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THEORY OF ELASTICITY

T. A. VAN FO FY

ELASTIC CONSTANTS AND THERMAL EX-
PANSION OF CERTAIN BODIES WITH A
NONHOMOGENEOUS REGULAR STRUC-
TURE
(Presented by Academician A. Yu. Ishlinskii, 16 VII 1964)

A method is proposed for determining the elastic constants and coefficients of
thermal expansion of nonhomogeneous bodies whose regular structure is formed
by a doubly periodic system of 𝑛 arbitrarily located hollow cylinders of different
diameters. The space between the cylinders is filled with a medium.

1. Let 𝐸𝑎, 𝜈𝑎, 𝛼𝑎 and 𝐸𝑠, 𝜈𝑠, 𝛼𝑠 be the elastic constants and coefficients of
thermal expansion of the filler and of the medium, 𝑧 = 𝑥2 +𝑖𝑥3, 𝜃 = 𝑇 −𝑇0
the temperature, and Ω′

𝑘 and Ω𝑘 the outer and inner lateral surfaces of
cylinders with centers at the points 𝑎𝑘 + 𝑃 (𝑃 = 𝑚𝜔1 + 𝑛𝜔2, 𝜔2 =
𝜔1𝑏𝑒𝑖𝛼, 𝑚, 𝑛 = 0, ±1, …) (Fig. 1). Functions referring to the filler are
denoted by the subscript 𝑎, and to the medium by 𝑠; further,

Fig. 1

⟨𝜎𝑖𝑘⟩ = 𝐹 −1 ∫
𝐹

𝑑𝐹 𝜎𝑖𝑘, ⟨𝜀𝑖𝑘⟩ = 𝐹 −1 ∫
𝐹

𝑑𝐹 𝜀𝑖𝑘, 𝐹 = 𝜔2
1𝑏 sin 𝛼. (1)

The relation between ⟨𝜎𝑖𝑘⟩ and ⟨𝜀𝑖𝑘⟩ on areas remote from local disturbances,
owing to the plane of elastic symmetry 𝑥1 = const, will be
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⟨𝜀11⟩ = 𝑋11⟨𝜎11⟩ + 𝑋12⟨𝜎22⟩ + 𝑋13⟨𝜎33⟩ + ⋯ + 𝑋16⟨𝜎23⟩ + 𝛽11𝜃,
⟨𝜀22⟩ = 𝑋12⟨𝜎11⟩ + 𝑋22⟨𝜎22⟩ + 𝑋23⟨𝜎33⟩ + ⋯ + 𝑋26⟨𝜎23⟩ + 𝛽22𝜃,
⟨𝜀33⟩ = 𝑋13⟨𝜎11⟩ + 𝑋23⟨𝜎22⟩ + 𝑋33⟨𝜎33⟩ + ⋯ + 𝑋36⟨𝜎23⟩ + 𝛽33𝜃,
⟨𝜀31⟩ = ⋯ ⋯ ⋯ ⋯ ⋯ 𝑋44⟨𝜎31⟩ + 𝑋45⟨𝜎12⟩ ⋯ ⋯ ,
⟨𝜀12⟩ = ⋯ ⋯ ⋯ ⋯ ⋯ 𝑋45⟨𝜎31⟩ + 𝑋55⟨𝜎12⟩ ⋯ ⋯ ,
⟨𝜀23⟩ = 𝑋16⟨𝜎11⟩ + 𝑋26⟨𝜎22⟩ + 𝑋36⟨𝜎33⟩ + ⋯ + 𝑋66⟨𝜎23⟩ + 𝛽23𝜃.

