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THEORY OF ELASTICITY
T. A. VAN FO FY

ELASTIC CONSTANTS AND THERMAL EX-
PANSION OF CERTAIN BODIES WITH A
NONHOMOGENEOUS REGULAR STRUC-
TURE

(Presented by Academician A. Yu. Ishlinskii, 16 VII 1964)

A method is proposed for determining the elastic constants and coefficients of
thermal expansion of nonhomogeneous bodies whose regular structure is formed
by a doubly periodic system of n arbitrarily located hollow cylinders of different
diameters. The space between the cylinders is filled with a medium.

1. Let E,,v,,0, and E_,v,,a, be the elastic constants and coefficients of
thermal expansion of the filler and of the medium, z = z,+ix;, 0 =TT,
the temperature, and € and €, the outer and inner lateral surfaces of
cylinders with centers at the points a;, + P (P = mw; + nwy, wy =
wibe'®, m,n = 0,41,...) (Fig. 1). Functions referring to the filler are

denoted by the subscript a, and to the medium by s; further,
Fig. 1

(o) = F’l/dFoi,€7 (e = F’l/quk, F=wibsina. (1)
F F

The relation between (o,;) and (g;,) on areas remote from local disturbances,
owing to the plane of elastic symmetry x; = const, will be
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(e11) = X11(o11) + X12(092) + X5(033) + - + X6(023) + B116,
(€22) = X19(011) + X (092) + Xp3(033) + -+ + Xog(023) + Bab,
(e33) = Xy3(011) + Xo3(099) + X33(033) + -+ + Xg(093) + 5330,
<531> — X44<0-31> + X45<0-12> ......
< > :...............X45<0—31>_|_X55<0—12> ......
(€23) = X16(011) + Xo6(022) + X36(033) + -+ + Xgg(023) + Bazb-

Under shear in the planes (zq, z,) and (x4, z3), the displacements u, (z) will be
nonzero. Let ®; and @, ; be holomorphic functions in s and s,

019 — 105, = 2GP(2), Uy = Re/fb(z) dz. (3)

If (2 +w;) = ®,(2) (j = 1,2), then the boundary conditions expressing
equality of displacements and stresses on the contact surface are neces-

must be satisfied on the n contours located in one cell,

Ls,k(ﬁs - La,k(I)a,k|Qk = 0? la,k@a,k|9k = 07 (4)

where L, ., [, are differential operators of the boundary conditions; further,
from (1):

o _1 S n
S 3D D LI CE D ST N
' k=1

‘I’m = Z am,k(z —a)™"

m=—0o0

On the surfaces of the body, the average stresses are prescribed as

<012> - i<031> = 2Ga<(1)a,k> + 2Gs <(p9> (6)

The formulas for the elastic constants are obtained by comparing the displace-
ments of the body with a nonhomogeneous structure with the displacements in
the body (1) under shear (?)

27 P
Xya(os1) + Xys(o12) = —2¢f + 22 {520k 2 T ( 2) Ck,Q} ;

wibsin o
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Chys = c;c,s + icl/c/,s’ (7)

/ S s /4 2 w ’ -/
Xy5{o31) + Xs5(012) = 2¢ — 22@1%,2 - 52ck,2)a oTC (31) = 07 + 1.
1

2. In solving the problem of stretching the body by stresses (o) = 1, the
constants X, X;q, X3, X 4 are determined. The complex potentials satisfying
the periodicity conditions of the stressed state are chosen in the form of the
series (5) and

n s

i D o= ) =0} (6)

=1

Z bk,m(z - ak:)m

m=—0o0

Here elliptic functions of the form (1:2) have been introduced,

z) = Zﬁ{(z — Py 4+ 23Pp 3 4+ 2P 2}
The arbitrary constants are determined from the boundary conditions

Ls,k(q)s’ \Ijs) - La,k(q)a,kﬂ \Ijaqk)

Q;c = fk:(ﬁ% la,k(q)a,kn \Ijaqk) =0 (9)

and from the condition that the principal vector of the forces applied at the
boundary of the elementary cell is zero,

de26 = —2cqw; +9; zn:ck2 +7; Zn: 1,2). (10)
k=1 k=1

The elastic constants are determined by the formulas

Xil = B, 64 B+ 80— )G { S éap ot

k=1 Sk 1

+Zcmm ZZ hae, (61§)Zc,;,2+6§2cz,2}-
k=1 k=1

(11)
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Here the dominant terms are only the first two terms,

V21:Vs+<ysiya)<Xs+1 ( 75/20/%24»5 ZC )7

V61:2(VS—VG){(XS—|—3>66/ (xs+1) (6 chQ—i—é Zc )},

2T & X, .
= o 1)== ', o= ki
V31 = Vog + (Vg — 1) (X5 + 1) ja ];:1 Cr,2 Vik X,

3. The remaining constants in (1) are found by solving the problem of the
plane strained state of the body ({e;;) = 0). The form of the solution
and the boundary conditions are defined in (4), (8), (9), (10). Taking
successively (099) = 1, (034) = (093) = 0, etc., we obtain three systems of
algebraic equations from which ¢, and ¢, ; are found.

From the first system, when (o44) = 1, (045) = {093) = 0, we have

XS+1 /7 4
Xop = —vy Xpp + 2G, {4+ o — 04 ch2+5 ZC }v (12)

n

G- s

sF =1

KXoz = Xog — + 91 (X1 — Xy3) + (X + 1)

L
2G

S

From the second system, for (o33) = 1, (045) = (043) = 0, it follows that

XS + 1 1 / 4 - " / 27r - ’
Xy = —vg X g + 25— el {4 teh+ 05> cf,— ( = ) Cho s (13)
=1 k=1

1 , N
X6 :_V31X16+a {(Xs+3) (Xs +1) (5 Zc +52Z%2> }
s k=1

For (oy5) = 1, from the third system we have

xs +1
Xog = Vg1 X1o + { — 0 ch 2105 Z } ; (14)
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1 v /7 S v / S 4
Xeo = Vg1 X16 + o {1 + (Xs +3)cg — (s + 1) (51 Zcm + 05 ZCM) } ~
s k=1 k=1

Here &, = n(A\} —€3)/F, &, = wA}/F, x = 3—4v, a;, are the coefficients of the
expansion of () (z) in a Laurent series.

4. At an elevated temperature 0, owing to the redistribution of stresses, as one
moves away from the edge of the body the transverse sections x; = const
remain plane; therefore

(e11) = a0+ (e11)s = @0 + (€11) 0 (15)

The general solution in this case is composed of the solution of the problem
of stretching the body by the stresses (oy;), without taking into account the
interaction between the filler and the medium, and of a solution that takes this
interaction into account. The complex potentials have the form (5) and (8).
The components of the thermal tensor

the expansion are found in the form

vV, — VU

ﬂll = Oy 7(043 7()‘11)& {(1+V3)Ea25k(l+ya) (Xfll WEsl)}7

s k=1
vV, — V.
522 = Qg + (as - ﬂll)y21 - (as - aa)(l + Va)37217
Vs — Vg
V., — UV
Baz = ag + (ag — By)vgy — (, —ag)(1+ Va)ﬁv

S a

Vg =V,

Bas = Vo1 {asﬂll+(a5aa> — }
(16)

From the equations presented it is not difficult to obtain formulas for the con-
stants in the case of simpler types of structures—orthorhombic, tetragonal, or
hexagonal.

The formulas found are suitable for determining the physico-mechanical charac-
teristics and the stressed state of synthetic materials of the glass-plastic type, in
which the binder has viscoelastic properties; one need only replace the constants
E, v, by the corresponding linear operators.
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