , Δ𝑥𝑛) ≠ 0.
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As an example, let us consider, in the case 𝑛 = 1, the finite-difference method
with the P. Lax scheme (see (4)): 𝑢𝜏ℎ(𝑘𝜏, 𝑚ℎ) = 𝑢𝑘

𝑚, where 𝜏 and ℎ are certain
positive numbers, 𝑘 and 𝑚 are integers, 𝑘 ≥ 0,

𝑢𝑘+1
𝑚 = 𝑢𝑘

𝑚+1 + 𝑢𝑘
𝑚−1

2 − 𝜏𝑓 (𝑢𝑘
𝑚+1 − 𝑢𝑘

𝑚−1
2ℎ ) , 𝑢0

𝑚 = 𝑢0(𝑚ℎ).

Assuming that

ℎ/𝜏 ≥ sup
𝑥

|𝑓 ′(𝑢′
0(𝑥))|,

we establish the estimates

|𝑢𝑘
𝑚+1 − 𝑢𝑘

𝑚| ≤ 𝐶ℎ, 𝑢𝑘
𝑚+𝑗 + 𝑢𝑘

𝑚−𝑗 − 2𝑢𝑘
𝑚 ≤ 𝐶(𝑗ℎ)2,

where 𝐶 does not depend on 𝜏 and ℎ. From the values 𝑢𝑘
𝑚 it is not difficult to

construct a piecewise-smooth function 𝑢𝜏
ℎ(𝑡, 𝑥) in the half-plane 𝑡 ≥ 0, satisfying

the conditions:

|𝑢𝜏
ℎ(0, 𝑥) − 𝑢0(𝑥)| ≤ 𝐶ℎ ≤ 𝐶1(ℎ2/𝜏),

|(𝑢𝜏
ℎ)𝑥| ≤ 𝐶, Δ2𝑢𝜏

ℎ/Δ𝑥2 ≤ 𝐶

and

‖(𝑢𝜏
ℎ)𝑡 + 𝑓((𝑢𝜏

ℎ)𝑥)‖𝐿1(−𝑁,𝑁) ≤ 𝐶(ℎ2/𝜏).

The method proposed above makes it possible to obtain for 𝑢𝜏
ℎ estimates analo-

gous to (5), (6), where 𝜀 = (ℎ2/𝜏).**

2. Theorem of Liouville Type
In (1) the property was established of stabilization, as 𝑡 → +∞, of generalized
solutions of problem (1), (2), defined in the half-space

Π+ = {(𝑡, 𝑥) ∶ 𝑡 > 0, 𝑥 ∈ 𝑅𝑛},

to inf𝑢0(𝑥). The following theorem concerns the properties of generalized solu-
tions of the equation

ℒ(𝑢) ≡ 𝑢𝑡 + 𝑓(𝑢𝑥) = 0
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in the space 𝑅𝑛+1(𝑡, 𝑥) and in the half-space

Π− = 𝑅𝑛+1 ∖ Π+.

Definition. A function 𝑢(𝑡, 𝑥) is called a generalized solution of the equation
ℒ(𝑢) = 0 in Π− (or in 𝑅𝑛+1(𝑡, 𝑥)) if 𝑢(𝑡, 𝑥) satisfies a Lipschitz condition in any
bounded domain 𝒟 ⊂ Π− (or 𝒟 ⊂ 𝑅𝑛+1(𝑡, 𝑥)), ℒ(𝑢) = 0 almost everywhere in
Π− (or in 𝑅𝑛+1(𝑡, 𝑥)),

Δ2𝑢/Δ𝑥2 ≤ 𝐶(𝑡)

(see (10)), where the function 𝐶(𝑡) is bounded above on every interval [−𝑇 , 0]
(or on [−𝑇 , 𝑇 ]).
We may assume that 𝑓(0) = 0, since this can always be achieved by the change

𝑢̄ = 𝑢 + 𝑡𝑓(0).

Theorem 2. 1) Let the function 𝑢(𝑡, 𝑥) be a generalized solut—

* See also (3), Theorem 3.

** The difference method considered admits a generalization to the case 𝑛 >
1; for the corresponding approximate solutions, estimates (5), (6) have been
established.

in Π−, and |𝑢𝑥| ⩽ 𝐾0 almost everywhere in Π−; if 𝑢(𝑡, 𝑥) ⩾ |𝑥|𝜇(|𝑥|) + 𝐾(𝑡),
𝜇(𝑟) ⩽ 0, lim𝑟→+∞ 𝜇(𝑟) = 0, then 𝑢(𝑡, 𝑥) = const in Π−.

2) Let 𝑢(𝑡, 𝑥) be a generalized solution in 𝑅𝑛+1(𝑡, 𝑥); if |𝑢𝑥| ⩽ 𝐾0 almost
everywhere in 𝑅𝑛+1 and |Δ2𝑢/Δ𝑥2| ⩽ 𝐾(𝑡), where the function 𝐾(𝑡) is
continuous, then 𝑢(𝑡, 𝑥) is linear and, consequently, representable in the
form

𝑢(𝑡, 𝑥) = const +
𝑛

∑
𝑖=1

𝑣𝑖𝑥𝑖 − 𝑓(𝑣)𝑡.

The proof is based on the results of the work [1].

The following example shows that the fulfillment of the one-sided estimate (10)
in case 2) is insufficient for the assertion of the theorem to be valid: the function
𝑢 = min(𝑥1 − 𝑡, 0) is a generalized solution of the equation 𝑢𝑡 + (𝑢𝑥1

)2 = 0 in
the plane (𝑡, 𝑥1), satisfies condition (10), but is not linear. Moreover, since
𝑢(𝑡, 𝑥1) ⩽ 0, it follows from this example that in case 1) of Theorem 2 the lower
estimate for the function 𝑢(𝑡, 𝑥) cannot be replaced by an upper estimate.
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