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Abstract
Full Text
MATHEMATICS
B. V. Levin, A. S. Fainleib

ON THE DISTRIBUTION OF VALUES OF AD-
DITIVE ARITHMETIC FUNCTIONS
(Presented by Academician Yu. V. Linnik, 28 I 1966)

One of the basic problems in the theory of the distribution of values of arithmetic
functions may be formulated as follows: given an arithmetic function 𝑔(𝑚); it
is required to indicate conditions under which there exist quantities 𝐴𝑛 and 𝐵𝑛
such that

lim
𝑛→∞

1
𝑛𝑁𝑛 {𝑔(𝑚) − 𝐴𝑛

𝐵𝑛
≤ 𝑥} = 𝐹(𝑥), (1)

where 𝐹(𝑥) is a distribution function; 𝑁𝑛{…} denotes the number of natural
numbers ≤ 𝑛 satisfying the condition written in braces. If 𝑔(𝑚) is a multiplica-
tive or additive function, then it is natural to formulate these conditions in the
form of restrictions imposed on its values at powers of prime numbers.

In what follows it is assumed that 𝑔(𝑚) is an additive function, 𝑔1(𝑝) = 𝑔(𝑝)
if |𝑔(𝑝)| ≤ 1; 𝑔1(𝑝) = 1 if |𝑔(𝑝)| > 1. In the case of convergence of the se-
ries ∑ 𝑔2

1(𝑝)/𝑝, the problem was solved by P. Erdős and A. Wintner (5). For
functions for which this series diverges, the most general result belongs to I. P.
Kubilius (2), who found necessary and sufficient conditions for the existence of
the limit (1) and for the convergence of the variances to the variance of the lim-
iting law for functions of the class 𝐻 introduced by him (with a special choice
of 𝐴𝑛 and 𝐵𝑛). The class 𝐻 is characterized as follows: 𝑔(𝑚) ∈ 𝐻, if

∑
√𝑛<𝑝𝛼≤𝑛

𝑔2(𝑝𝛼)
𝑝𝛼 = 𝑜 ( ∑

𝑝𝛼≤𝑛

𝑔2(𝑝𝛼)
𝑝𝛼 )

In the present note a proof is given of a necessary and sufficient condition for
the existence of 𝐴𝑛 and 𝐵𝑛 satisfying condition (1), for another class of additive
functions, which is not contained in the class 𝐻 and does not contain it (see also
(3)). This class consists of additive functions which are measurable in a certain
sense.

We shall call an additive function measurable if there exists a distribution func-
tion Φ(𝑥) such that, at every point of its continuity,
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lim
𝑛→∞

1
𝜋(𝑛) ∑

𝑝≤𝑛
𝑔(𝑝)≤𝑥

1 = Φ(𝑥). (2)

From this definition, in particular, it is clear that measurability is connected
with the values of 𝑔(𝑚) only at prime numbers. For any prescribed distribution
function Φ(𝑥) one can construct an additive function 𝑔(𝑚) satisfying condition
(2). Such, for example, is the function 𝑔(𝑚) for which 𝑔(𝑝) = infΦ(𝑥)≥{𝑎𝑝} 𝑥, if 𝑎
is any irrational number.

We shall need several lemmas connected with estimates of sums of complex
multiplicative functions, which below are denoted by 𝑓(𝑚), 𝑓𝜈(𝑚).
Lemma 1. Define Λ𝑓(𝑛) by the condition

∑
𝑑∣𝑛

𝑓(𝑑)Λ𝑓 (𝑛
𝑑 ) = 𝑓(𝑛) log 𝑛. (3)

Then, if

∑
𝑛≤𝑥

Λ𝑓(𝑛) ∼ 𝜏 log 𝑥; ∑
𝑛≤𝑥

|𝑓(𝑛)| ≪ log𝐴 𝑥; 𝐴 ≥ Re 𝜏 ≥ 𝜂 > 0;

𝑥𝛿 ≪ 𝑦 ≤ 𝑥; 𝛿 and 𝜂 are arbitrary fixed constants; 𝑚(𝑥) = ∑𝑛≤𝑥 𝑓(𝑛), then

𝑚(𝑦) = 𝑚(𝑥) ( log 𝑦
log 𝑥)

𝜏
+ 𝑜(log𝐴 𝑥). (4)

Proof. Summing (3) over 𝑛 ≤ 𝑢 and using the conditions of the lemma, we
obtain

𝑚(𝑢)
𝑢 log𝜏+1 𝑢

− 𝜏 + 1
𝑢 log𝜏+2 𝑢

∫
𝑢

1
𝑚(𝑣)𝑑𝑣

𝑣 = 𝑂 ((log 𝑢)𝐴−Re 𝜏−1

𝑢 ) .

