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MATHEMATICS

D. S. Apokorin

ASYMPTOTIC BEHAVIOR OF THE PROBA-
BILITIES OF ERRORS OF THE FIRST AND
SECOND KIND IN TESTING HYPOTHESES
ON THE SPECTRUM OF A GAUSSIAN STA-
TIONARY PROCESS
(Presented by Academician A. N. Kolmogorov on 20 VI 1965)

Let on the interval [0, 𝑇 ] there be given a real-valued function which is a re-
alization of a Gaussian stationary process 𝑥(𝑡) with zero mean. Suppose that,
concerning this process, there are two competing hypotheses: hypothesis 𝐻1,
according to which the process 𝑥(𝑡) = 𝑥1(𝑡) has correlation function 𝑏1(𝑡), and
hypothesis 𝐻2, according to which 𝑥(𝑡) = 𝑥2(𝑡) and its correlation function is
equal to 𝑏2(𝑡). It is known (1,2) that the Gaussian measures 𝑃1 and 𝑃2 corre-
sponding to the hypotheses 𝐻1 and 𝐻2 may be either equivalent or orthogonal.
In the first of these cases, when distinguishing the hypotheses 𝐻1 and 𝐻2, the
probability of error will always lie within the limits 0 < 𝑝 < 1, while in the
second the hypotheses can be distinguished without error. In other words, if
we consider the random vector 𝑥(𝑛) = {𝑥(𝑘𝑇 /𝑛), 𝑘 = 0, 1, … , 𝑛} and compare
the hypotheses 𝐻(𝑛)

1 and 𝐻(𝑛)
2 , according to the first of which the correlation

matrix of this vector is equal to ‖𝑏1[𝑇 (𝑖 − 𝑗)/𝑛]‖, and according to the second is
equal to ‖𝑏2[𝑇 (𝑖−𝑗)/𝑛]‖, then in the case of equivalence of the measures 𝑃1 and
𝑃2 the corresponding probabilities of errors of the first and second kind 𝛼𝑛 and
𝛽𝑛 will necessarily tend to limits different from zero and one as 𝑛 → ∞, while
in the case of orthogonality of these measures they may simultaneously tend to
zero.

In (1,2) necessary and sufficient conditions for the equivalence and orthogonality
of the measures 𝑃1 and 𝑃2 are indicated; however, these conditions are ineffec-
tive, i.e. they cannot be checked directly from the known functions 𝑏1(𝑡) and
𝑏2(𝑡). At present there are also known numerous quite effective sufficient condi-
tions for equivalence and orthogonality, formulated in terms of the correlation
functions 𝑏1(𝑡) and 𝑏2(𝑡), or of their Fourier transforms (assumed to exist)—the
spectral densities 𝑓1(𝜆) and 𝑓2(𝜆) (see, for example, (2−5)). In particular, if both
spectral densities 𝑓1(𝜆) and 𝑓2(𝜆) have a power asymptotic behavior at infinity
(more precisely, this condition will be formulated below), then, according to the
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results of E. G. Gladyshev (5) and V. G. Alekseev (4), the measures 𝑃1 and 𝑃2
will be orthogonal if

lim
|𝜆|→∞

𝑓1(𝜆)/𝑓2(𝜆) = ∞,

or

lim
𝜆→∞

𝑓1(𝜆)/𝑓2(𝜆) = 𝑎 ≠ 1,

or, finally,

lim
𝜆→∞

𝑓1(𝜆)/𝑓2(𝜆) = 1, but lim
𝜆→∞

|1 − 𝑓1(𝜆)/𝑓2(𝜆)| 𝜆𝛿 > 0, where 𝛿 ≤ 1
2 .

Let us now note that in concrete applications, even under the condition of
orthogonality of the measures 𝑃1 and 𝑃2, error-free distinction between the
hypotheses 𝐻1 and 𝐻2 still cannot be realized. Indeed, such distinction is
usually based on testing certain local properties of realizations of the processes
𝑥1(𝑡) and 𝑥2(𝑡), requiring absolutely precise information about all details of
the behavior of the function given to us on arbitrarily small time intervals. In
reality, however, observation of the values of the function is always performed
with some error, and therefore the notion of the possibility of assigning exact
values 𝑥(𝑡) for all 𝑡 is only mathe-

a mathematical idealization (cf. in this connection (5,7)). Therefore, in the case
of orthogonal measures 𝑃1 and 𝑃2, it seems more justified to restrict oneself to
comparing the hypotheses 𝐻(𝑛)

