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Abstract
Full Text
UDC 517.919

MATHEMATICS

N. V. ZHITARASHU

SCHAUDER ESTIMATES AND SOLVABIL-
ITY OF GENERAL BOUNDARY-VALUE
PROBLEMS FOR GENERAL PARABOLIC
SYSTEMS WITH DISCONTINUOUS COEFFI-
CIENTS
(Presented by Academician I. N. Vekua on 9 XI 1965)

Boundary-value problems for second-order equations with discontinuous coeffi-
cients have been studied by many authors (1−7). In the present note it is proved
that algebraic conditions of the type of the Ya. B. Lopatinskii condition (8) on
the boundary operators and conjugation operators, and the algebraic conditions
on the initial operators recently clarified by V. A. Solonnikov, guarantee the cor-
rect solvability of general mixed problems and the Cauchy problem for a broad
class of parabolic systems (14,15) with discontinuous coefficients in classes of
Hölder functions. At the same time, methods developed in the theory of elliptic
boundary-value problems with discontinuous coefficients (9−11) and parabolic
boundary-value problems (12−17) are used. We note that, along the way, a pri-
ori estimates of Schauder type are obtained for the solutions, and regularizers
are constructed for the corresponding boundary-value problems with discontin-
uous coefficients. In particular, the results obtained include the study of general
boundary-value problems with discontinuous coefficients for systems parabolic
in the sense of I. G. Petrovskii.

1∘. Notation, formulation of the problem. Let 𝐺 be a bounded domain
of the space 𝐸𝑛 with boundary Γ, divided by a surface 𝛾 into two subdomains*
𝐺1 and 𝐺2, where 𝛾 and Γ have no common points, and let Ω1 = 𝐺1 × [0, 𝑇 ],
Ω2 = 𝐺2 × [0, 𝑇 ], Ω = 𝐺 × [0, 𝑇 ] be cylindrical domains of the space 𝐸𝑛+1.
Denote by 𝑆0 = 𝛾 × [0, 𝑇 ] and 𝑆 = Γ × [0, 𝑇 ], respectively, the lateral surfaces
of the cylinders Ω1 and Ω (0 < 𝑇 < ∞).
We shall consider in Ω linear parabolic, in the sense of V. A. Solonnikov (14,15),
systems with complex coefficients of the form

ℒ (𝑥, 𝑡; 𝜕
𝜕𝑥 , 𝜕

𝜕𝑡) 𝑢(𝑥, 𝑡) =
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=
⎧{
⎨{⎩

ℒ(1) (𝑥, 𝑡, 𝜕
𝜕𝑥 , 𝜕

𝜕𝑡 ) 𝑢(1)(𝑥, 𝑡) = 𝑓 (1)(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω1,

ℒ(2) (𝑥, 𝑡, 𝜕
𝜕𝑥 , 𝜕

𝜕𝑡 ) 𝑢(2)(𝑥, 𝑡) = 𝑓 (2)(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω2,
(1)

where ℒ(𝑚) = (𝑙(𝑚)
𝑖𝑗 ) (𝑚 = 1, 2) are matrices of dimensions 𝑁 × 𝑁 . Suppose

that there exist integers 𝑠𝑖, 𝑡𝑗 (max𝑖 𝑠𝑖 = 0, (𝑡𝑗 ≥ 0, 𝑖, 𝑗 = 1, … , 𝑁)) such that
the degree of the polynomials 𝑙(𝑚)

𝑖𝑗 (𝑥, 𝑡, 𝑖𝜉𝜆, 𝜆2𝑏𝑝) in 𝜆 does not exceed 𝑠𝑖 + 𝑡𝑗,
𝑏 > 0 an integer. By 𝑙(𝑚)0

𝑖𝑗 denote the sum of those terms of 𝑙(𝑚)
𝑖𝑗 satisfying the

condition

𝑙(𝑚)0
𝑖𝑗 (𝑥, 𝑡, 𝑖𝜉𝜆, 𝜆2𝑏𝑝) = 𝜆𝑠𝑖+𝑡𝑗 𝑙(𝑚)0

𝑖𝑗 (𝑥, 𝑡, 𝑖𝜉, 𝑝), (𝑥, 𝑡) ∈ Ω𝑚 (𝑚 = 1, 2).

