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MATHEMATICS

Yu. P. GINZBURG

ON MULTIPLICATIVE REPRESENTATIONS
OF BOUNDED ANALYTIC OPERATOR-
FUNCTIONS
(Presented by Academician L. S. Pontryagin on 14 XII 1965)

1. Consider the class 𝔅, consisting of operator-functions 𝑋(𝜁), regular for
|𝜁| < 1, with values in a separable Hilbert space ℌ, for each of which: 1)
𝑋∗(𝜁)𝑋(𝜁) ≤ 𝐼 for |𝜁| < 1; 2) 𝑋(0) is boundedly invertible; 3) 𝑋(0) − 𝐼 ∈
𝔖1, where 𝔖1 is the set of operators 𝐴 with finite trace norm: |𝐴|1 =
sp(𝐴∗𝐴)1/2 < ∞ (1).

Theorem 1. In order that an operator-function 𝑋(𝜁) belong to the class 𝔅, it
is necessary and sufficient that the representation

𝑋(𝜁) = ∫
𝑙

0
exp{𝑘[𝜁, 𝜗(𝑡)] 𝑑𝐸(𝑡)} 𝑈Π(𝜁),

Π(𝜁) =
𝑟

∏
𝑗=1

( 𝜁𝑗 − 𝜁
1 − ̄𝜁𝑗𝜁

|𝜁𝑗|
𝜁𝑗

𝑃𝑗 + 𝑄𝑗) , (1)

hold, in which 𝑟 ≤ ∞; 𝑃𝑗 are orthoprojections, dim𝑃𝑗ℌ = 𝑚𝑗 < ∞; 𝑄𝑗 =
𝐼 − 𝑃𝑗; |𝜁𝑗| < 1; ∑𝑟

𝑗=1 𝑚𝑗(1 − |𝜁𝑗|) < ∞; 𝜗(𝑡) is a nondecreasing scalar function
(0 ≤ 𝜗(𝑡) ≤ 2𝜋); 𝐸(𝑡) is a Hermitian increasing operator-function satisfying
the condition sp𝐸(𝑡) ≡ 𝑡; 𝑈 is a unitary operator (𝐼 − 𝑈 ∈ 𝔖1); 𝑘(𝜁, 𝜗) =
(𝜁 + 𝑒𝑖𝜗)/(𝜁 − 𝑒𝑖𝜗). Moreover, the partial products converge to the Blaschke–
Potapov product Π(𝜁) in the trace norm, and the integral products also converge
to the multiplicative integral.

The last circumstance (which remained unnoted in (4), where convergence in
the uniform norm was considered) makes it possible, in studying the expansion
(1), to use the apparatus of determinants of infinite order (1).
Lemma. If 𝑋𝑗(𝜁) ∈ 𝔅 (𝑗 = 1, 2), then there exist such 𝑌𝑗(𝜁) ∈ 𝔅 that

𝑋1(𝜁)𝑋2(𝜁) = 𝑌2(𝜁)𝑌1(𝜁), det𝑋𝑗(𝜁) = det𝑌𝑗(𝜁).
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This proposition, formulated for the finite-dimensional case in (5), is obtained
here by using the possibility of approximating, in the metric 𝔖1, a function
𝑋(𝜁) ∈ 𝔅 by finite Blaschke products, and also with the aid of the following
compactness criterion:

If 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 ∈ 𝔖1 (𝑛 = 1, 2, …), 𝐴𝑛 ≥ 0, 𝐵𝑛 ≥ 0, and for any 𝑓, 𝑔 ∈ ℌ

|(𝐶𝑛𝑓 , 𝑔)|2 ≤ (𝐴𝑛𝑓 , 𝑓)(𝐵𝑛𝑔, 𝑔),

then from the compactness in 𝔖1 of the families {𝐴𝑛} and {𝐵𝑛} there follows
the compactness of the family {𝐶𝑛} in 𝔖1 (cf. (4)).

