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In this paper the symbol E;, C E, is used to denote the Banach space Ej,
normally embedded in the Banach space E; (see (1)). Denote by W, (0 < a < 1)
the convex hull of the set

So ={o: o5 2lE, <1, @€ Byl
Definition 1. Let Fj; D £ D E;. The index of the intermediate space E

with respect to the spaces E, and E,; is the number

a;= inf a=ind FE),
i W, CS,(E) EO,EI( )

where S, (F) is the unit ball of the space E.

Definition 2. We shall say that a continuous normal scale (see (?)) E
(0 < a <1) connects the spaces E, D F D Ey, if

@

Eyo = Ey, Ea:indEOYEl (E) = E, E, ., =E;.
Definition 3. Three normally embedded Banach spaces E, D E D E,; are
called related if there exists a continuous normal scale E, (0 < o < 1) con-
necting these spaces.

Consider the class K(FE,, E;) of continuous normal scales £, (0 < a < 1) which
connect the spaces E; D E; and majorize the minimal scale constructed from
the spaces E, and E; (see (3)).

Definition 4. By absolutely related Banach spaces E,, E, E; we shall
mean normally embedded spaces E, D E D E; for which any two normal scales
E, € K(Ey,E) (0<a<indy g (E)) and E, € K(E, E,) (indg, 5 (E) <a <
1), when glued at the point a = indg, g (E), form a continuous normal scale

(see (12)).
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Lemma 1. In order that three normally embedded Banach spaces Ey O E D E,
be related, it is necessary and sufficient that, upon gluing the mazimal scales
By (0<a<o, B, =E)and E*™ (0; <a<1, E, =E, E, | =E)
at the point o = indg, p (E), a continuous normal scale be obtained (see (*?)).

Lemma 2. Three normally embedded Banach spaces Ey O E D FE; are abso-
lutely related if and only if the family of Banach spaces

B = Eglin(EO’E); 0<ac<ay, Ea:ozi:Ev
BB R aysas],

where EMN(E,, E), E™(E, E,) are the minimal scales constructed from the
spaces Ey D E and E D E, respectively, is a continuous normal scale (see (3)).

We shall formulate a criterion for the absolute relatedness of three normally
embedded Banach spaces £y D E D E|, restricting ourselves, for simplicity, to
the case of a smooth unit sphere of the space E (see (4), p. 187, Definition 1).

Theorem 1. In order that three normally embedded Banach spaces E, D E D
E, be absolutely related, it is necessary and sufficient that, for all functionals
f(x) € Ej, the inequality

1—ay oy
Il = 1 g 1 g - 1)

Proof of sufficiency. On the basis of the definition of the norm of an element
z in the minimal scale,

B | f ()]
= SUD e —a) gy sl
reg |11 g7 (Wit

|z gmin 2, ) (z e by, 0<a<a),

- /(@)
1—o)/(1-q4 a—a;)/(1-q,
feE HfH<E/ )/(1—a;) f”SE; i)/ (1—a;)

] Emin(E.E,) — (x € Ey, a; <a<1).

Consider the function

Ewin(E) E)> if 0 <a< Q;,

In |z|
pla,z) = .
I [z grin (g, gy, o <a <L

It is not hard to see that the absolute relatedness of the Banach spaces Fy D
E D E; is equivalent to the inequality
(p:x(Oéi—O,Z‘) S@:x(ai+0ax)a erl:

where ¢, (a; —0, ), ¢, (a; +0,z) are the left and right derivatives with respect
to « of the function ¢(a, z) at the point o = «;.
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Suppose that inequality (1) is satisfied for all elements f € Ej. By virtue of
the smoothness of the space E, D E, we can choose a sequence of functionals
{f.} € E{ such that

Tim |f, @1/l = s 2)
(see (2), Theorem 1).
Denote by
_ [ fo ()]
D, (a,z) =1n 0<a<aq;, z€E),
n (a —a) /oy a/a ¢
1l
_ | fu(2)]
¥, (o,z) =1n T H%fa)/(l* e e/ ey (; <a<l, z€E).
n 4 n 4

It is easy to see that

pla,z) 2@, (a,z) (0<a<a),

pla,z) 2 ¥, (a,z) (o <a<), (3)
moreover, without loss of generality one may assume the existence of the limits

lim [@n(ai,x)];, lim [\I’n(ai’x)]:f

n—oo n—00

From conditions (2) and (3) follow the inequalities

Pala; —0,2) < lim [0, (o, )],

n—oo

Palo; +0,2) > lim [V, (a;, )],

n—oo

Finally, by virtue of relation (1),

17l
1. ||”“

1/(1— a;
1l

1/(1—c;
FAFA

- [\I/n<ai7 l‘)]fx,

[(I)n(ai? x)]oc

so that

Pala; = 0,2) < @) (a; +0,2).

