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Let G be an arbitrary space of points x with a o-finite measure; let M (x, w)
be a function defined on the set G x (—o0, 00), and suppose that for each w €
(—00,00) it is measurable on G and for almost all (a.a.) z € G is an N-function
on the interval (—oo,o0) (see (1), p. 16). By M*(x,w) we shall denote the
function which, for a.a. = € G, is complementary with respect to M (z,w) ((1),
p. 22). This function has the same properties as the function M (z,w), namely:
it is measurable on G for each w € (—o0, 00), and for a.a. = € G is an N-function
on the interval (—oo, 00).

Definition 1. We shall say that a real-valued function w(x) belongs to the
Orlicz class K,,(G) if it is measurable on G and

g(w; M) = /GM(:v,w(z)) dr < oo. (1)

Definition 2. We shall say that a sequence of functions w,, () from K,,;(G)
(n=1,2,...) converges in the mean to the function wy(x) € K,,(G) if

lim [ M(z,w,(x) —wy(z))dz = 0. (2)

n—00
G

Definition 3. The Orlicz space L,,(G) is the collection of measurable real-
valued functions w(x) satisfying the condition

el = sup [ (o) fo(o)] da < o )
glv;M*)<1 Jg

Definition 4. We shall say that the function M (z,w) satisfies the ZQ-
condition if, for some nonnegative function ¢,(x) € K;(G),
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vraisup sup Mz, 2w) < 00. (4)
zeG w>g () M(m,w)

Definition 5. We shall say that the function M (z,w) satisfies the A,-
condition if there exists a nonnegative function () € L,;(G) such that

M (z, aw)
lim | vraisup sup ——= =0. )
a—+0 ( zeG (wZJo(a:) O[M(LL‘, w) ) ) ( )

We now formulate a number of theorems characterizing properties of Orlicz
spaces and classes.

Theorem 1. a) L,,(G) = K,,;(G); b) convergence in norm implies convergence
in the mean; c¢) the functional (3) is a norm on L,;(G), and L,;(G) is complete
with respect to this norm.

Theorem 2. The inequalities

[ @) @) d < folaloly )
G

hold for any pair of functions w(z), v(x) from the Orlicz spaces L,;(G), L (G),
respectively, and

g(w; M) < [w] 5 (7)

for any function w(x) from L,,(G) for which |w],, < 1.

Theorem 3. If the function M (z,w) satisfies the ZQ—condition, then:

a) Ly (G) = K, ;(G); b) convergence in the mean is equivalent to convergence
in norm; c) the general form of a linear functional f(w(z)) on L;,(G) is given
by the formula

fwwwzéw@wmm, (8)

where v(z) € L. (G) and is uniquely determined by f.

Theorem 4. If the functions M(x,w) and M*(z,w) satisfy the ZQ—condition,
then the space L,,;(G) is reflexive.

Theorem 5. If the function M (z,w) satisfies the Aj-condition, then
s M
glw; M) _ )

lwla—oo  [w]ay
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Theorem 6. Let the function M (x,w) satisfy the z2—condition and suppose
the following conditions are fulfilled: a) the sequence of functions {w,,(z)} (n =
1,2,...) converges a.e. on G to the function wy(x); b) w, (x) € K,;(G) for all

n =1,2,...; ¢) for every € > 0 there exists a measurable set E. C G such that
mes I/, < oo and

sup/ M(z,w, (x))dx < ¢;
nzl JG\E

d) for every & > 0 there exists d() > 0 such that

sup [sup/M T, W, dw]
{E:mes E<§(e)} Ln>1

Then wy(z) € K,;(G) and

lim g(w,(z) —wy(z); M) = 0.

n—0o0

Theorem 7. Let the function M (z,w) satisfy the Zg-condition and

lim g(w(z) —w,(x); M) =0,

n—oo

where wy(z), wq(x), wy(x), ... are functions from K,,(G). Then: a) for every
€ > 0 there exists a measurable set &£, C G such that mes £, < oo and

sup M(z,w,(x))dz <&
nzl JG\E,

b) for every € > 0 there exists d(¢) > 0 such that

sup (sup/ M(z,w, dac)
{E:mes E<§(e n>1
We formulate some conditions equivalent to the Zz—condition.