Let ℒ(𝑚)
0 = (𝑙(𝑚)0

𝑖𝑗 ). Parabolicity in the sense of V. A. Solonnikov means that
the systems (1) have the described structure and that, for any real

* All results are valid in the case of a partition of 𝐺 into a finite number of
subdomains 𝐺𝑚 (𝑚 = 1, … , 𝑘).
the vector 𝜉 = (𝜉1, … , 𝜉𝑛−1, 𝜏), the 𝑝-roots of the polynomials

𝐿(𝑚)(𝑥, 𝑡, 𝑖𝜉, 𝑝) = detℒ(𝑚)
0 (𝑥, 𝑡, 𝑖𝜉, 𝑝)

satisfy the inequality

Re 𝑝 ≤ −𝛿𝜉2𝑏, 𝜉2 = 𝜉2
1 + ⋯ + 𝜉2

𝑛−1 + 𝜏2 = 𝜉′2 + 𝜏2

at every point (𝑥, 𝑡) ∈ Ω𝑚 (𝑚 = 1, 2, 𝛿 > 0) (uniform parabolicity).
From the parabolicity condition it follows that, for any point (𝑥, 𝑡) ∈ Ω𝑚,
𝐿(𝑚)(𝑥, 𝑡, 𝑖𝜉′, 𝑖𝜏 , 𝑝), as a polynomial in 𝜏 , is of even degree,

𝑁
∑
𝑖=1

(𝑠𝑖 + 𝑡𝑖) = 2𝑏𝑟,

and the 𝜏 -roots are distributed equally in the upper and lower half-planes if
Re 𝑝 ≥ −𝛿1𝜉′ 2𝑏, |𝑝| + |𝜉′| ≠ 0, 𝛿1 < 𝛿.
In what follows, by 𝑣(𝑚)(𝑥, 𝑡) we shall mean the value of the function 𝑣(𝑥, 𝑡)
for (𝑥, 𝑡) ∈ Ω𝑚, and by 𝑣(𝑚)(𝑥0, 𝑡0)∣𝑆0

the limit of 𝑣(𝑚)(𝑥, 𝑡) as (𝑥, 𝑡) tends to
(𝑥0, 𝑡0) ∈ 𝑆0.
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Let us now consider the problem of finding a solution 𝑢(𝑥, 𝑡) of system (1) in
Ω − 𝑆0, satisfying on the surface 𝑆 the boundary conditions

𝑁
∑
𝑗=1

𝑑𝛼𝑗 (𝑥, 𝑡, 𝜕
𝜕𝑥 , 𝜕

𝜕𝑡) 𝑢𝑗(𝑥, 𝑡)∣
𝑆

= Φ𝛼(𝑥, 𝑡) (𝛼 = 1, … , 𝑏𝑟), (2)

and, for 𝑡 = 0, the initial conditions*

𝑁
∑
𝑗=1

𝑐(𝑚)
ℎ𝑗 (𝑥, 𝜕

𝜕𝑥, 𝜕
𝜕𝑡) 𝑢(𝑚)

𝑗 (𝑥, 𝑡)∣
𝑡=0

= 𝜑(𝑚)
ℎ (𝑥) (ℎ = 1, … , 𝑟), (3)

and on 𝑆0 the conjugation conditions

𝑁
∑
𝑗=1

[𝑏(1)
𝑞𝑗 (𝑥, 𝑡, 𝜕

𝜕𝑡 , 𝜕
𝜕𝑥) 𝑢(1)

𝑗 (𝑥, 𝑡) − 𝑏(2)
𝑞𝑗 (𝑥, 𝑡, 𝜕

𝜕𝑥 , 𝜕
𝜕𝑡) 𝑢(2)

𝑗 (𝑥, 𝑡)]∣
𝑆0

= 𝜓𝑞(𝑥, 𝑡) (𝑞 = 1, … , 2𝑏𝑟).

