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Let on the interval [0,7] there be given a real-valued function which is a re-
alization of a Gaussian stationary process z(t) with zero mean. Suppose that,
concerning this process, there are two competing hypotheses: hypothesis H,
according to which the process x(t) = z(t) has correlation function b, (¢), and
hypothesis H,, according to which x(t) = z,(t) and its correlation function is
equal to by(t). It is known (1:?) that the Gaussian measures P, and P, corre-
sponding to the hypotheses H; and H, may be either equivalent or orthogonal.
In the first of these cases, when distinguishing the hypotheses H; and H,, the
probability of error will always lie within the limits 0 < p < 1, while in the
second the hypotheses can be distinguished without error. In other words, if
we consider the random vector ™) = {z(kT/n), k = 0,1,...,n} and compare
the hypotheses H;n) and Hén), according to the first of which the correlation
matrix of this vector is equal to ||by[T'(i — j)/n]||, and according to the second is
equal to |by[T'(i—j)/n]|, then in the case of equivalence of the measures P, and
P, the corresponding probabilities of errors of the first and second kind «,, and
B,, will necessarily tend to limits different from zero and one as n — oo, while
in the case of orthogonality of these measures they may simultaneously tend to
zZero.

In (12) necessary and sufficient conditions for the equivalence and orthogonality
of the measures P, and P, are indicated; however, these conditions are ineffec-
tive, i.e. they cannot be checked directly from the known functions b, (¢) and
by (t). At present there are also known numerous quite effective sufficient condi-
tions for equivalence and orthogonality, formulated in terms of the correlation
functions b, (t) and by(t), or of their Fourier transforms (assumed to exist)—the
spectral densities f;(\) and f,(A) (see, for example, (2=°)). In particular, if both
spectral densities f;(A) and fy(A) have a power asymptotic behavior at infinity
(more precisely, this condition will be formulated below), then, according to the
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results of E. G. Gladyshev (%) and V. G. Alekseev (%), the measures P, and P,
will be orthogonal if

lim f;(A)/fa(A) = o0,

[A]—o0

or

)\hjgo fiN/fo(N) =a #1,

or, finally,

)\ILm fiN)/fo(A) =1, but Ahﬁm [T — fL(N)/fo(N)|A° >0, where § < 3.

Let us now note that in concrete applications, even under the condition of
orthogonality of the measures P, and P,, error-free distinction between the
hypotheses H; and H, still cannot be realized. Indeed, such distinction is
usually based on testing certain local properties of realizations of the processes
x1(t) and z,(t), requiring absolutely precise information about all details of
the behavior of the function given to us on arbitrarily small time intervals. In
reality, however, observation of the values of the function is always performed
with some error, and therefore the notion of the possibility of assigning exact
values z(t) for all ¢ is only mathe-

a mathematical idealization (cf. in this connection (°7)). Therefore, in the case
of orthogonal measures P; and P,, it seems more justified to restrict oneself to
comparing the hypotheses Hﬁ") and Hém for finite (and even not very large)
values of n, where neglecting the inaccuracy in the prescribed values z(t) will
no longer lead to a substantial distortion of the results. At the same time, of
considerable interest is the calculation, for such n, of the probabilities of errors
of the first and second kind, «,, and f3,,, corresponding to optimal methods of

comparing H in) and Hé") (orthogonality of the measures P; and P,, of course,
means that «,, — 0, 5,, — 0 as n — oc0). It is clear that it is difficult to expect
that exact analytic expressions can be found for «,, and 3,, for all values of n;
however, already the determination of the asymptotic behavior of «,, and 5,
as n — oo may be of practical interest, since asymptotic formulas of this kind
usually turn out to be quite accurate even when applied to comparatively small
values of n. The present paper is devoted precisely to this problem.

It is known that, in the case of orthogonality of the measures P, and P,, when

comparing the hypotheses Hi") and Hé"), corresponding to the choice of the
critical set X,, C R,,, the probabilities of errors of the first and second kind
a, = P{z™ € X,} and B, = P {z™ ¢ X,} will tend to zero for some
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sequence of sets X,,, constructed by the Neyman-Pearson method, i.e. specified
by the conditions

X, =<z M < En} = {2z : (Blz,x) — (B;'z,z) > B, },

= {am 0t {a: (Byr.2) — (Bi'w.x) > B, )
1)

where p;(zg, ..., 2,) = (2m) /% exp[—3(B;!,z,z)] is the probability density of

the vector ™ under the condition that the hypothesis Hf") is true, and B,,,
n = 1,..., is some numerical sequence (see, for example, (¥)). In what follows
we shall confine ourselves to such critical sets.

