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MATHEMATICS

V. R. PORTNOV

SOME PROPERTIES OF ORLICZ SPACES
GENERATED BY FUNCTIONS 𝑀(𝑥, 𝑤)
(Presented by Academician S. L. Sobolev, January 14, 1966)

Let 𝐺 be an arbitrary space of points 𝑥 with a 𝜎-finite measure; let 𝑀(𝑥, 𝑤)
be a function defined on the set 𝐺 × (−∞, ∞), and suppose that for each 𝑤 ∈
(−∞, ∞) it is measurable on 𝐺 and for almost all (a.a.) 𝑥 ∈ 𝐺 is an 𝑁 -function
on the interval (−∞, ∞) (see (1), p. 16). By 𝑀∗(𝑥, 𝑤) we shall denote the
function which, for a.a. 𝑥 ∈ 𝐺, is complementary with respect to 𝑀(𝑥, 𝑤) ((1),
p. 22). This function has the same properties as the function 𝑀(𝑥, 𝑤), namely:
it is measurable on 𝐺 for each 𝑤 ∈ (−∞, ∞), and for a.a. 𝑥 ∈ 𝐺 is an 𝑁 -function
on the interval (−∞, ∞).
Definition 1. We shall say that a real-valued function 𝑤(𝑥) belongs to the
Orlicz class 𝐾𝑀(𝐺) if it is measurable on 𝐺 and

𝑔(𝑤; 𝑀) = ∫
𝐺

𝑀(𝑥, 𝑤(𝑥)) 𝑑𝑥 < ∞. (1)

Definition 2. We shall say that a sequence of functions 𝑤𝑛(𝑥) from 𝐾𝑀(𝐺)
(𝑛 = 1, 2, …) converges in the mean to the function 𝑤0(𝑥) ∈ 𝐾𝑀(𝐺) if

lim
𝑛→∞

∫
𝐺

𝑀(𝑥, 𝑤𝑛(𝑥) − 𝑤0(𝑥)) 𝑑𝑥 = 0. (2)

Definition 3. The Orlicz space 𝐿𝑀(𝐺) is the collection of measurable real-
valued functions 𝑤(𝑥) satisfying the condition

‖𝑤‖𝑀 = sup
𝑔(𝑣;𝑀∗)≤1

∫
𝐺

|𝑤(𝑥)| |𝑣(𝑥)| 𝑑𝑥 < ∞. (3)

Definition 4. We shall say that the function 𝑀(𝑥, 𝑤) satisfies the Δ̃2-
condition if, for some nonnegative function 𝜓0(𝑥) ∈ 𝐾𝑀(𝐺),
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vrai sup
𝑥∈𝐺

sup
𝑤≥𝜓0(𝑥)

𝑀(𝑥, 2𝑤)
𝑀(𝑥, 𝑤) < ∞. (4)

Definition 5. We shall say that the function 𝑀(𝑥, 𝑤) satisfies the Λ0-
condition if there exists a nonnegative function 𝛿0(𝑥) ∈ 𝐿𝑀(𝐺) such that

lim
𝛼→+0

(vrai sup
𝑥∈𝐺

( sup
𝑤≥𝛿0(𝑥)

𝑀(𝑥, 𝛼𝑤)
𝛼𝑀(𝑥, 𝑤))) = 0. (5)

We now formulate a number of theorems characterizing properties of Orlicz
spaces and classes.

Theorem 1. a) 𝐿𝑀(𝐺) = 𝐾𝑀(𝐺); b) convergence in norm implies convergence
in the mean; c) the functional (3) is a norm on 𝐿𝑀(𝐺), and 𝐿𝑀(𝐺) is complete
with respect to this norm.