(2)

Under shear in the planes (𝑥1, 𝑥2) and (𝑥1, 𝑥3), the displacements 𝑢1(𝑧) will be
nonzero. Let Φ𝑠 and Φ𝑎,𝑘 be holomorphic functions in 𝑠 and 𝑠𝑘,

𝜎12 − 𝑖𝜎31 = 2𝐺Φ(𝑧), 𝑢1 = Re ∫ Φ(𝑧) 𝑑𝑧. (3)

If Φ𝑠(𝑧 + 𝜔𝑗) = Φ𝑠(𝑧) (𝑗 = 1, 2), then the boundary conditions expressing
equality of displacements and stresses on the contact surface are neces-

must be satisfied on the 𝑛 contours located in one cell,

𝐿𝑠,𝑘Φ𝑠 − 𝐿𝑎,𝑘Φ𝑎,𝑘∣Ω𝑘
= 0, 𝑙𝑎,𝑘Φ𝑎,𝑘∣Ω𝑘

= 0, (4)

where 𝐿𝑠,𝑘, 𝑙𝑎,𝑘 are differential operators of the boundary conditions; further,
from (1):

Φ𝑠 = 𝑐0 −
𝑛

∑
𝑘=1

∞
∑
𝑠=1

(−1)𝑠

(𝑠 − 1)! 𝑐𝑘,𝑠𝜁(𝑠−1)(𝑧 − 𝑎𝑘),
𝑛

∑
𝑘=1

𝑐𝑘,1 = 0; (5)

Φ𝑎,𝑘 =
∞

∑
𝑚=−∞

𝑎𝑚,𝑘(𝑧 − 𝑎𝑘)𝑚.

On the surfaces of the body, the average stresses are prescribed as

⟨𝜎12⟩ − 𝑖⟨𝜎31⟩ = 2𝐺𝑎⟨Φ𝑎,𝑘⟩ + 2𝐺𝑠⟨Φ𝑠⟩. (6)

The formulas for the elastic constants are obtained by comparing the displace-
ments of the body with a nonhomogeneous structure with the displacements in
the body (1) under shear (2)

𝑋44⟨𝜎31⟩ + 𝑋45⟨𝜎12⟩ = −2𝑐″
0 + 2

𝑛
∑
𝑘=1

{𝛿′
2𝑐′

𝑘,2 + (𝛿′
1 − 2𝜋

𝜔2
1𝑏 sin 𝛼) 𝑐″

𝑘,2} ,
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𝑐𝑘,𝑠 = 𝑐′
𝑘,𝑠 + 𝑖𝑐″

𝑘,𝑠, (7)

𝑋45⟨𝜎31⟩ + 𝑋55⟨𝜎12⟩ = 2𝑐′
0 − 2

𝑛
∑
𝑘=1

(𝛿′
1𝑐′

𝑘,2 − 𝛿′
2𝑐″

𝑘,2), 2
𝜔1

𝜁 (𝜔1
2 ) = 𝛿′

1 + 𝑖𝛿′
2.

2. In solving the problem of stretching the body by stresses ⟨𝜎11⟩ = 1, the
constants 𝑋11, 𝑋12, 𝑋13, 𝑋16 are determined. The complex potentials satisfying
the periodicity conditions of the stressed state are chosen in the form of the
series (5) and

Ψ𝑠 = 𝑑0 −
𝑛

∑
𝑘=1

∞
∑
𝑠=1

(−1)𝑠

(𝑠 − 1)! {𝑑𝑘,𝑠𝜁(𝑠−1)(𝑧 − 𝑎𝑘) − 𝑐𝑘,𝑠𝜂(𝑠)(𝑧 − 𝑎𝑘)} , (8)

Ψ𝑎,𝑘 =
∞

∑
𝑚=−∞

𝑏𝑘,𝑚(𝑧 − 𝑎𝑘)𝑚.

Here elliptic functions of the form (1,2) have been introduced,

𝜂(𝑧) =
′

∑
𝑚,𝑛

𝑃 {(𝑧 − 𝑃)−1 + 𝑧3𝑃 −3 + 𝑧𝑃 −2} .