Integrating with respect to 𝑢 from 𝑦 to 𝑥, we obtain (4).

The following two lemmas are proved by a slight modification of the correspond-
ing lemmas of Wirsing (6).
Lemma 2. Let

∑
𝑛≤𝑥

Λ𝑓𝜈
(𝑛) ∼ 𝜏𝜈 log 𝑥; ∑

𝑛≤𝑥
|𝑓𝜈(𝑛)| ≪ log𝐴 𝑥; 𝐴𝜈 ≥

≥ Re 𝜏𝜈 ≥ 𝜂 > 0 (𝜈 = 1, 2, … , 𝑟); 𝑓(𝑛) = 𝑓1(𝑛) ∗ 𝑓2(𝑛) ∗ ⋯ ∗ 𝑓𝑟(𝑛)
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(∗ is the operation of multiplicative convolution). Then

𝑚(𝑥) = ∑
𝑛≤𝑥

𝑓(𝑛) = Γ(1 + 𝜏1) ⋯ Γ(1 + 𝜏𝑟)
Γ(1 + 𝜏1 + ⋯ + 𝜏𝑟) 𝑚1(𝑥) ⋯ 𝑚𝑟(𝑥) + 𝑂 ((log 𝑥)𝐴1+⋯+𝐴𝑟) .

(5)

Lemma 3. Let 𝑓1(𝑛) be a multiplicative function, 𝑓1(𝑛) = 0 for even 𝑛,
|𝑓1(𝑝𝑘)| ≪ 2𝑘 uniformly in 𝑝,

∑
𝑝≤𝑥

|𝑓1(𝑝)|
𝑝 log 𝑝 ∼ 𝜏1 log 𝑥.

Then

∏
𝑝≤𝑥

(1 +
∞

∑
𝑘=1

𝑓1(𝑝𝑘)
𝑝𝑘 ) − ∑

𝑛≤𝑥

𝑓1(𝑛)
𝑛 = 𝑂 (𝜏2

1 ∏
𝑝≤𝑥

(1 +
∞

∑
𝑘=1

|𝑓1(𝑝𝑘)|
𝑝𝑘 )) . (6)

Lemma 4. Let 𝑓(𝑛) = 0 for even 𝑛 and |𝑓(𝑛)| ≤ 1/𝑛 for all 𝑛. Let, further,
𝑓𝑟(𝑛) be the multiplicative function defined by the condition

𝑓𝑟(𝑝𝑘) =
𝑘

∑
𝑚=1

(1/𝑟
𝑚 ) ∑

𝑘1+⋯+𝑘𝑚=𝑘
𝑘𝑖>0

𝑓(𝑝𝑘1) ⋯ 𝑓(𝑝𝑘𝑚),

i.e.

𝑓𝑟(𝑛) ∗ ⋯ ∗ 𝑓𝑟(𝑛)⏟⏟⏟⏟⏟⏟⏟
𝑟

= 𝑓(𝑛).

Then

∏
𝑝≤𝑥

(1 +
∞

∑
𝑘=1

|𝑓𝑟(𝑝𝑘)|) ≪ (log 𝑥)1/𝑟. (7)

Proof. For 𝑟 = 1 the assertion is obvious. Let 𝑟 > 1, ̃𝑓(𝑛) = (−1)𝜈(𝑛)|𝑓(𝑛)|.
Then

|𝑓𝑟(𝑝𝑘)| =
𝑟

∑
𝑚=1

∣(1/𝑟
𝑚 )∣ ∑

𝑘1+⋯+𝑘𝑚=𝑘
𝑘𝑖>0

|𝑓(𝑝𝑘1) … 𝑓(𝑝𝑘𝑚)| = − ̃𝑓𝑟(𝑝𝑘),
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1 +
∞

∑
𝑘=1

|𝑓𝑟(𝑝𝑘)| ≤ 1 −
∞

∑
𝑘=1

̃𝑓𝑟(𝑝𝑘) =

= 2 − (1 +
∞

∑
𝑘=1

̃𝑓𝑟(𝑝𝑘)) = 2 − (1 +
∞

∑
𝑘=1

̃𝑓(𝑝𝑘))
1/𝑟

=

= 2 − (1 −
∞

∑
𝑘=1

|𝑓(𝑝𝑘)|)
1/𝑟

≤ 1 + (1 − 1
𝑝 − 1)

1/𝑟
= 1 + 1

𝑟𝑝 + 𝑂( 1
𝑝2 ) .

This implies (7).

Lemma 5 (Wirsing [6]). Let |𝑓(𝑛)| ≤ 1, ∑𝑝≤𝑥 𝑓(𝑝) ∼ 𝜏 𝑥
log 𝑥 . Then

∑
𝑛≤𝑥

𝑓(𝑛) = 𝜏𝑥
log 𝑥 ∑

𝑛≤𝑥

𝑓(𝑛)
𝑛 + 𝑜(𝑥).

