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1°. In this paper the following problems are considered: 1) the determination of
structural properties of a function on the basis of its representation by a bounded
semiadditive operator; 2) the determination of the order of approximation of a
function by a bounded semiadditive operator, if the structural properties are
specified by moduli of smoothness.

Among the numerous works devoted to this question, we mention the papers
(1-7).

2°. Notation and assumptions. The function f(z) € Cy; wi (9, f) is its
modulus of smoothness of order k; E,(f) is the best approximation by trigono-
metric polynomials of order < n; T, (z, f) is a polynomial of best approximation
of order n; o(f) is the Fourier series:

o(f) = % + Z(ak cos kx + by, sin kx);
k=1

S, (z, f) is the partial sum of the Fourier series of order n; f(m) is the function
trigonometrically conjugate to f(x); 7,,(z, f) are the Vallée-Poussin sums

Tn<$7f) _ Sn(xvf) +"'+52n71(x7f);

n

T, (x) is a trigonometric polynomial of order < n; U(f) is a bounded semiad-
ditive (subadditive) operator from C, into Cy ; w,(d) satisfies the conditions:
1) it is continuous for 0 < § < 00; 2) w,.(0;) < w,(d5) when 0 < §; < dy; 3)
w,(0) = 0; 4) w,.(A6) < (A +1)"w, () for any A > 0; the function @ ,(¢) (@, (1)):

a) is summable and bounded on [—7, 7], b) even, c) positive, d)

[ ®,(t)dt=1;
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the numbers r, k, and n are natural; C'(0 < C < o0) and M(0 < M < c0) are
constants depending only on those arguments which will be indicated,

A’”/o tr®,(t) dt.

3°. Main theorems.

Theorem 1. If |U(T, (z, f))| < M1||T,(lk)(x, ), then

M. k
[T < (01 + Myn®) B, (f) + == (5 f)

Theorem 2. If M| T\" (z, )| < |U(T,(x, f))|, then
MynFw,(n, f) < (U] + 2"Myn*) B, (f) + U ()]

Theorem 3. Let f(z) € C,_. If

10 (T2 (2 DI < M) (2, P,

then

~ M.nk T
[T < AUNE 2(f) + AMsnf By (F) + 2w, (2. F) -

Theorem 4. Let f(ac) €Cy,. If

: -

M T (@ P < U (o (2, )]
then
Myn*w,(n, ) < AUNE o (f) + 2520 By o) (F) + U (F)-
Theorem 5. Let f")(z) € C,,. If for every T, ()
Ak

[U(T)] < M| T3 (@),

then

n—1

U< CLUNE, (F7)) + Cy(r + k)M > (1+ 1)1 E(f).
=0
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Let U,(f) (k = 1,2) be bounded subadditive operators from C,. into C,,,
possessing the following properties for every T, (x):

1) U,(T,) is a trigonometric polynomial of order < n;
2) Up(T,,) = Up(T,,);
3) for any r, U(T,) = U (T\").
Theorem 6. Let p;, (k= 1,2) be natural numbers. If, for every T, (x):

1)
My(pp) ITP ()] < |U(T)| < My (p) [T ()],
then
2 ( ) 2 )
+ p1+
H PR P2) ()| < UL (Uy(T, H P TR P2 (2);
2)
Mg(pp) [T ()] < |U(T)| < My () IT ()],
then
2 2
H P TP P2 (@) < UL (UL(T, H P TP (@)
3)
Myo(p) T ()] < [UL(T,)| < My (p)| T ()],
My ()T ()| < |US(T) | < My (po) | T2 ()],
then
2 ( ) 2 )
7 (p1+ +
T Mol T 72 (@) < Uy (U (T, H Pl TR 72 ().
k=1 i)

We note that Theorem 6 generalizes some results of I. P. Natanson (3719).