1 and 𝐻(𝑛)
2 for finite (and even not very large)

values of 𝑛, where neglecting the inaccuracy in the prescribed values 𝑥(𝑡) will
no longer lead to a substantial distortion of the results. At the same time, of
considerable interest is the calculation, for such 𝑛, of the probabilities of errors
of the first and second kind, 𝛼𝑛 and 𝛽𝑛, corresponding to optimal methods of
comparing 𝐻(𝑛)

1 and 𝐻(𝑛)
2 (orthogonality of the measures 𝑃1 and 𝑃2, of course,

means that 𝛼𝑛 → 0, 𝛽𝑛 → 0 as 𝑛 → ∞). It is clear that it is difficult to expect
that exact analytic expressions can be found for 𝛼𝑛 and 𝛽𝑛 for all values of 𝑛;
however, already the determination of the asymptotic behavior of 𝛼𝑛 and 𝛽𝑛
as 𝑛 → ∞ may be of practical interest, since asymptotic formulas of this kind
usually turn out to be quite accurate even when applied to comparatively small
values of 𝑛. The present paper is devoted precisely to this problem.

It is known that, in the case of orthogonality of the measures 𝑃1 and 𝑃2, when
comparing the hypotheses 𝐻(𝑛)

1 and 𝐻(𝑛)
2 , corresponding to the choice of the

critical set 𝑋𝑛 ⊆ 𝑅𝑛, the probabilities of errors of the first and second kind
𝛼𝑛 = 𝑃2{𝑥(𝑛) ∈ 𝑋𝑛} and 𝛽𝑛 = 𝑃1{𝑥(𝑛) ∉ 𝑋𝑛} will tend to zero for some
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sequence of sets 𝑋𝑛, constructed by the Neyman–Pearson method, i.e. specified
by the conditions

𝑋𝑛 = {𝑥(𝑛) ∶ 𝜌2(𝑥0, … , 𝑥𝑛)
𝜌1(𝑥0, … , 𝑥𝑛) < 𝐵𝑛} = {𝑥(𝑛) ∶ (𝐵1

2𝑥, 𝑥) − (𝐵−1
1 𝑥, 𝑥) > 𝐵𝑛} ,

(1)

where 𝜌𝑖(𝑥0, … , 𝑥𝑛) = (2𝜋)−𝑛/2 exp[− 1
2 (𝐵−1

𝑖 , 𝑥, 𝑥)] is the probability density of
the vector 𝑥(𝑛) under the condition that the hypothesis 𝐻(𝑛)

𝑖 is true, and 𝐵𝑛,
𝑛 = 1, …, is some numerical sequence (see, for example, (8)). In what follows
we shall confine ourselves to such critical sets.

Suppose that the processes 𝑥1(𝑡) and 𝑥2(𝑡) have bounded spectral densities 𝑓1(𝜆)
and 𝑓2(𝜆), satisfying the following conditions: 1) for some 𝛼 > 0 and 𝛿 ≥ 0 there
exist

lim
|𝜆|→∞

𝑓1(𝜆)𝜆1+𝛼 = 𝑐1 > 0 and lim
|𝜆|→∞

𝑓2(𝜆)𝜆1+𝛼+𝛿 = 𝑐2 > 0;

2) if 𝛿 = 0, then, in addition, either

lim
|𝜆|→∞

𝑓1(𝜆)/𝑓2(𝜆) = 𝑎 > 1,

or

𝑓1(𝜆) = 𝑓2(𝜆) + 𝜉(𝜆)𝑓2(𝜆) for |𝜆| > 𝜆0 > 0

for some 𝜆0, and there exists a 𝛾 belonging to the interval 0 < 𝛾 ≤ 1
2 such that

lim
|𝜆|→∞

𝜉(𝜆)𝜆𝛾 = 𝑐3 > 0.

Under these conditions the following theorems are valid.