* An analogous proposition, established for dimℌ < ∞ by V. P. Potapov (2,3)
and partially extended to the infinite-dimensional case in (4), is also valid for
operator-functions of the broader class 𝔅 (𝐽 ∗ = 𝐽, 𝐽2 = 𝐼), for which 1) is
replaced by the condition 𝑌 ∗(𝜁)𝐽𝑌 (𝜁) ≤ 𝐽 .
A nondecreasing function 𝜗(𝑡) (0 ≤ 𝑡 ≤ 𝑙) will be called canonical if 0 ≤ 𝜗(𝑡) ≤
2𝜋, 𝜗(𝑡 − 0) = 𝜗(𝑡), and if it assumes the value 2𝜋 at no more than one point of
the segment [0, 𝑙].
Theorem 2. A function 𝑋(𝜁) ∈ 𝔅 admits a representation (1) with a canonical
function 𝜗(𝑡), which (as well as the number 𝑙 ≥ 0) is uniquely determined by
𝑋(𝜁). If 𝑡0 is a point of increase of 𝜗(𝑡), then the operator 𝐸(𝑡0) is also
uniquely determined. The Blaschke–Potapov product is determined by 𝑋(𝜁) up
to a constant left unitary factor.

The first assertion of the theorem follows from Theorem 1, the lemma, and the
uniqueness of the multiplicative representation for the function det𝑋(𝜁); the
second follows directly from the general Theorem 3 given below. As for the
third assertion, it is proved exactly as was done by V. P. Potapov (3) in the
finite-dimensional case. Simple examples show that if 𝑡0 is a point of constancy
of 𝜗(𝑡), then 𝐸(𝑡0) is, generally speaking, not determined uniquely by 𝑋(𝜁).
Theorem 3. Let

𝑋𝑗(𝑡; 𝜁) = ∫
𝑡

0
exp{𝑘[𝜁, 𝜗(𝜏)]} 𝑑𝐸𝑗(𝜏) 𝑈𝑗 (𝑗 = 1, 2; 0 ≤ 𝑡 ≤ 𝑙, |𝜁| < 1),

where 𝜗(𝑡) is a canonical function; 𝑈𝑗 are unitary operators; 𝐸𝑗(𝑡) (0 ≤ 𝑡 ≤
𝑙, 𝐸𝑗(0) = 0) are Hermitian operator-functions, continuous and of bounded
variation in the uniform operator metric. Then, if

𝑋1(𝑙; 𝜁) ≡ 𝑋2(𝑙; 𝜁) (|𝜁| < 1),

then for every point of increase 𝑡0 of the function 𝜗(𝑡) the equalities
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𝑋1(𝑡0; 𝜁) ≡ 𝑋2(𝑡0; 𝜁) (|𝜁| < 1), 𝐸1(𝑡0) = 𝐸2(𝑡0)

hold.

In the proof, theorems of the Phragmén–Lindelöf type are used, as well as
infinite-dimensional analogues of the delicate results of V. P. Potapov (3) on
the reconstruction of a multiplicative integral with variable upper limit 𝑡 from
its modulus 𝑅(𝑡).
2. Let 𝑋(𝜁) ∈ 𝔅,

det𝑋(𝜁) = 𝑒𝑖𝑎
𝑟

∏
𝑗=1

𝜁𝑗 − 𝜁
1 − 𝜁𝑗𝜁

|𝜁𝑗|
𝜁 exp{∫

2𝜋

0
𝑘(𝜁, 𝜗) 𝑑𝜎(𝜗)}

(Im 𝑎 = Im𝜎(𝜗) = 0, 𝜗 ∈ [0, 2𝜋]).

If 𝐾 is the closed unit disk and 𝐶 is the unit circle, then we shall call a Borel
set 𝑀(⊂ 𝐾) a carrier of the function 𝑋(𝜁) if 𝜁𝑗 ∈ 𝑀 (𝑗 = 1, 2, …) and the
𝜎-measure on 𝐶 is concentrated on 𝑀 ∩ 𝐶 (𝜎(𝑀 ∩ 𝐶) = 𝜎(𝐶)).
A function 𝑋1(𝜁) ∈ 𝔅 is called a (right) divisor of the function 𝑋(𝜁) ∈ 𝔅 if
𝑋(𝜁)𝑋−1

1 (𝜁) ∈ 𝔅. In the set of all divisors of the function 𝑋(𝜁) one naturally
introduces the definitions of greatest common divisor (g.c.d.) and least common
multiple (l.c.m.).