Theorem 2. The inequalities

∫
𝐺

|𝑤(𝑥)| |𝑣(𝑥)| 𝑑𝑥 ≤ ‖𝑤‖𝑀‖𝑣‖𝑀∗ (6)

hold for any pair of functions 𝑤(𝑥), 𝑣(𝑥) from the Orlicz spaces 𝐿𝑀(𝐺), 𝐿𝑀∗(𝐺),
respectively, and

𝑔(𝑤; 𝑀) ≤ ‖𝑤‖𝑀 (7)

for any function 𝑤(𝑥) from 𝐿𝑀(𝐺) for which ‖𝑤‖𝑀 ≤ 1.

Theorem 3. If the function 𝑀(𝑥, 𝑤) satisfies the Δ̃2-condition, then:
a) 𝐿𝑀(𝐺) = 𝐾𝑀(𝐺); b) convergence in the mean is equivalent to convergence
in norm; c) the general form of a linear functional 𝑓(𝑤(𝑥)) on 𝐿𝑀(𝐺) is given
by the formula

𝑓(𝑤(𝑥)) = ∫
𝐺

𝑤(𝑥)𝑣(𝑥) 𝑑𝑥, (8)

where 𝑣(𝑥) ∈ 𝐿𝑀∗(𝐺) and is uniquely determined by 𝑓 .

Theorem 4. If the functions 𝑀(𝑥, 𝑤) and 𝑀∗(𝑥, 𝑤) satisfy the Δ̃2-condition,
then the space 𝐿𝑀(𝐺) is reflexive.

Theorem 5. If the function 𝑀(𝑥, 𝑤) satisfies the Δ0-condition, then

lim
‖𝑤‖𝑀→∞

𝑔(𝑤; 𝑀)
‖𝑤‖𝑀

= ∞. (9)
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Theorem 6. Let the function 𝑀(𝑥, 𝑤) satisfy the Δ̃2-condition and suppose
the following conditions are fulfilled: a) the sequence of functions {𝑤𝑛(𝑥)} (𝑛 =
1, 2, …) converges a.e. on 𝐺 to the function 𝑤0(𝑥); b) 𝑤𝑛(𝑥) ∈ 𝐾𝑀(𝐺) for all
𝑛 = 1, 2, …; c) for every 𝜀 > 0 there exists a measurable set 𝐸𝜀 ⊂ 𝐺 such that
mes 𝐸𝜀 < ∞ and

sup
𝑛≥1

∫
𝐺∖𝐸𝜀

𝑀(𝑥, 𝑤𝑛(𝑥)) 𝑑𝑥 < 𝜀;

d) for every 𝜀 > 0 there exists 𝛿(𝜀) > 0 such that

sup
{𝐸∶mes 𝐸<𝛿(𝜀)}

[sup
𝑛≥1

∫
𝐸

𝑀(𝑥, 𝑤𝑛(𝑥)) 𝑑𝑥] < 𝜀.

Then 𝑤0(𝑥) ∈ 𝐾𝑀(𝐺) and

lim
𝑛→∞

𝑔(𝑤𝑛(𝑥) − 𝑤0(𝑥); 𝑀) = 0.

Theorem 7. Let the function 𝑀(𝑥, 𝑤) satisfy the Δ̃2-condition and

lim
𝑛→∞

𝑔(𝑤0(𝑥) − 𝑤𝑛(𝑥); 𝑀) = 0,

where 𝑤0(𝑥), 𝑤1(𝑥), 𝑤2(𝑥), … are functions from 𝐾𝑀(𝐺). Then: a) for every
𝜀 > 0 there exists a measurable set 𝐸𝜀 ⊂ 𝐺 such that mes 𝐸𝜀 < ∞ and

sup
𝑛≥1

∫
𝐺∖𝐸𝜀

𝑀(𝑥, 𝑤𝑛(𝑥)) 𝑑𝑥 < 𝜀;

b) for every 𝜀 > 0 there exists 𝛿(𝜀) > 0 such that

sup
{𝐸∶mes 𝐸<𝛿(𝜀)}

(sup
𝑛≥1

∫
𝐸

𝑀(𝑥, 𝑤𝑛(𝑥)) 𝑑𝑥) < 𝜀.