From Lemmas 1–5 the following follows.

Theorem 1. Let 𝑓(𝑛) be a multiplicative function depending on the parameter
𝜏 , |𝑓(𝑛)| = 1 for all 𝑛, and

∑
𝑝≤𝑥

𝑓(𝑝) ∼ 𝜏 𝑥
log 𝑥 (8)

uniformly in 𝜏 in the region Re 𝜏 ≥ 𝛿 > 0 for any fixed 𝛿. Then, uniformly in 𝜏
in the same region,

∑
𝑛≤𝑥

𝑓(𝑛) = 𝑒−𝐶𝜏

Γ(𝜏)
𝑥

log 𝑥 ∏
𝑝≤𝑥

(1 +
∞

∑
𝑘=1

𝑓(𝑝𝑘)
𝑝𝑘 ) + 𝑜(𝑥). (9)

Let us apply Theorem 1 to the study of the distribution of values of measurable

additive functions for which the series ∑𝑝
𝑔2

1(𝑝)
𝑝 diverges. Passing to charac-

teristic functions reduces the problem to an asymptotic estimate of sums of
multiplicative functions satisfying the conditions of Theorem 1. From Theorem
1 it follows that if 𝑔(𝑚) is a measurable additive function, then, as 𝑛 → ∞,

1
𝑛

𝑛
∑
𝑚=1

exp 𝑖𝜉 𝑔(𝑚) − 𝐴𝑛
𝐵𝑛

= ∏
𝑝≤𝑛

(1 + 𝑒𝑖𝜉𝑔(𝑝)/𝐵𝑛 − 1
𝑝 ) + 𝑜(1), (10)
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if 𝐵𝑛 → ∞. The main term of the right-hand side is the normalized and centered
characteristic function of the sum of independent random variables 𝜉𝑝 (𝑝 ≤ 𝑛),
where 𝜉𝑝 takes the value 𝑔(𝑝) with probability 1/𝑝 and 0 with probability 1−1/𝑝.
Using the known limit theorems for sums of independent random variables (see,
for example, [1], p. 165; [4], p. 334), we obtain the following assertion.

Theorem 2. Let 𝑔(𝑚) be an additive function measurable in the sense of (2),

and suppose that the series ∑𝑝
𝑔2

1(𝑝)
𝑝 diverges. For the existence of such 𝐴𝑛

and 𝐵𝑛 that the quantity

1
𝑛𝑁𝑛 {𝑔(𝑚) − 𝐴𝑛

𝐵𝑛
≤ 𝑥}

converges, as 𝑛 → ∞, to a proper distribution function, it is necessary and
sufficient that there exist a nondecreasing function of bounded variation 𝐿(𝑢)
such that 𝐿(−∞) = 0
and at all points of continuity

lim
𝑛→∞

∑
𝑝≤𝑛

𝑔(𝑝)<𝑢𝐵′
𝑛

1
𝑝

𝑔2(𝑝)
𝐵2

𝑛′ + 𝑔2(𝑝) = 𝐿(𝑢).

𝐵′
𝑛 > 0 is determined by the equation

∑
𝑝≤𝑛

1
𝑝

𝑔2(𝑝)
𝐵2

𝑛′ + 𝑔2(𝑝) = 𝐿(+∞).

If this condition is fulfilled, then 𝐴𝑛 and 𝐵𝑛 can be chosen so that:

𝐵𝑛 = 𝐵′
𝑛 + 𝑜(𝐵′

𝑛),

𝐴𝑛 = ∑
𝑝≤𝑛

|𝑔(𝑝)|<𝐵𝑛

𝑔(𝑝)
𝑝 + 𝐵𝑛 {∫

|𝑢|≥1

1
𝑢 𝑑𝐿(𝑢) − ∫

|𝑢|<1
𝑢 𝑑𝐿(𝑢) − 𝑎} + 𝑜(𝐵𝑛),

where 𝑎 is any real number. The logarithm of the characteristic function of the
limiting law is computed by the Lévy–Khintchine formula

log 𝜑(𝜉) = 𝑖𝜉𝑎 + ∫
∞

−∞
(𝑒𝑖𝜉𝑢 − 1 − 𝑖𝜉𝑢

1 + 𝑢2 ) 1 + 𝑢2

𝑢2 𝑑𝐿(𝑢).
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Thus, necessary and sufficient conditions have been found under which the ex-
istence of a limiting distribution for 𝑔(𝑝), with the corresponding normalization
and centering, implies the existence of a limiting distribution for 𝑔(𝑚) in the
case when 𝑔(𝑚) is an additive function.

Tashkent State University
named after V. I. Lenin

Received
4 I 1966
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