Theorem 1. If 𝛿 > 0 and 𝐵𝑛 = 𝑛1+𝜘𝑛 , where 0 < 𝜘𝑛 < 𝛿,

lim
𝑛→∞

𝑛𝛿−𝜘𝑛 = ∞,

then, asymptotically as 𝑛 → ∞,

− ln 𝛼𝑛 = 1
2 𝑛1+𝜘𝑛(1 + 𝑜(1)), − ln 𝛽𝑛 = 1

2 (𝛿 − 𝜘𝑛 + 𝑜(1)) 𝑛 ln 𝑛. (2)

If, however, 𝐵𝑛 = 𝑐𝑛1+𝛿 with
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𝑐 > 1
2

𝑐1
𝑐2

(1 − 𝜃)𝜃

for any 𝜃 from the interval 0 < 𝜃 < 1, then

− ln 𝛼𝑛 = 1
2 (𝑐 + 𝑜(1))𝑛1+𝛿, − ln 𝛽𝑛 = 1

2 (𝐴 + 𝑜(1))𝑛, (3)

where the constant 𝐴 satisfies the inequalities

𝐵1 − 1 − ln 𝐵1 < 𝐴 < (𝐵2 − 1 − ln 𝐵2)𝜃, 𝐵1 = 𝑐𝑐2/𝑐1,

𝐵2 = 𝐵1(1 − 𝜃)−𝛿𝜃−1.

Theorem 2. If 𝛿 = 0, but

lim
|𝜆|→∞

𝑓1(𝜆)/𝑓2(𝜆) = 𝑎 > 1,

then, for

𝐵𝑛 = [𝑝(𝑎 − 1) + 𝑞(1 − 1/𝑎)]𝑛,

where 𝑝 > 0 and 𝑞 > 0 are arbitrary numbers such that 𝑝+𝑞 = 1, the asymptotic
equalities

− ln 𝛼𝑛 = 1
2 (ℎ1 − 1 − ln ℎ1 + 𝑜(1))𝑛,

− ln 𝛽𝑛 = 1
2 (ℎ2 − 1 − ln ℎ2 + 𝑜(1)), (4)

hold, where ℎ1 = 𝑝𝑎 + 𝑞, ℎ2 = ℎ1/𝑎.

Theorem 3. If 𝛿 = 0 and 𝑓1(𝜆) = 𝑓2(𝜆) + 𝜉(𝜆)𝑓2(𝜆) for |𝜆| > 𝜆0, then in the
case 𝛾 < 1/2, for

𝐵𝑛 = 𝑐
1 − 𝛾 𝑛1−𝛾 + ̃𝑐

1 − 2𝛾 𝑛1−2𝛾,

where 𝑐 is a constant, whose precise definition will be given below, and ̃𝑐 satisfies
the inequalities 0 < ̃𝑐 < 𝑐2, the following formulas hold for 𝛼𝑛 and 𝛽𝑛:

− ln 𝛼𝑛 = 𝑛1−2𝛾( ̃𝑐 + 𝑜(1)), − ln 𝛽𝑛 = 𝑛1−2𝛾 ( 𝑐2 − ̃𝑐
1 − 2𝛾 + 𝑜(1)) . (5a)
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If 𝛾 = 1/2, then for 𝐵𝑛 = 2𝑐𝑛1/2 − ̃𝑐 ln 𝑛, where 𝑐 and ̃𝑐 have the same meaning
as above, 𝛼𝑛 and 𝛽𝑛 satisfy the relations

− ln 𝛼𝑛 = ( ̃𝑐 + 𝑜(1)) ln 𝑛, − ln 𝛽𝑛 = (𝑐2 − ̃𝑐 + 𝑜(1)) ln 𝑛. (5b)

Under the conditions of Theorems 1–3, the order of decrease of the probabilities
𝛼𝑛 and 𝛽𝑛 as 𝑛 → ∞ cannot be improved by changing the choice of the sequence
𝐵𝑛. The assertions of these theorems can obviously also be reformulated in
terms of the quantity 𝑛(𝛼, 𝛽)—the number of division points of the interval
[0, 𝑇 ] into equal parts for which the error probabilities in the Neyman–Pearson
criterion for distinguishing the hypotheses 𝐻(𝑛)

1 and 𝐻(𝑛)
2 are equal to 𝛼 and 𝛽.

Let 𝛼 → 0 and 𝛽 → 0 in such a way that

0 < 𝜎1 < ln 𝛼/ ln 𝛽 = 𝜎 < 𝜎2 < ∞.

Then, under the conditions of Theorem 2,

𝑛(𝛼, 𝛽) = (𝑐0 + 𝑜(1)) ln(1/𝛼), (6)

where 𝑐0 = 1/𝑓(𝑝0𝑎 + 1 − 𝑝0), 𝑓(𝑥) = 𝑥 − 1 − ln 𝑥, 0 < 𝑝0 < 1, and the constant
𝑝0 is the root of the equation

𝜎 = 𝑓(𝑝𝑎 + 1 − 𝑝)
𝑓(𝑝 + (1 − 𝑝)/𝑎) .