We formulate some conditions equivalent to the Δ̃2-condition.

Theorem 8. In order that the function 𝑀(𝑥, 𝑤) satisfy the Δ̃2-condition, it is
necessary and sufficient that there exist such a nonnegative

a function 𝜓0(𝑥) ∈ 𝐾𝑀(𝐺) such that

vrai sup𝑥∈𝐺 sup
𝑤≥𝜓0(𝑥)

𝑤𝑝(𝑥, 𝑤)
𝑀(𝑥, 𝑤) < ∞,
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where 𝑝(𝑥, 𝑤), for a.e. 𝑥 ∈ 𝐺, is the right derivative of the function 𝑀𝑥(𝑤) =
𝑀(𝑥, 𝑤) with respect to the argument 𝑤.

Theorem 9. In order that the function 𝑀∗(𝑥, 𝑤) satisfy the Δ̃2-condition, it
is necessary and sufficient that there exist a measurable nonnegative function
𝛾0(𝑥) on 𝐺 such that 𝑝(𝑥, 𝛾0(𝑥)) ∈ 𝐾𝑀∗(𝐺) (𝑝(𝑥, 𝑤) has the same meaning as
in Theorem 8) and

vrai inf𝑥∈𝐺 ( inf
𝑤≥𝛾0(𝑥)

𝑤𝑝(𝑥, 𝑤)
𝑀(𝑥, 𝑤) ) > 1.

Theorem 10. Suppose: 1) 𝑀(𝑥, 𝑤) satisfies the Δ̃2-condition; 2) in 𝐺 there
exists a collection of measurable sets {𝐺𝑛} (𝐺𝑛 ⊂ 𝐺, 𝑛 = 1, 2, …), no more than
countable, such that for any set 𝐸 ⊂ 𝐺 of finite measure and any 𝜀 > 0 there is
a finite number of sets 𝐺𝑛1

, 𝐺𝑛2
, … , 𝐺𝑛𝑅

(𝑛1, 𝑛2, … , 𝑛𝑅, 𝑅 depend on 𝐸 and 𝜀)
satisfying the inequality

mes ((𝐸 ∖
𝑅
⋃
𝑘=1

𝐺𝑛𝑘
) ∪ ((

𝑅
⋃
𝑘=1

𝐺𝑛𝑘
) ∖ 𝐸)) < 𝜀.

Then the space 𝐿𝑀(𝐺) is separable.

We now give several examples; throughout below the functions 𝑏(𝑥), 𝑝(𝑥), 𝑞(𝑥),
𝑐(𝑥), 𝛽(𝑥), and 𝜆(𝑥) are measurable on 𝐺, a.e. finite and a.e. positive. Further,

vrai inf𝑥∈𝐺 𝑝(𝑥) > 1, vrai sup𝑥∈𝐺 𝑝(𝑥) < ∞.

1) 𝑀1(𝑥, 𝑤) = 𝑏(𝑥)|𝑤|𝑝(𝑥) and 𝑀∗
1(𝑥, 𝑤) satisfy the Δ̃2-condition and the

Δ0-condition.

2) 𝑀2(𝑥, 𝑤) = 𝑏(𝑥)𝑀(𝑥), where 𝑀(𝑥) is an 𝑁 -function satisfying the Δ2-
condition for all 𝑤 (see [1], p. 35). 𝑀2(𝑥, 𝑤) satisfies the Δ̃2-condition. It
will also satisfy the Δ0-condition if 𝑀∗(𝑤) satisfies the Δ2-condition for
large 𝑤 (see [6], Theorem 4).