Theorem 7. Let 0 < C' < 1, r be an even number,
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TI'T/2

T‘/2+12
== e / CLRRCET f (a4 kt)D (1) d.
—
I
24(1 — CHYA, .
1<n< HA= OBy, ,
TANJ‘JrQ

then

On' A, w,(n f) < C5(r)[(1+ CA, ") E, (f) + 117 (z, f) — f()]].

w,rr

Theorem 8. Let, for every T, (z),

M| T3 ()] < U(T,)].-

Then

Myon'w,y(nh f) < (U] + 27 Myon”) E, () + [U(F)]-

Theorem 9. If f*)(z) € C,,, then

w (7, 10) < Cy(r ) [B(f )+ nho, (07, )]

4°. Some applications of the main theorems to singular integrals. We
shall apply the main theorems to the V. A. Steklov integral and to some of its
modifications.

Theorem 10. Let r be an even number. If

6 r

(15/0 S (—1icts [x+ (%—1) t] dt

=0

S 05 (r)wr (6> i

then

w,(0, f) < Cg(r)w,.(9).

Theorem 11. Let
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Li(h

h
i | Vs n = selar

Then

o7 ) < O [ Ly )+ [ L gy an].

Corollary. If L,(d, f) < Csw;(9), then w, (9, f) < Cqw, (6).

We now apply the main theorems to the Jackson integral and some of its gener-
alizations.

Theorem 12. Let r be an even number,

1)r/2+1g [T T/2
DI = / SDRRCE (g k)Y (1) dt,
e
where
o 42 770, 2r42
" ) = / sinnt/2 gt sinnt/2 '
|\ sint/2 sint/2
Then

W, (n7, ) < Cholr) sup [ £(2) = DRV ()] < Cra(r)oy (07 ).

Theorem 13. Suppose that for 0 <t < n~! the kernel ®,[t| > C}yn,
Bo(t) = = 3" peln) coskt
= — n) cos kt.
n om £ Pk
Then

wo(n™t f) < Cig

[ 1560 - 25w + 1 - 10,0 dt‘ |
0

wy(nt f) <Cy

/W [Flw+) = f(2)|@,,(t) dt”.

Remark. For the Jackson kernel the conditions of the theorem are satisfied.
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Theorem 14. Let ®,,(¢) be a trigonometric polynomial of order < n,

Cisn™> <A, 5 < Cygn?, Cyn* <A, , <Cgn?
Then
wy(n, f) < Cig sup / [ 0) — F@)}@ (1) dtH.
m>n

All the results given are also valid for the space L (1 < p < o0).

5°. Approximation in the space L} (1 < p < o).

We shall adopt the following assumptions. The function®™ f(z) € L5, where
1 < p < oo; the numbers v, (n) are such that

2k+171
Vi1 ()] < Cyo, Z ) =) <Gy (B=0,1,..).
1=2*
Put
?O Z )(ay, cos kx + by, sin kx).
k=

Theorem 15. Let

o) = LI gy < frim,

pr(n) =0 for k > [n7/™].

If
ok+1_1
prr1 ()] < Cyo, Z lpr1(n) —p(n)] < Cy3 (k=0,1,...),
=2k
then

10 (2, ) = f@) e < Coa(p) @ (077 f) o

Theorem 16. Let 0 < ~,,,(n) <1 (k=0,1,...),
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km

pk(n)zw for 1 <k < [n7/™],
pr(n) =0 for k > [n"/™].
If
2k+1_q
|1 (n)] < Cos, l;:k P11 (n) = pi(n)| < Cys (k=0,1,...),
then

Wi (07178, f) 1o < Cor(p) [Eprimy (f) + 1Un (@, f) = f(2) ] 1]

As an example of applications of Theorems 15 and 16, we give one theorem.

Theorem 17. Let 0 < u < 1,

(o)
P,(z,f)= % + Z u¥(ay, cos kx + by, sin kx)
k=1
be the Poisson operator. Then

wi(1 =, f)pe < CogPIP, (2, f) — f(2)| 1 < Cog(p)wy (1 —u, f) s

The author expresses deep gratitude to G. I. Natanson for his attention to this
work.
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