(4)

It is assumed that there exist integers 𝑚𝛼, 𝜌ℎ, 𝜎𝑞 such that 𝑑𝛼𝑗, 𝑐(𝑚)
ℎ𝑗 , 𝑏(𝑚)

𝑞𝑗 are lin-
ear differential operators of 𝑜-orders respectively 𝑚𝛼 + 𝑡𝑗, 𝜌ℎ + 𝑡𝑗, 𝜎𝑞 + 𝑡𝑗. If the
order turns out to be negative, the element is equal to zero. By 𝒟0, 𝐶(𝑚)

0 , ℬ(𝑚)
0

(𝑚 = 1, 2) we denote the matrices composed of the principal parts of the corre-
sponding elements, which are defined analogously to 𝑙(𝑚)0

𝑖𝑗 .

2°. Algebraic conditions on the boundary, initial, and conjugation
operators. Let 𝑙0 = max(0, 𝜎𝑞, 𝑚𝛼), 𝑡 = max 𝑡𝑗, 𝑙 > 𝑙0, where 𝑙 is a noninteger,
and let the surfaces 𝑆0 and 𝑆 be Lyapunov surfaces and belong to the class 𝐶𝑙+𝑡.
In this subsection we assume, for the time being, that the coefficients of all oper-
ators are sufficiently smooth. Everywhere in what follows it is assumed that: 1)
the operator 𝒟(𝑥, 𝑡, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡) satisfies the complementing condition (see (15),
p. 11); 2) the rows of the matrices 𝐶(𝑚)(𝑥, 0, 𝑝) ℒ̂(𝑥, 0, 0, 𝑝), considered as poly-
nomials in 𝑝, are linearly independent modulo 𝑝𝑟, where ℒ̂(𝑚)

0 = 𝐿(𝑚)(ℒ(𝑚)
0 )−1.

We proceed to the description of the conditions imposed on the conjugation
operators. Let 𝜈(𝑥) = (𝜈1(𝑥), … , 𝜈𝑛(𝑥)) be the unit vector of the inner normal
to 𝑆0 at the point 𝑥, and let 𝜁(𝑥) be any vector lying in the tangent

* As shown in (15), the question of the existence and construction of the matri-
ces 𝐶(𝑚) for arbitrary systems of the form (1) is connected with the topological
structure of the domains 𝐺𝑚 (𝑚 = 1, 2). Since the domain 𝐺2 is not homeomor-
phic to a ball, the question of the existence of 𝐶(2) remains open in the general
case, and, in general, the initial conditions may have to be prescribed differently
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(15). In the case when system (1) is parabolic in the sense of I. G. Petrovsky,
the initial conditions are prescribed in the usual way (the Cauchy data).

plane to 𝑆0 at the point 𝑥. Consider the 𝜏 -polynomials 𝐿(𝑚)(𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝)
and factorize them:

𝐿(𝑚)(𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝) = 𝑀 (𝑚)
+ (𝑥, 𝑡, 𝜉, 𝜏 , 𝑝)𝑀 (𝑚)

− (𝑥, 𝑡, 𝜉, 𝜏 , 𝑝) (𝑚 = 1, 2),

where 𝑀 (𝑚)
+ (𝑀 (𝑚)

− ) have 𝜏 -roots with Im 𝜏 > 0 (Im 𝜏 < 0). Form the matrices
polynomial in 𝜏

𝒜𝑚(𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝) = ℬ(𝑚)
0 (𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝) ̂ℒ(𝑚)

0 (𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝).

Denote by 𝒜′
1 and 𝒜′

2 the matrices of the remainders after division with respect
to 𝜏 of 𝒜1 and 𝒜2, respectively, by 𝑀 (1)

+ and 𝑀 (2)
− .

