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MATHEMATICS

D. K. GVazava

ON THE THEORY OF BOUNDARY-VALUE
PROBLEMS FOR THE EQUATION

𝑦𝑚𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 𝑘(𝑥, 𝑦)𝑒𝑢 IN THE LARGE
(Presented by Academician M. A. Lavrent’ev, 17 VI 1965)

Let 𝐷 be a simply connected domain of the half-plane 𝑦 > 0, bounded by the
segment 𝐴𝐵 of the 𝑥-axis and by a curve 𝜎, Hölder-continuous in the sense of a
curve, which approaches the 𝑥-axis orthogonally at the points 𝐴(−1, 0), 𝐵(1, 0).
Consider the equation

𝐸𝑢(𝑥, 𝑦) = 𝑦𝑚𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 𝑘(𝑥, 𝑦)𝑒𝑢(𝑥,𝑦), (1)

where 𝑚 is a positive number, and 𝑘(𝑥, 𝑦) is a function nonnegative everywhere
in the domain 𝐷, possessing continuous first derivatives in 𝐷. Let 𝐹(𝑠) be a
continuous function, prescribed on the boundary Γ = 𝜎 + 𝐴𝐵 of the domain 𝐷,
of the arc abscissa 𝑠, measured in the positive direction.

Theorem 1. There exists a unique solution, twice continuously differentiable in
the domain 𝐷, of equation (1), continuous in the closed domain 𝐷 and satisfying
the condition

𝑢(𝑥, 𝑦)∣Γ = 𝐹(𝑠). (2)

In view of the fact that 𝑘(𝑥, 𝑦) > 0 in the domain 𝐷, the uniqueness of the
solution of problem (1)—(2) follows from the extremum principle (1).
We shall carry out the proof of the existence of a solution according to the
scheme proposed in (2).
The solution 𝑢0(𝑥, 𝑦) of the equation

𝐸𝑢(𝑥, 𝑦) ≡ 0, (3)
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satisfying condition (2), exists and is unique. The existence of the Green func-
tion for problem (2)—(3) was proved in (3). In particular, in the case of the
so-called normal domain, when the curve 𝜎 is given by the equation

𝑥2 + 4
(𝑚 + 2)2 𝑦𝑚+2 = 1, 𝑦 ⩾ 0,

the function 𝐺(𝑥, 𝑦; 𝑥1, 𝑦1) is constructed explicitly (3,4).
With the aid of the Green function, problem (1)—(2) is reduced to the equivalent
integral equation

𝑢(𝑥, 𝑦) = − ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1) 𝑘(𝑥1, 𝑦1)𝑒𝑢(𝑥1,𝑦1) 𝑑𝑥1 𝑑𝑦1 + 𝑢0(𝑥, 𝑦). (4)

Into equation (4) we introduce the parameter 𝜆:

𝑢(𝑥, 𝑦) = −𝜆 ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1) 𝑘(𝑥1, 𝑦1)𝑒𝑢(𝑥1,𝑦1) 𝑑𝑥1 𝑑𝑦1 + 𝑢0(𝑥, 𝑦). (5)

A solution 𝑢𝜆(𝑥, 𝑦) of equation (5) always exists for small values of the parameter
𝜆 > 0.

If we show the existence of a solution of equation (5) for 𝜆 = 1, then thereby
the existence of a solution of problem (1)—(2) will be proved.

We note that, for any 𝜆 > 0, every solution of the integral equation (5) is
bounded.

Indeed, by virtue of the inequality 𝐺(𝑥, 𝑦; 𝑥1, 𝑦1) > 0, it follows from (5) that
𝑢𝜆(𝑥, 𝑦) ≤ 𝑢0(𝑥, 𝑦), i.e.

0 < 𝑒𝑢𝜆(𝑥,𝑦) ≤ 𝑒𝑢0(𝑥,𝑦) ≤ 𝑒max 𝑢0(𝑥,𝑦) = 𝑒max 𝐹 ,

and, consequently,

𝑢0(𝑥, 𝑦) − 𝜆 ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒max 𝐹 𝑑𝑥1 𝑑𝑦1 ≤ 𝑢𝜆(𝑥, 𝑦) ≤ 𝑢0(𝑥, 𝑦). (6)

Suppose that the solution 𝑢𝜈(𝑥, 𝑦) of the integral equation (5) is known for
𝜆 = 𝜈 < 1. Starting from this, we shall prove the existence of a solution
𝑢𝜈+𝛼(𝑥, 𝑦) of equation (5) for 𝜆 = 𝜈 + 𝛼, where 𝛼 is some positive number.

It is not difficult to see that the function

𝜉(𝑥, 𝑦) = 𝑢𝜈+𝛼(𝑥, 𝑦) − 𝑢𝜈(𝑥, 𝑦)
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satisfies the integral equation

𝜉(𝑥, 𝑦) + (𝜈 + 𝛼) ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜈(𝑥1,𝑦1)𝜉(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1

= −𝛼 ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜈(𝑥1,𝑦1) 𝑑𝑥1 𝑑𝑦1

− (𝜈 + 𝛼)
∞

∑
𝑛=2

1
𝑛! ∫

𝐷
𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜈(𝑥1,𝑦1)𝜉𝑛(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1.