The sufficiency of the conditions of Theorem 1 is proved.
We proceed to present the scheme of the proof of necessity. First one proves

Lemma 3. Let Ey, D E; be normally embedded Banach spaces, L a linear
manifold of Ey, and Ly, ,Lp the linear manifold L endowed with the norms
|zl g, and |z|g, , respectively.
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Then for every element x € L

Hl“”Egﬂn(LEO,LEl) > ||$||Egin(E0,E1) 0<a<]),

where Eg‘in(LEO,LEl), EPn(E, E)) (0 < a < 1) are the minimal scales con-
structed from the spaces Ly D Lp and Ey D E;.
Moreover, one can show that from the absolute relatedness of the finite-

dimensional spaces F;, D E D E; there follows inequality (1), under the
condition that the unit sphere of the space E is smooth.

Let f(z) be an arbitrary functional from the space Ej. By assumption, the
space E) is normally embedded in E and E|; therefore, for any 6 > 0 there
exist elements x(, ¥, ¥ € By with norms |z, g, = |2|g = |21, = 1, for which

[fo)l = 1fley +e0. f@I=1fler+&  f@)l=1flg +e, (4)

where €(,¢,e, < 6.

Denote by L By Lg,Lg, the subspaces of Ey, E, and E, generated by the ele-
ments x,,z, ;. Then

Lg, > Lp>Lg,

and the unit sphere of the space Ly is smooth. On the basis of Lemmas 2 and
3 we may assert that the Banach spaces LEO,L B> Lp, are absolutely related;
consequently, the norm | f]| 1, of the functional f(z), induced on L g, by the
functional f(z), satisfies the inequality

112, > 171541

Qg
Ly~
Taking into account the equalities (4), we obtain

Iy, = 1l + 00 flzy, = [fle + &1

||f||L;5 = |fle +& where £y,€,&; < 4.

Thus, the relation

1l +& = (fley +E0) (I fl g + &)

holds for all &,,¢,&; < 4, and therefore
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1—ay
Ifle = 11"

fl

;
The theorem is proved.

Let Ey D E D E; be three normally embedded Banach spaces possessing the
properties: 1) the spaces Ey D E and E D E; are related; 2) indg g (E) # 1.

It is natural to consider the following problem: will the spaces E, D E D E|
be related if conditions 1) and 2) are satisfied for them? We shall show that,
in this general formulation, the indicated problem is answered in the negative.
Indeed, it is not difficult to construct two finite-dimensional normally embedded
Banach spaces E, D E;, for which the family of Ba

Banach spaces EQ(EO,El) with unit balls W, (0 < a < 1) does not form a
normal scale.

Since the maximal scale E™%(E,, E,) joining the spaces E, and E; does not

coincide with the scale EQ(EO, E,), there exists a number «; # 1 such that

~

E, (Ey, Ey) C B (Ey, Ey), (5)
but

~

Eai(EOvEl) #Eglﬁx(EmEl)' (6)

The spaces Ey D E, (Ey, Ey) D E; give an example of three non-kindred
normally embedded Banach spaces. Indeed, if one assumes that the spaces

~

Ey, E, (Ey, Ey), £y are kindred, then

~

By, (Eo, Ey) D EG™(Ey, Ey).

This latter embedding, together with (5), contradicts condition (6).

Denote by £;(p) the Banach space of measurable functions defined on the in-
terval [0, 1] and summable with almost everywhere positive weight p(t) € L;.

The space By = £,(p;) is normally embedded in E; = £,(p,) if and only if
po(t) < py(¢) for almost all ¢ € [0, 1].

Theorem 2. The mazimal scale joining the spaces £1(py) = Ey and £1(py) =
E, consists of the spaces £4(p,,) with weights

Po(t) = [po (O] [Py (£)]*

The index of the intermediate space £, (p) between the spaces £, (p,) and £, (p;)
is equal to
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ind L = inf Q.
£1(00), 1100 €1 (P)] Pp(H)<[po (D] oy (8]

Theorem 3. Let £,(py) D £1(p) D £1(p1) be Banach spaces of measurable
functions defined on the interval [0,1] and integrable with almost everywhere
positive summable weights py(t), p(t), p1(t).

)

In order that the Banach spaces £1(py), £1(p), £1(py) be kindred, it is necessary
and sufficient that

ndg, (p,),¢, () €1(P)] = a; # 1.

The author takes this opportunity to express gratitude to S. G. Krein for useful
advice and valuable discussions.
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