Definition. The operators ℬ(1)(𝑥, 𝑡, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡) and ℬ(2)(𝑥, 𝑡, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡)
jointly cover on 𝑆0 the parabolic operator ℒ(𝑥, 𝑡, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡) with discontinu-
ous coefficients if, for any point (𝑥, 𝑡) ∈ 𝑆0 and any tangential vector 𝜉(𝑥), the
rows of the matrix

(𝒜′
1(𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝), 𝒜′

2(𝑥, 𝑡, 𝑖(𝜉 + 𝜏𝜈), 𝑝))

are linearly independent with respect to 𝜏 for Re 𝑝 > −𝛿0𝜉2𝑏, 𝛿0 < 𝛿1.

3°. Restrictions on the coefficients of the operators. Compatibility
conditions. Let 𝑙 > 𝑙0, 𝑙 not an integer. Denote by 𝐶𝑙,𝑙/2𝑏

𝑥𝑡 (Ω1) the class of
functions whose derivatives of order [𝑙] with respect to 𝑥 are Hölder continuous
with exponent 𝑙 − [𝑙], and whose derivatives of order [𝑙/2𝑏] with respect to 𝑡 are
Hölder continuous with exponent 𝑙/2𝑏 − [𝑙/2𝑏] in Ω1. The classes 𝐶𝑙,𝑙/2𝑏

𝑥𝑡 (Ω2),
𝐶𝑙,𝑙/2𝑏

𝑥𝑡 (𝑆0), 𝐶𝑙,𝑙/2𝑏
𝑥𝑡 (𝑆) are defined analogously. The norms in these spaces are

introduced in the usual way.

Consider the spaces

𝐶𝑙,𝑙/2𝑏
𝑥𝑡 (Ω) = 𝐶𝑙,𝑙/2𝑏

𝑥𝑡 (Ω1) ∔ 𝐶𝑙,𝑙/2𝑏
𝑥𝑡 (Ω2), 𝐶𝑙(𝐺) = 𝐶𝑙(𝐺1) ∔ 𝐶𝑙(𝐺2),

in which the norm is defined as the sum of the norms of the components. Sup-
pose that 𝑆0, 𝑆 ∈ 𝐶𝑙+𝑡, and that the coefficients of the operators 𝑙𝑖𝑗, 𝑑𝛼𝑗, 𝑐ℎ𝑗,
𝑏(𝑚)

𝑞𝑗 belong respectively to the classes

𝐶 𝑙−𝑠𝑖, (𝑙−𝑠𝑖)/2𝑏
𝑥𝑡 (Ω), 𝐶 𝑙−𝑚𝛼, (𝑙−𝑚𝛼)/2𝑏

𝑥𝑡 (𝑆),
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𝐶 𝑙−𝜌ℎ(𝐺), 𝐶 𝑙−𝜎𝑞, (𝑙−𝜎𝑞)/2𝑏
𝑥𝑡 (𝑆0).

If condition 2) of item 2° imposed on the matrix of initial conditions is satisfied,
then, as shown in (15), from the system and the initial conditions one can
determine any a priori existing derivative of any function 𝑢(𝑚)

𝑗 (𝑚 = 1, 2) for
𝑡 = 0, 𝑥 ∈ 𝐺 − 𝛾. We shall say that the compatibility conditions of order 𝑘 are
satisfied for the boundary-value problem with discontinuous coefficients if the
functions 𝑢(𝑚)

𝑗 and their derivatives at 𝑡 = 0, determined from the system and
the initial conditions, satisfy on 𝑆 the boundary conditions (see (15), p. 87), and
on the surface 𝑆0 the conditions

𝜕𝑖𝑞

𝜕𝑡𝑖𝑞

𝑁
∑
𝑗=1

[𝑏(1)
𝑞𝑗 (𝑥, 𝑡, 𝜕

𝜕𝑥, 𝜕
𝜕𝑡) 𝑢(1)

𝑗 (𝑥, 𝑡)

−𝑏(2)
𝑞𝑗 (𝑥, 𝑡, 𝜕

𝜕𝑥, 𝜕
𝜕𝑡) 𝑢(2)

𝑗 (𝑥, 𝑡)]𝑥=𝑠0𝑡=0
= 𝜕𝑖𝑞

𝜕𝑡𝑖𝑞
𝜓𝑞∣

𝑡=0

(𝑖𝑞 = 0, 1, … , [𝑘 − 𝜎𝑞
2𝑏 ] ; 𝑞 = 1, … , 2𝑏𝑟) .