Theorem 4. For every Borel set 𝑀 ⊂ 𝐾, there exists a unique (up to a
left unitary factor) divisor 𝑋𝑀(𝜁) of the function 𝑋(𝜁) ∈ 𝔅, possessing the
property that 𝑀 and 𝐾 ∖𝑀 are carriers of 𝑋𝑀(𝜁) and 𝑋(𝜁)𝑋−1

𝑀 (𝜁), respectively.
Moreover, almost everywhere on the unit circle at least one of the operators
𝑋𝑀(𝑒𝑖𝜗) and 𝑋(𝑒𝑖𝜗)𝑋−1

𝑀 (𝑒𝑖𝜗) is unitary. If 𝑀1, 𝑀2, … are Borel sets in 𝐾,
then

𝑋∩𝑀𝑗
(𝜁) = g.c.d. {𝑋𝑀𝑗

(𝜁)}, 𝑋∪𝑀𝑗
(𝜁) = l.c.m. {𝑋𝑀𝑗

(𝜁)}.

The first assertion of the theorem in the case when 𝑀 is an interval follows
from the lemma and Theorem 3; then one considers an open set and, finally, an
arbitrary Borel set 𝑀 . After this, the proof of the third assertion presents no
difficulty if one uses results, due to Yu. L. Shmul’yan (6), on the structure of a
semigroup of bounded holomorphic scalar functions. As for the second assertion,
in its proof the following fact is essentially used: if 𝑋(𝜁) ∈ 𝔅, then for almost
all 𝜗 ∈ [0, 2𝜋]

lim
𝑟→1

𝑋∗(𝑟𝑒𝑖𝜗)𝑋(𝑟𝑒𝑖𝜗) = 𝑋∗(𝑒𝑖𝜗)𝑋(𝑒𝑖𝜗)
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exists in the trace norm.* This makes it possible to use determinants of infinite
order also for the study of boundary properties of functions of the class 𝔅.

The proof of the following proposition, partially formulated for the finite-
dimensional case in (5), is based on Theorems 1, 3, and 4.

Theorem 5. An operator-function 𝑋(𝜁) belongs to the class 𝔅 if and only if it
admits a representation convergent in the metric 𝔖

𝑋(𝜁) = ∫
2𝜋

0
exp{𝑘(𝜁, 𝜗) 𝑑Σ𝑎(𝜗)} ⋅ ∫

2𝜋

0
exp{𝑘(𝜁, 𝜗) 𝑑Σ𝑠(𝜗)} 𝑈Π1(𝜁)Π(𝜁), (2)

Π1(𝜁) =
𝑟

∏
𝑗=1

∫
𝑙𝑗

0
exp{𝑘(𝜁, 𝜗𝑗) 𝑑𝐸𝑗(𝑡)}.

*Here Π(𝜁) is a Blaschke–Potapov product; 𝑟 ≤ ∞; 0 ≤ 𝜗𝑗 < 2𝜋; 𝐸𝑗(𝑡) (0 ≤
𝑡 ≤ 𝑙𝑗), Σ𝑠(𝜗), and Σ𝑎(𝜗) (0 ≤ 𝜗 ≤ 2𝜋) are Hermitian nondecreasing operator-
functions, with sp𝐸𝑗(𝑡) ≡ 𝑡, while Σ𝑠(𝜗) and Σ𝑎(𝜗) (Σ𝑠(0) = Σ𝑎(0) = 0) are,
respectively, singular and absolutely continuous in the metric 𝔖1; 𝑈 (𝐼−𝑈 ∈ 𝔖1)
is a unitary operator. In addition, Σ𝑠(𝜗) is uniquely determined by 𝑋(𝜁), and
Σ𝑎(𝜗) by 𝑋∗(𝑒𝑖𝜗)𝑋(𝑒𝑖𝜗); the functions Π(𝜁) and Π1(𝜁) are determined up to a
left unitary factor by 𝑋(𝜁). The function 𝑋(𝜁) is inner (outer)** if and only if, in
the representation (2), Σ𝑎(𝜗) ≡ 0 (respectively, Π(𝜁) ≡ Π1(𝜁) ≡ 𝐼 , Σ𝑠(𝜗) ≡ 0),
i.e., if and only if det𝑋(𝜁) is an inner (outer) scalar function.*

Theorems 4 and 5 can be extended to the matrix classes 𝐴(𝑛), 𝐷(𝑛), 𝐻(𝑛)
𝛿 (0 <

𝛿 < ∞), which were the subject of study in (5), and also to some of their
infinite-dimensional analogues.

3. The theorems presented can be used to study invariant subspaces of certain
operators different from normal ones. Below a number of results of this
kind are formulated.