3) 𝑀3(𝑥, 𝑤) = 𝑏(𝑥)𝑀(𝑤), where 𝑀(𝑤) is an 𝑁 -function satisfying the
Δ2-condition for large 𝑤, and moreover ∫𝐺 𝑏(𝑥) 𝑑𝑥 < ∞. The function
𝑀3(𝑥, 𝑤) satisfies the Δ̃2-condition. It will also satisfy the Δ0-condition if
𝑀∗(𝑤) satisfies the Δ2-condition for large 𝑤 (see [6], Theorem 4). Further,
the function 𝑀∗(𝑥, 𝑤) satisfies the Δ0-condition; moreover, it will satisfy
the Δ̃2-condition in the case when 𝑀∗(𝑤) satisfies the Δ2-condition for
large 𝑤.

4) 𝑀4(𝑥, 𝑤) = 𝑏(𝑥)|𝑤|𝑝(𝑥) exp(−𝑐(𝑥)|𝑤|−𝑞(𝑥)), where
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2𝑝(𝑥) − 1 ≥ 𝑞(𝑥),

∫
𝐺

𝑏(𝑥) exp(−𝑞−1(𝑥))(𝐶(𝑥)𝑞(𝑥))𝑝(𝑥)/𝑞(𝑥) 𝑑𝑥 < ∞.

The functions 𝑀4(𝑥, 𝑤) and 𝑀∗
4(𝑥, 𝑤) satisfy the Δ̃2-condition; moreover,

𝑀(𝑥, 𝑤) satisfies the Δ0-condition.

5) 𝑀5(𝑥, 𝑤) = 𝑏(𝑥)|𝑤|1+𝛽(𝑥)(1 + |𝑤|𝛽(𝑥))1/𝛽(𝑥), where 𝛽(𝑥) ≤ 1 and

∫
𝐺

𝑏(𝑥)21/𝛽(𝑥) 𝑑𝑥 < ∞.

The functions 𝑀5(𝑥, 𝑤) and 𝑀∗
5(𝑥, 𝑤) satisfy the Δ̃2-condition.

6) 𝑀6(𝑥, 𝑤) = 𝑏(𝑥)|𝑤| ln−1(1 + 𝜆(𝑥)/|𝑤|), where

∫
𝐺

𝑏(𝑥)𝜆(𝑥) 𝑑𝑥 < ∞.

The function 𝑀6(𝑥, 𝑤) satisfies the Δ̃2-condition and the Δ0-condition. The
function 𝑀∗

6(𝑥, 𝑤) satisfies the Δ̃2-condition.

Remark. A. A complete exposition of the theory of Orlicz spaces in the case
when 𝑀(𝑥, 𝑤) = 𝑀(𝑤), and 𝐺 is a closed set of finite measure situated in 𝑛-
dimensional Euclidean space, is given in (1). References to the literature on this
question are also given there.

B. The case mes 𝐺 = ∞ and 𝑀(𝑥, 𝑤) = 𝑀(𝑤) is considered in the works (2−4).
C. Orlicz spaces generated by the functions 𝑀(𝑥, 𝑤) = |𝑤|𝑝(𝑥), 𝑝(𝑥) > 1, were
studied in (5).
D. In the case when mes 𝐺 < ∞, 𝑀(𝑥, 𝑤) = 𝑀(𝑤), the necessary and sufficient
condition for the fulfillment of (9) was obtained for the first time by Ya. B.
Rutitskii; the Δ0-condition in the case when 𝑀(𝑥, 𝑤) = 𝑀(𝑤), 𝛿0(𝑥) = 𝑤0,
mes 𝐺 < ∞, is a condition of Ya. B. Rutitskii (6).
E. Theorems 6 and 7 for the case of Lebesgue spaces 𝑀(𝑥, 𝑤) = |𝑤|𝑝 are con-
tained in (7).
F. Properties of Orlicz spaces generated by functions 𝑀(𝑥, 𝑤), different from the
properties expressed by Theorems 2–9, have been considered by various authors;
here we note only the works (8,9 ).
Institute of Mathematics
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