Theorem 8. In order that the function M (x,w) satisfy the Zz—condition, it is
necessary and sufficient that there exist such a nonnegative

a function 9,(x) € K,,;(G) such that

. wp(z, w
vraisup, .. sup

— < 00,
w>1hg () M((E w)
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where p(z,w), for a.e. € G, is the right derivative of the function M, (w) =
M (x,w) with respect to the argument w.

Theorem 9. In order that the function M*(z,w) satisfy the Zz—condition, it
is necessary and sufficient that there exist a measurable nonnegative function
~o(z) on G such that p(z,v,(x)) € K- (G) (p(x,w) has the same meaning as
in Theorem 8) and

. . wp(z,w)
f f — 1.
vralint, .~ (wzl’lylo(x) M(x,w) ) >

Theorem 10. Suppose: 1) M(z,w) satisfies the Zz—condition; 2) in G there
exists a collection of measurable sets {G,,} (G,, C G, n =1,2,...), no more than
countable, such that for any set £ C G of finite measure and any € > 0 there is
a finite number of sets G,, ,G,, ..., G (nq,ng,y...,np, R depend on E and ¢)
satisfying the inequality

m((E\UG) y ((UG) \E)) <e

Then the space L,;(G) is separable.

nRr

We now give several examples; throughout below the functions b(z), p(z), ¢(x),
c(x), B(z), and A\(x) are measurable on G, a.e. finite and a.e. positive. Further,

vraiinf . p(z) > 1, vraisup, . p(z) < 0o.

1) My(z,w) = b(x)wP® and M;(r,w) satisfy the ZQ—condition and the
Ay-condition.

2) My(z,w) = b(x)M(z), where M(z) is an N-function satisfying the A,-
condition for all w (see [1], p. 35). My(z,w) satisfies the A,-condition. It
will also satisfy the Aj-condition if M*(w) satisfies the A,-condition for

large w (see [6], Theorem 4).

3) My(z,w) = b(x)M(w), where M(w) is an N-function satisfying the
A,-condition for large w, and moreover fG b(z)dxr < oo. The function
M (z,w) satisfies the ZQ—condition. It will also satisfy the Ay-condition if

M*(w) satisfies the A,-condition for large w (see [6], Theorem 4). Further,
the function M*(x,w) satisfies the Aj-condition; moreover, it will satisfy
the A,-condition in the case when M*(w) satisfies the A,-condition for
large w.

4) My(z, w) = b(x)[w]"*) exp(—c(z)[w|~9*), where
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2p(z) — 1> q(x),

/ b(z) expl(—q~ (2)) (C(2)q(x))"@/9) dzr < oo.
G

The functions M,(x,w) and Mj(z,w) satisfy the ZQ—condition; moreover,
M (z,w) satisfies the Aj-condition.

5) My(z,w) = b(z)|w|* @) (1 + |w|?@)V/B@) where f(x) < 1 and
/ b()2/5@) dz < oo
G

The functions M;(z, w) and MZ(x,w) satisfy the KQ—condition.
6) My(z,w) = b(a)|w|In~" (1 + A(z)/|w|), where

/b(x)/\(x) dz < oo.
G

The function Mg(z,w) satisfies the Zz—condition and the Ay-condition. The
function M (z,w) satisfies the A,-condition.

Remark. A. A complete exposition of the theory of Orlicz spaces in the case
when M (z,w) = M(w), and G is a closed set of finite measure situated in n-
dimensional Euclidean space, is given in (). References to the literature on this
question are also given there.

B. The case mes G = oo and M (z,w) = M (w) is considered in the works (2~%).
C. Orlicz spaces generated by the functions M (z,w) = |w|P®), p(z) > 1, were
studied in (°).

D. In the case when mes G < oo, M (z,w) = M(w), the necessary and sufficient
condition for the fulfillment of (9) was obtained for the first time by Ya. B.
Rutitskii; the Ay-condition in the case when M(z,w) = M(w), éy(xz) = wy,
mes G < 0o, is a condition of Ya. B. Rutitskii (%).

E. Theorems 6 and 7 for the case of Lebesgue spaces M (z,w) = |w|P are con-
tained in (7).

F. Properties of Orlicz spaces generated by functions M (x, w), different from the
properties expressed by Theorems 2-9, have been considered by various authors;
here we note only the works (3,7).
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