Suppose that the processes x, (t) and x4 (t) have bounded spectral densities f; ()
and fy(X), satisfying the following conditions: 1) for some o > 0 and § > 0 there
exist

lim f;(MAF=¢; >0 and lim fo(M)AF0 =¢, > 0;
| A= o0

[A] =00

2) if 6 =0, then, in addition, either

lim fi(N)/fo(A) =a > 1,

[A]—o0

or

F1() = fo(A) +EN) fo(A) for [A] > X5 >0

for some A, and there exists a v belonging to the interval 0 < v < % such that

lim E(A)N = ¢g > 0.

[A]—=00

Under these conditions the following theorems are valid.

Theorem 1. If § > 0 and B,, = n'**» where 0 < »,, < 6,

lim nd*» = oo,
n—oo
then, asymptotically as n — oo,
—Ina, = Fn'"n(1+ 0(1)), —InB, =36 —n,+o(1))nlnn. (2)

If, however, B, = cn'™® with
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1¢
i WG
c>262( 0)0

for any 6 from the interval 0 < # < 1, then

—Ina, = 3(c+o(1))n'*°,

—Ing, = 5(A+o(1)n, 3)

where the constant A satisfies the inequalities

B,—1—InB; <A< (By—1—1nB,)b, B, = cey/cq,

By = B, (1—0)7%071.
Theorem 2. If 6 = 0, but

lim f;(A\)/fo2(A) =a > 1,

[A]—o0

then, for

B, =[pla—1) +q¢(1—1/a)ln,

where p > 0 and ¢ > 0 are arbitrary numbers such that p+¢q = 1, the asymptotic
equalities

—Ina, = 3(hy —1—1Inhy +o(1))n,

—Ing, = %(hz—l—lnhz—&—o(l)), (4)

hold, where h; = pa + q, hy = h;/a.

Theorem 3. If 6 = 0 and f;(A) = fo(A) + EN) fo(N) for |A] > Ay, then in the
case v < 1/2, for

c c
B = 1—v 1-2~
=" iy

where ¢ is a constant, whose precise definition will be given below, and ¢ satisfies
the inequalities 0 < ¢ < ¢?, the following formulas hold for «,, and 3,:

2 =
“lna, =0l PERD), g, =n P (F5 o). G
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If v = 1/2, then for B,, = 2cn'/? —&Inn, where ¢ and ¢ have the same meaning
as above, o, and 3, satisfy the relations

—Ina, =(¢+o(1))lnn, —Ing, = (c?—¢+o(1)) Inn. (5b)

Under the conditions of Theorems 1-3, the order of decrease of the probabilities
o, and 3, as n — oo cannot be improved by changing the choice of the sequence
B,,. The assertions of these theorems can obviously also be reformulated in
terms of the quantity n(a,)—the number of division points of the interval
[0,T] into equal parts for which the error probabilities in the Neyman-Pearson
criterion for distinguishing the hypotheses H Yl) and Hén) are equal to o and (.
Let  — 0 and 5 — 0 in such a way that

0<o;,<lna/lnf=0<o0,<c0.

Then, under the conditions of Theorem 2,

n(a, f) = (¢ + o(1)) In(1/a), (6)

where ¢y = 1/f(pga+1—py), f(z) =z —1—Inz, 0 < py < 1, and the constant
Dy is the root of the equation

_ _flpa+1—p)
fp+ 1 —=p)/a)

Under the conditions of Theorem 3, for v < 1/2 the following formula is obtained
for n(a, B):

U2y
n(a,p) = |2/ DA =27) (1 +o(1)), @)

c%o

and for v = 1/2, the formula is

mn(a, §) = BUDEED (). 8)

c2o

Finally, under the conditions of Theorem 1, for n(a, 3) we obtain:

2 In(1/a)

e 8) = 5 nin(1/a)]

(140(1)). 9)