Under the conditions of Theorem 3, for 𝛾 < 1/2 the following formula is obtained
for 𝑛(𝛼, 𝛽):

𝑛(𝛼, 𝛽) = [ ln(1/𝛼)(𝜎 + 1)(1 − 2𝛾)
𝑐2𝜎 ]

1/(1−2𝛾)
(1 + 𝑜(1)), (7)

and for 𝛾 = 1/2, the formula is

ln 𝑛(𝛼, 𝛽) = ln(1/𝛼)(𝜎 + 1)
𝑐2𝜎 (1 + 𝑜(1)). (8)

Finally, under the conditions of Theorem 1, for 𝑛(𝛼, 𝛽) we obtain:

𝑛(𝛼, 𝛽) = 2
𝜎𝛿

ln(1/𝛼)
ln[ln(1/𝛼)] (1 + 𝑜(1)). (9)

Let us also note that the order of decrease of the quantities 𝛼𝑛, 𝛽𝑛 as 𝑛 → ∞,
and consequently the order of growth of 𝑛(𝛼, 𝛽) as 𝛼 → 0 and 𝛽 → 0, are
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preserved if conditions 1) and 2) are replaced by the following more general
conditions: 1a) 𝑓1(𝜆) has order 𝜆−(1+𝛼), 𝛼 > 0, while 𝑓2(𝜆) has order 𝜆−(1+𝛼+𝛿),
𝛿 ≥ 0 (where we regard a function 𝑔(𝜆) as having order 𝜆−𝛽 if

lim
|𝜆|→∞

𝑔(𝜆)𝜆𝛽+𝜀 = ∞, lim
|𝜆|→∞

𝑔(𝜆)𝜆𝛽−𝜀 = 0

for arbitrary 𝜀 > 0); 2a) if 𝛿 = 0, then, in addition, either

lim
|𝜆|→∞

𝑓1(𝜆)/𝑓2(𝜆) = 𝑎 > 1,

or 𝑓1(𝜆) = 𝑓2(𝜆)+𝜉(𝜆)𝑓2(𝜆) for |𝜆| > 𝜆0, where 𝜉(𝜆) has order 𝜆−𝛾, 0 < 𝛾 < 1/2,
or, finally, there exists

lim
|𝜆|→∞

𝜉(𝜆)𝜆1/2 = 𝑐3 > 0.

Under these conditions, however, it is not possible to find exact values for the
constants entering the asymptotic formulas (2)—(9).

The proof of Theorems 1–3 is based on the equalities

𝛽𝑛 = 𝑃2{(𝐵−1
𝑓2

𝑥, 𝑥) − (𝐵−1
𝑓1

𝑥, 𝑥) > 𝐵𝑛} = 𝑃{(𝑦, 𝑦) − (𝐵1/2
𝑓2

𝐵−1
𝑓1

𝐵1/2
𝑓2

𝑦, 𝑦) > 𝐵𝑛}

= 𝑃 {
𝑛

∑
𝑘=0

(1 − 𝜆(𝑛)
𝑘 )𝑦2

𝑘 > 𝐵𝑛} ,

where 𝐵𝑓𝑘 is the covariance matrix of the random variables 𝑥(𝑇 𝑖/𝑛), 𝑖 =
0, 1, … , 𝑛, when 𝑥(𝑡) is a stationary Gaussian process with spectral density 𝑓𝑘(𝜆);
𝑦 = {𝑦𝑖} is a Gaussian 𝑛-dimensional vector with parameters (0, 𝐸); and the
constants 𝜆(𝑛)

𝑘 are the eigenvalues of the matrix 𝐵𝑓2
𝐵−1

𝑓1
. Further, with the aid

of Courant’s theorem (see (9), p. 256), the asym—

the asymptotic behavior of the numbers 𝜇(𝑛)
𝑘 = 1 − 𝜆(𝑛)

𝑘 as 𝑘 → ∞. By Courant’
s theorem, for 𝜆(𝑛)

𝑘 one can write the inequalities

𝜆(𝑛)
𝑘 ≥ 1

2 min(𝜆−
𝑛−𝑘, 𝜆+

𝑘 ); 𝜆(𝑛)
𝑘+𝑙−1 ≤ 2 max(𝜆−

𝑘 , 𝜆+
𝑙 ),

where 𝜆−
𝑘 and 𝜆+

𝑘 are the eigenvalues of the matrices 𝐵−
𝑓2

(𝐵−
𝑓1

)−1, 𝐵+
𝑓2

(𝐵+
𝑓1

)−1,
respectively, and
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𝐵−
𝑓𝑘