The arbitrary constants are determined from the boundary conditions

𝐿𝑠,𝑘(Φ𝑠, Ψ𝑠) − 𝐿𝑎,𝑘(Φ𝑎,𝑘, Ψ𝑎,𝑘)∣Ω′
𝑘

= 𝑓𝑘(𝜗), 𝑙𝑎,𝑘(Φ𝑎,𝑘, Ψ𝑎,𝑘) = 0 (9)

and from the condition that the principal vector of the forces applied at the
boundary of the elementary cell is zero,

𝑑0𝜔𝑗 −
𝑛

∑
𝑘=1

𝑑𝑘,2𝛿𝑗 = −2𝑐0𝜔𝑗 + 𝛿𝑗
𝑛

∑
𝑘=1

𝑐𝑘,2 + 𝜏 𝑗
𝑛

∑
𝑘=1

𝑐𝑘,2 (𝑗 = 1, 2). (10)

The elastic constants are determined by the formulas

𝑋−1
11 = 𝐸𝑎

𝑛
∑
𝑘=1

𝜉𝑘 + 𝐸𝑠𝜂 + 8𝜈𝑠(𝜈𝑎 − 𝜈𝑠)𝐺𝑠 {𝜈𝑎
𝜈𝑠

𝑛
∑
𝑘=1

𝜉𝑘𝑎′
0,𝑘+

+
𝑛

∑
𝑘=1

𝑐𝑘,1𝜉′
𝑘𝜆𝑘 −

𝑛
∑
𝑘=1

∞
∑
𝑠=2

𝜉′
𝑘𝑐′

𝑘,2𝑠
2𝑠 − 1 𝛼𝑠−1,0 − (𝛿′

1 − 𝜋
𝐹 )

𝑛
∑
𝑘=1

𝑐′
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐″
𝑘,2} .

(11)
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Here the dominant terms are only the first two terms,

𝜈21 = 𝜈𝑠 + (𝜈𝑠 − 𝜈𝑎)(𝜒𝑠 + 1) (𝑐′
0 − 𝛿′

1

𝑛
∑
𝑘=1

𝑐′
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐″
𝑘,2) ,

𝜈61 = 2(𝜈𝑠 − 𝜈𝑎) {(𝜒𝑠 + 3)𝑐″
0 − (𝜒𝑠 + 1) (𝛿′

1

𝑛
∑
𝑘=1

𝑐′
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐″
𝑘,2)} ,

𝜈31 = 𝜈21 + (𝜈𝑠 − 𝜈𝑎)(𝜒𝑠 + 1)2𝜋
𝐹

𝑛
∑
𝑘=1

𝑐′
𝑘,2, 𝜈𝑖𝑘 = − 𝑋𝑘𝑖

𝑋11
.

3. The remaining constants in (1) are found by solving the problem of the
plane strained state of the body (⟨𝜀11⟩ = 0). The form of the solution
and the boundary conditions are defined in (4), (8), (9), (10). Taking
successively ⟨𝜎22⟩ = 1, ⟨𝜎33⟩ = ⟨𝜎23⟩ = 0, etc., we obtain three systems of
algebraic equations from which 𝑐𝑘 and 𝑐𝑘,𝑠 are found.

From the first system, when ⟨𝜎22⟩ = 1, ⟨𝜎33⟩ = ⟨𝜎23⟩ = 0, we have

𝑋22 = −𝜈21𝑋12 + 𝜒𝑠 + 1
2𝐺𝑠

{1
4 + 𝑐′

0 − 𝛿′
1

𝑛
∑
𝑘=1

𝑐′
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐″
𝑘,2} , (12)

𝑋23 = 𝑋22 − 1
2𝐺𝑠

+ 𝜈21(𝑋12 − 𝑋13) + (𝜒𝑠 + 1) 𝜋
𝐺𝑠𝐹

𝑛
∑
𝑘=1

𝑐″
𝑘,2.