Let us also note that the order of decrease of the quantities «,,, 5, as n — oo,
and consequently the order of growth of n(a,f) as a — 0 and § — 0, are
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preserved if conditions 1) and 2) are replaced by the following more general
conditions: 1a) f;(\) has order A=*®) o > 0, while f,(\) has order A\~(1+a+9)
§ > 0 (where we regard a function g(\) as having order A7 if

lim g(A\)A?e = oo, lim g(A\)M\¢ =0

[A|=o0 [A]—= o0

for arbitrary e > 0); 2a) if 6 = 0, then, in addition, either

lim f(A)/fo(A) =a>1,

[A]—00
or f1(A) = fo(N)+EAN) fo(A) for [A| > Ay, where £(A) has order A7, 0 < v < 1/2,
or, finally, there exists

lim E(AAY2 =¢; > 0.

[A]—o0

Under these conditions, however, it is not possible to find exact values for the
constants entering the asymptotic formulas (2)—(9).

The proof of Theorems 1-3 is based on the equalities

B, = P{(Bjlw,x) — (Bj'w,2) > B,} = P{(y,y) — (B/"B;'B/*y,y) > B,}

1

—p {2(1 — A2 > Bn} ,

k=0

where By is the covariance matrix of the random variables z(Ti/n), i =
0,1,...,n, when z(t) is a stationary Gaussian process with spectral density f;()\);
y = {y,;} is a Gaussian n-dimensional vector with parameters (0, E); and the
constants /\;ﬂn) are the eigenvalues of the matrix By, Blel. Further, with the aid
of Courant’ s theorem (see (9), p. 256), the asym—

the asymptotic behavior of the numbers /L;Cn) =1- Agﬁn) as k — oo. By Courant’

s theorem, for )\Ecm one can write the inequalities

1
/\EC") 23 min(A\,_., A}); )‘5:2171 < 2max(A;, A,

n—k>’

where )'\g and A/ are the eigenvalues of the matrices By (B; )~", B} (B},)™",
respectively, and
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_ < k < k
By =Y 1", B => K'®, (10)

where b = b, (Tl/n); by,(t) is the correlation function of the process z,(t); K =
|%;;], where k; ;.; =1, k,, 1 = 1, k; ; = 0 for the remaining 4, j. All elements of
the matrix 7' coincide with the elements of the matrix K, except ¢, ; = —k,, ;.
The eigenvalues of K and T are easily written in explicit form (for the matrix K
they coincide with the roots of degree n of 1), after which the eigenvalues of the
matrices By (B; )~" and B} (B},)"" are found by virtue of the fact that they
are rational functions of the matrices K and T, respectively. Thus it is finally
obtained that if f;(A) = £(A)fo(A) for |A] > Ay, where £(A) = esA™7 + o(A77),
then the eigenvalues )\, satisfy, as k — oo, the asymptotic relation

A = (e o(1)k, (11)

1
where for ¢ one can write the inequalities Sl < ¢ < 27"1c,. This estimate

of the asymptotic behavior of the eigenvalues of a pair of quadratic forms corre-
sponding to integral operators with kernels having an asymptotically power-type
Fourier transform may be of interest also independently of the problem we solve
(cf., for example, 12).

We choose the sequence B,, from the conditions

M, [(Bjlx,x) — (Bylw,2)] < B, < My[(Bylw,x) — (B;'w,x)]

or, in other words,

Sp(E — By, B;?) < B, < Sp(By, B;! — E),

where

Mi(Qx,x):/ (Qx,x)p;(xgy vy X,) dXg - d,,.

R

After the asymptotic behavior of the eigenvalues ,ugcm has been found, the prob-
lem of finding the asymptotic behavior of the probabilities of errors of the first
and second kind has been reduced to calculating the asymptotics of the prob-
ability of large deviations for the random variables z, = u,y2, k = 0,1,.... In
the proof of Theorems 1 and 2 this asymptotics is found by Laplace’ s method
(see 10).

In the proof of Theorem 3, the asymptotic behavior of «,, and g,, is found by
Cramér’ s method ''. Here it is only necessary to introduce into Cramér s
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argument small changes following from the fact that the random variables z
are not identically distributed and the sum of their variances has order O(n!=27),
if y < §, or O(lnn), if y = 3.

The author expresses gratitude to A. M. Yaglom for posing the problem and for
constant assistance in the work.
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