=
𝑛

∑
𝑙=−𝑛

𝑇 𝑙𝑏(𝑘)
𝑙 , 𝐵+

𝑓𝑘
=

𝑛
∑

𝑙=−𝑛
𝐾𝑙𝑏(𝑘)

𝑙 , (10)

where 𝑏𝑘
𝑙 = 𝑏𝑘(𝑇 𝑙/𝑛); 𝑏𝑘(𝑡) is the correlation function of the process 𝑥𝑘(𝑡); 𝐾 =

‖𝑘𝑖𝑗‖, where 𝑘𝑖,𝑖+1 = 1, 𝑘𝑛,1 = 1, 𝑘𝑖,𝑗 = 0 for the remaining 𝑖, 𝑗. All elements of
the matrix 𝑇 coincide with the elements of the matrix 𝐾, except 𝑡𝑛,1 = −𝑘𝑛,1.
The eigenvalues of 𝐾 and 𝑇 are easily written in explicit form (for the matrix 𝐾
they coincide with the roots of degree 𝑛 of 1), after which the eigenvalues of the
matrices 𝐵−

𝑓2
(𝐵−

𝑓1
)−1 and 𝐵+

𝑓2
(𝐵+

𝑓1
)−1 are found by virtue of the fact that they

are rational functions of the matrices 𝐾 and 𝑇 , respectively. Thus it is finally
obtained that if 𝑓1(𝜆) = 𝜉(𝜆)𝑓2(𝜆) for |𝜆| > 𝜆0, where 𝜉(𝜆) = 𝑐3𝜆−𝛾 + 𝑜(𝜆−𝛾),
then the eigenvalues 𝜆(𝑛)

𝑘 satisfy, as 𝑘 → ∞, the asymptotic relation

𝜆(𝑛)
𝑘 = (𝑐 + 𝑜(1))𝑘−𝛾, (11)

where for 𝑐 one can write the inequalities 1
2𝛾+1 𝑐3 < 𝑐 < 2𝛾+1𝑐3. This estimate

of the asymptotic behavior of the eigenvalues of a pair of quadratic forms corre-
sponding to integral operators with kernels having an asymptotically power-type
Fourier transform may be of interest also independently of the problem we solve
(cf., for example, 12).

We choose the sequence 𝐵𝑛 from the conditions

𝑀2[(𝐵−1
𝑓2

𝑥, 𝑥) − (𝐵−1
𝑓1

𝑥, 𝑥)] < 𝐵𝑛 < 𝑀1[(𝐵−1
𝑓2

𝑥, 𝑥) − (𝐵−1
𝑓1

𝑥, 𝑥)]

or, in other words,

Sp(𝐸 − 𝐵𝑓2
𝐵−2

𝑓1
) < 𝐵𝑛 < Sp(𝐵𝑓1

𝐵−1
𝑓2

− 𝐸),

where

𝑀𝑖(𝑄𝑥, 𝑥) = ∫
𝑅𝑛

(𝑄𝑥, 𝑥)𝜌𝑖(𝑥0, … , 𝑥𝑛) 𝑑𝑥0 ⋯ 𝑑𝑥𝑛.

After the asymptotic behavior of the eigenvalues 𝜇(𝑛)
𝑘 has been found, the prob-

lem of finding the asymptotic behavior of the probabilities of errors of the first
and second kind has been reduced to calculating the asymptotics of the prob-
ability of large deviations for the random variables 𝑧𝑘 = 𝜇𝑘𝑦2

𝑘, 𝑘 = 0, 1, …. In
the proof of Theorems 1 and 2 this asymptotics is found by Laplace’s method
(see 10).

In the proof of Theorem 3, the asymptotic behavior of 𝛼𝑛 and 𝛽𝑛 is found by
Cramér’s method 11. Here it is only necessary to introduce into Cramér’s
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argument small changes following from the fact that the random variables 𝑧𝑘
are not identically distributed and the sum of their variances has order 𝑂(𝑛1−2𝛾),
if 𝛾 < 1

2 , or 𝑂(ln 𝑛), if 𝛾 = 1
2 .

The author expresses gratitude to A. M. Yaglom for posing the problem and for
constant assistance in the work.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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