The following basic theorem holds.

Theorem. Let 𝑙 > 𝑙0, 𝑙 not an integer, 𝑆0 and 𝑆 be Lyapunov surfaces and
belong to 𝐶𝑙+𝑡. Let ℬ(1) and ℬ(2) jointly cover ℒ on 𝑆0,

𝔇(𝑥, 𝑡, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡) 𝑢, 𝐶(𝑚)(𝑥, 𝜕/𝜕𝑥, 𝜕/𝜕𝑡) 𝑢 satisfy, respectively, conditions 1)
and 2) of § 2°, and the coefficients of the operators under consideration belong
to the classes indicated above.

If

𝑓𝑖 ∈ 𝐶 𝑙−𝑠𝑖𝑥
(𝑙−𝑠𝑖)/2𝑏
𝑡 (Ω), 𝜑ℎ ∈ 𝐶 𝑙−𝜌ℎ(𝐺),

Φ𝛼 ∈ 𝐶 𝑙−𝑚𝛼𝑥
(𝑙−𝑚𝛼)/2𝑏
𝑡 (𝑆), 𝜓𝑞 ∈ 𝐶 𝑙−𝜎𝑞

𝑥
(𝑙−𝜎𝑞)/2𝑏
𝑡 (𝑆0),

and the compatibility conditions of order [𝑙] are satisfied, then problem (1)—(4)
has a unique solution 𝑢 = (𝑢1, … , 𝑢𝑁) such that

𝑢𝑗 ∈ 𝐶 𝑙+𝑡𝑗
𝑥

(𝑙+𝑡𝑗)/2𝑏
𝑡 (Ω)

and for which the inequality
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𝑁
∑
𝑗=1

‖𝑢𝑗‖𝐶 𝑙+𝑡𝑗
𝑥

(𝑙+𝑡𝑗)/2𝑏
𝑡 (Ω) ≤ 𝑐0 (

𝑁
∑
𝑖=1

‖𝑓𝑖‖𝐶 𝑙−𝑠𝑖𝑥
(𝑙−𝑠𝑖)/2𝑏
𝑡 (Ω) +

𝑟
∑
ℎ=1

‖𝜑ℎ‖𝐶 𝑙−𝜌ℎ (𝐺)+

+
2𝑏𝑟
∑
𝑞=1

‖𝜓𝑞‖𝐶 𝑙−𝜎𝑞
𝑥

(𝑙−𝜎𝑞)/2𝑏
𝑡 (𝑆0) +

𝑏𝑟
∑
𝛼=1

‖Φ𝛼‖𝐶 𝑙−𝑚𝛼𝑥
(𝑙−𝑚𝛼)/2𝑏
𝑡 (𝑆)) ,

where 𝑐0 does not depend on 𝑓𝑖, 𝑢𝑗, 𝜑ℎ, 𝜓𝑞, Φ𝛼.

The proof of this theorem is carried out with the aid of the method developed in
the theory of elliptic boundary-value problems with discontinuous coefficients
(9–11) and of the technique set forth in (12–17). In particular, a regularizer
is constructed and the correct solvability of mixed problems for systems with
discontinuous coefficients is established. Let us note that analogous results are
obtained in the case when the domains Ω1 and Ω are noncylindrical, and also
when 𝐺2 = 𝐸𝑛 ∖ 𝐺1 (the case of the Cauchy problem).

In conclusion I express my sincere gratitude to S. D. Eidelman for posing the
problem, supervising the work, and for the assistance rendered.

Voronezh Polytechnic
Institute

Received
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