(7)

By virtue of (6) we have

max |𝜉(𝑥, 𝑦)| = 𝛿 ≤ max ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒max 𝐹 𝑑𝑥1 𝑑𝑦1 = 𝑑. (8)

Since problem (2) with zero right-hand side for the equation

𝐸𝜉(𝑥, 𝑦) = (𝜈 + 𝛼)𝑘(𝑥, 𝑦)𝑒𝑢𝜈(𝑥,𝑦)𝜉(𝑥, 𝑦)

is equivalent to the integral equation

𝜉(𝑥, 𝑦) + (𝜈 + 𝛼) ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜈(𝑥1,𝑦1)𝜉(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1 = 0, (9)

the latter cannot have nontrivial solutions. Hence, in turn, it follows that equa-
tion (7) is equivalent to the integral equation

𝜉(𝑥, 𝑦) = −𝛼 ∫
𝐷

𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼) 𝑑𝑥1 𝑑𝑦1

− (𝜈 + 𝛼)
∞

∑
𝑛=2

1
𝑛! ∫

𝐷
𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼)𝜉𝑛(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1,

(10)

where 𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼) is the resolvent of the kernel

(𝜈 + 𝛼)𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜈(𝑥1,𝑦1).

Since the function

∫
𝐷

𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼) 𝑑𝑥1 𝑑𝑦1, 0 ≤ 𝜈 + 𝛼 ≤ 1,

is continuous in the closed domain (𝑥, 𝑦) ∈ 𝐷, the estimates

0 ≤ ∫
𝐷

𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼) 𝑑𝑥1 𝑑𝑦1 ≤ 𝐵, (11)

hold, where 𝐵 is a constant.
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From (8) and (11) follows the validity of the inequalities

(𝜈 + 𝛼) ∣
∞

∑
𝑛=2

1
𝑛! ∫

𝐷
𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼)𝜁𝑛(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1∣ ≤ 𝐵1𝛿2,

(𝜈+𝛼) ∣
∞

∑
𝑛=2

1
𝑛! ∫

𝐷
𝑅(𝑥, 𝑦; 𝑥1, 𝑦1; 𝜈 + 𝛼){𝜁𝑛(𝑥1, 𝑦1) − ̄𝜉 𝑛(𝑥1, 𝑦1)} 𝑑𝑥1 𝑑𝑦1∣ ≤ 𝐵2 max |𝜁(𝑥, 𝑦)− ̄𝜉(𝑥, 𝑦)|,

where ̄𝜉(𝑥, 𝑦) is an arbitrary function of the class 𝐶(𝐷̄), max |𝜁(𝑥, 𝑦)| < 𝑑, and
the positive constants 𝐵1 and 𝐵2 do not depend on 𝜈 and 𝛼.

According to these inequalities, from (10) we obtain

𝛿 ≤ 𝑎𝐵 + 𝐵1𝛿2.

Let

𝜏 = 1 − √1 − 𝛼 ⋅ 4𝐵𝐵1/2𝐵1

be the smaller root of the quadratic equation

𝜏 = 𝑎𝐵 + 𝐵1𝜏2.

In the work (2) it is proved that if

𝐵2𝜏 = 𝑞 < 1, (12)

then there exists a unique solution of the integral equation (10), satisfying the
condition |𝜁(𝑥, 𝑦)| < 𝜏 .

Condition (12) will be satisfied for

𝑎 < (4𝐵2 − 𝐵1)/4𝐵𝐵2
2 = 𝑎∗. (13)

This proves the existence of the solution 𝑢𝜈+𝛼(𝑥, 𝑦) for any positive 𝑎 < 𝑎∗.

Repeating the above argument step by step, we reach the value 𝜆 = 1. Otherwise
this process would break off for some value of the parameter 𝜆 = 𝜇 + 𝛼, i.e. the
integral equation

𝜁(𝑥, 𝑦) + (𝜇 + 𝛼) ∫
𝐷

𝐺(𝑥, 𝑦; 𝑥1, 𝑦1)𝑘(𝑥1, 𝑦1)𝑒𝑢𝜇(𝑥1,𝑦1)𝜁(𝑥1, 𝑦1) 𝑑𝑥1 𝑑𝑦1 = 0
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would have a nontrivial solution, which is impossible.

Thus the existence of a solution of problem (1)—(2) has been proved.

Theorem 2. There exists a unique twice continuously differentiable in the
domain 𝐷 solution of equation (1), satisfying the conditions

𝑢(𝑥, 𝑦)∣𝜎 = 𝜑(𝑠), (14)

𝜕𝑢(𝑥, 𝑦)/𝜕𝑦∣𝑦=0 = 𝜈(𝑥), (15)

where 𝜑(𝑠) is a prescribed continuous function on 𝜎, and 𝜈(𝑥) is also a prescribed
continuous function on the interval 0 < 𝑥 < 1, which may tend to infinity of
order less than 2/(2 + 𝑚) as 𝑥 → 0 or 𝑥 → 1.

The uniqueness of the solution of this problem again follows from the extremum
principle.

Equation (3) has a unique solution satisfying conditions (14) and (15), which can
be written with the help of the corresponding Green’s function 𝐺∗(𝑥, 𝑦; 𝑥1, 𝑦1).
For this problem the Green’s function exists, and it is written explicitly in the
case of a normal domain (5,6 ).
The problem (1)—(14)—(15), with the aid of the Green’s function, is reduced
to a nonlinear integral equation, whose study is carried out analogously to the
study of equation (5).

The boundary-value problems (2) and (14)—(15) for the equation

𝐸𝑢(𝑥, 𝑦) = 𝑓(𝑥, 𝑦; 𝑢)

are studied analogously, under the condition that the function 𝑓(𝑥, 𝑦; 𝑢) can be
expanded in a series in powers of 𝑢(𝑥, 𝑦), is positive everywhere in the domain 𝐷,
is continuous in 𝑥, 𝑦, and the derivative 𝑓 ′

𝑢(𝑥, 𝑦; 𝑢) is nonnegative in the domain
𝐷.

In conclusion, the author expresses his deep gratitude to Corresponding Member
of the Academy of Sciences of the USSR A. V. Bitsadze, who drew the author’
s attention to these questions and supervised the execution of the present work.
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