Let 𝑇 be a simple (in other terminology, completely nonunitary) contraction of
a Hilbert space ℌ (8,9𝑎), and suppose ‖𝑇 −1‖ < ∞, 𝐼 − 𝑇 ∗𝑇 ∈ 𝔖1. It is not hard
to see that one can construct the characteristic function 𝑋(𝜁) of the operator
𝑇 (8,9𝑏), belonging to the class 𝔅. If 𝑀 is an arbitrary Borel subset of 𝐾,
then, as follows from Theorem 4 and the results of B. Sz.-Nagy and C. Foiaş
(9𝑏, §§3, 4), there exist invariant subspaces ℌ1 and ℌ2 of the operator 𝑇 such
that ℌ1 ∩ℌ2 = {0}, ℌ1 ∔ℌ2 = ℌ, and, if 𝑇1 and 𝑇2 are the operators induced by
𝑇 on ℌ1 and ℌ2, then 𝑋𝑀(𝜁) and 𝑋𝐾∖𝑀(𝜁) serve as the characteristic functions
of the operators 𝑇1 and 𝑇2, respectively—

* As is known (7), a bounded operator function holomorphic in the unit disk has,
almost everywhere on the unit circle, in general, only weak boundary values.
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** A function 𝑋(𝜁) ∈ 𝔅 is called inner if the operator 𝑋(𝑒𝑖𝜗) is unitary for
almost all 𝜗 ∈ [0, 2𝜋], and outer if 𝑋(𝜁) has no nonconstant inner divisors.

respectively (cf. (9𝑟), Theorem 8). In particular, if 𝑀 is the interior of the
unit disk, then ℌ1 is the closed linear span of the finite-dimensional invariant
subspaces of the operator 𝑇 , while the spectrum of the operator 𝑇2 lies on
the unit circle (a related result was obtained independently by M. S. Brodskii
without using function-theoretic methods).

By choosing the set 𝑀 in another way, one can arrange, for example, that the
function 𝑋𝑀(𝜁) be inner and 𝑋𝐾∖𝑀(𝜁) outer (see Theorem 5), i.e. that 𝑇1 ∈ 𝐶00,
𝑇2 ∈ 𝐶11 (9𝑟).
If some arc of the unit circle is free of the spectrum of the operator 𝑇 , then,
relying on a proposition due to M. S. Brodskii and Yu. L. Shmul’yan ((10),
Theorem 1), one can show that the subspace ℌ1 = ℌ𝑀 is determined by the
contraction 𝑇 and by the set 𝑀 uniquely; moreover, the relations

⋂ ℌ𝑀𝑗
= ℌ∩𝑀𝑗

, ∑ ℌ𝑀𝑗
= ℌ∪𝑀𝑗

hold for any collection {𝑀𝑗} of Borel subsets of the disk 𝐾.

Odessa Pedagogical Institute
named after K. D. Ushinsky

Received
9 XII 1965

REFERENCES
1 I. Ts. Gokhberg, M. G. Krein, Introduction to the Theory of Linear Non-Self-
Adjoint Operators, Moscow, 1965.
2 V. P. Potapov, DAN, 72, No. 5 (1950).
3 V. P. Potapov, Tr. Mosk. matem. obshch., 4, 125 (1955).
4 Yu. P. Ginzburg, DAN, 117, No. 2 (1957).
5 Yu. P. Ginzburg, DAN, 159, No. 3 (1964).
6 Yu. L. Shmul’yan, Nauk. zap. Zhitomirsk. ped. inst., ser. fiz.-matem., 9
(1959).
7 L. A. Sakhnovich, Ukr. matem. zhurn., 9, No. 3 (1959).
8 M. S. Livshits, V. P. Potapov, DAN, 72, No. 4 (1950); Yu. L. Shmul’yan,
DAN, 93, No. 6 (1953); V. T. Polyatskii, DAN, 113, No. 4 (1957).
9 B. Sz.-Nagy, C. Foias, Acta Sci. Math. Szeged, a) 21, 251 (1960); b) 25, 38
(1964); c) 25, 283 (1964); d) 25, 12 (1964).
10 M. S. Brodskii, Yu. L. Shmul’yan, UMN, 19, No. 1 (1964).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.71961 Machine Translation

https://sovietrxiv.org/items/ru-196601.71961

	Abstract
	Full Text
	Yu. P. GINZBURG
	ON MULTIPLICATIVE REPRESENTATIONS OF BOUNDED ANALYTIC OPERATOR-FUNCTIONS
	REFERENCES