From the second system, for ⟨𝜎33⟩ = 1, ⟨𝜎22⟩ = ⟨𝜎23⟩ = 0, it follows that

𝑋33 = −𝜈31𝑋13 + 𝜒𝑠 + 1
2𝐺𝑠

{1
4 + 𝑐′

0 + 𝛿′
2

𝑛
∑
𝑘=1

𝑐″
𝑘,2 − (𝛿′

1 − 2𝜋
𝐹 )

𝑛
∑
𝑘=1

𝑐′
𝑘,2} , (13)

𝑋36 = −𝜈31𝑋16 + 1
𝐺𝑠

{(𝜒𝑠 + 3)𝑐″
0 − (𝜒𝑠 + 1) (𝛿′

1

𝑛
∑
𝑘=1

𝑐″
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐′
𝑘,2)} .

For ⟨𝜎23⟩ = 1, from the third system we have

𝑋26 = −𝜈61𝑋12 + 𝜒𝑠 + 1
2𝐺𝑠

{𝑐0 − 𝛿1
𝑛

∑
𝑘=1

𝑐′
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐″
𝑘,2} , (14)
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𝑋66 = −𝜈61𝑋16 + 1
𝐺𝑠

{1 + (𝜒𝑠 + 3)𝑐″
0 − (𝜒𝑠 + 1) (𝛿′

1

𝑛
∑
𝑘=1

𝑐″
𝑘,2 + 𝛿′

2

𝑛
∑
𝑘=1

𝑐′
𝑘,2)} .

Here 𝜉𝑘 = 𝜋(𝜆2
𝑘 − 𝜀2

𝑘)/𝐹 , 𝜉′
𝑘 = 𝜋𝜆2

𝑘/𝐹 , 𝜒 = 3 − 4𝜈, 𝑎𝑖,𝑘 are the coefficients of the
expansion of 𝜁(𝑘)(𝑧) in a Laurent series.

4. At an elevated temperature 𝜃, owing to the redistribution of stresses, as one
moves away from the edge of the body the transverse sections 𝑥1 = const
remain plane; therefore

⟨𝜀11⟩ = 𝛼𝑠𝜃 + ⟨𝜀11⟩𝑠 = 𝛼𝑎𝜃 + ⟨𝜀11⟩𝑎. (15)

The general solution in this case is composed of the solution of the problem
of stretching the body by the stresses ⟨𝜎11⟩, without taking into account the
interaction between the filler and the medium, and of a solution that takes this
interaction into account. The complex potentials have the form (5) and (8).
The components of the thermal tensor

the expansion are found in the form

𝛽11 = 𝛼𝑠 − (𝛼𝑠 − 𝛼𝑎) 𝑋11
𝜈𝑠 − 𝜈𝑎

{(1 + 𝜈𝑠)𝐸𝑎
𝑛

∑
𝑘=1

𝜉𝑘 − (1 + 𝜈𝑎) (𝑋−1
11 − 𝜂𝐸−1

𝑠 )} ,

𝛽22 = 𝛼𝑠 + (𝛼𝑠 − 𝛽11)𝜈21 − (𝛼𝑠 − 𝛼𝑎)(1 + 𝜈𝑎)𝜈𝑠 − 𝜈21
𝜈𝑠 − 𝜈𝑎

,

𝛽33 = 𝛼𝑠 + (𝛼𝑠 − 𝛽11)𝜈31 − (𝛼𝑠 − 𝛼𝑎)(1 + 𝜈𝑎)𝜈𝑠 − 𝜈31
𝜈𝑠 − 𝜈𝑎

,

𝛽23 = 𝜈61 {𝛼𝑠 − 𝛽11 + (𝛼𝑠 − 𝛼𝑎) 1 + 𝜈𝑎
𝜈𝑠 − 𝜈𝑎

} .
(16)

From the equations presented it is not difficult to obtain formulas for the con-
stants in the case of simpler types of structures—orthorhombic, tetragonal, or
hexagonal.

The formulas found are suitable for determining the physico-mechanical charac-
teristics and the stressed state of synthetic materials of the glass-plastic type, in
which the binder has viscoelastic properties; one need only replace the constants
𝐸𝑠, 𝜈𝑠 by the corresponding linear operators.
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