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MATHEMATICS

A. I. EGOROV

OPTIMALITY CONDITIONS FOR SYS-
TEMS CONTAINING ELEMENTS WITH
DISTRIBUTED PARAMETERS
(Presented by Academician L. S. Pontryagin on 4 III 1966)

L. S. Pontryagin’s maximum principle is an effective method for investigating
optimal processes described by ordinary differential equations or by differential-
difference equations (1). However, optimal systems containing elements with
distributed parameters, in which the processes are described by partial differen-
tial equations, are of practical interest.

Let the process in the controlled object be described by the boundary-value
problem

𝑢𝑖𝑡 − 𝑎2
𝑖 𝑢𝑖𝑥𝑥 = 𝑓𝑖(𝑡, 𝑥, 𝑢1, … , 𝑢𝑛, 𝑢1𝑥, … , 𝑢𝑛𝑥, 𝛼),

0 < 𝑡 ≤ 𝑇 , 0 < 𝑥 < 1; (1)

𝑢0
𝑖𝑥 = 𝜑0

𝑖 (𝑡, 𝑢0
1, … , 𝑢0

𝑛, 𝑦0
1, … , 𝑦0

𝑙 , 𝛽0),
𝑢1

𝑖𝑥 = 𝜑1
𝑖 (𝑡, 𝑢1

1, … , 𝑢1
𝑛, 𝑦1

1, … , 𝑦1
𝑚, 𝛽1); (2)

𝑢𝑖(0, 𝑥) = 𝑢𝑖0(𝑥), 𝑖 = 1, … , 𝑛, (3)

where 𝑎𝑖 are real constants; 𝑢𝑘
𝑖 = 𝑢𝑖(𝑡, 𝑘), 𝑢𝑘

𝑖𝑥 = 𝑢𝑖𝑥(𝑡, 𝑘). The functions 𝑓𝑖 and
𝜑𝑘

𝑖 are continuous in 𝑡, continuously differentiable in 𝑥, and have continuous
second-order derivatives with respect to the remaining arguments jointly; 𝑢𝑖0(𝑥)
are continuous on [0, 1]. The control parameters 𝛼 and 𝛽𝑘 take values from
certain open or closed domains 𝐴 and 𝐵𝑘 of 𝑟- and 𝑟𝑘-dimensional Euclidean
spaces. The functions 𝛼(𝑡, 𝑥) satisfy the differential equations

̇𝑦0
𝑗 = 𝜓0

𝑗 (𝑡, 𝑢0
1, … , 𝑢0

𝑛, 𝑦0
1, … , 𝑦𝑙, 𝛽0), 𝑗 = 1, … , 𝑙,

̇𝑦1
𝑘 = 𝜓1

𝑘(𝑡, 𝑢1
1, … , 𝑢1

𝑛, 𝑦1
1, … , 𝑦1

𝑚, 𝛽1), 𝑘 = 1, … , 𝑚, (4)
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with initial conditions

𝑦0
𝑗 (0) = 𝑦0

𝑗0, 𝑦1
𝑘(0) = 𝑦1

𝑘1, 𝑗 = 1, … , 𝑙; 𝑘 = 1, … , 𝑚, (5)

where the functions 𝜓𝑘
𝑗 satisfy the same conditions as 𝜑𝑘

𝑗 .

Admissible controls are functions 𝑤 = {𝛼(𝑡, 𝑥), 𝛽0(𝑡), 𝛽1(𝑡)} satisfying the fol-
lowing requirements: 1) 𝛼(𝑡, 𝑥) and 𝛽𝑘(𝑡) take values respectively in 𝐴 and 𝐵𝑘;
2) 𝛽𝑘(𝑡) are piecewise continuous, with no more than a finite number of discon-
tinuity points; 3) the functions 𝛼(𝑡, 𝑥) have no more than a finite number of
lines of discontinuity in the domain 𝐷 (0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇 ). At the same
time, for individual components of the vector 𝑤, the conditions of the problem
may prescribe in advance the form of their dependence on 𝑥 and 𝑡. For example,
the components of the vectors 𝛼(𝑡, 𝑥) must consist of two groups 𝛼𝑖, 𝑖 = 1, … , 𝑞,
and 𝛼𝑗, 𝑗 = 𝑞 + 1, … , 𝑟, where the 𝛼𝑖 may depend only on 𝑥, and the 𝛼𝑗 only
on 𝑡.
It is assumed that all the given functions in the boundary-value problem (1)
—(5), in addition to the properties listed above, also satisfy conditions under
which each admissible control corresponds to a unique solution (classical or
generalized) of this problem.

We shall say that an admissible control transfers the system from the state
{(2), (5)} to the state (6) if the solution of problem (1)—(5) corresponding to it
satisfies the conditions

Φ𝛼(𝑇 , 𝑥, 𝑢(𝑇 , 𝑥)) = 0, 𝛼 = 1, … , 𝜈;

∫
1

0
Ψ𝛽(𝑇 , 𝑥, 𝑢(𝑇 , 𝑥)) 𝑑𝑥 = 𝑐𝛽, 𝛽 = 1, … , 𝜇,

𝑦0
𝛾(𝑇 ) = 𝑦0

𝛾1, 𝛾 = 1, … , 𝑑 ≤ 𝑙; 𝑦1
𝛿(𝑇 ) = 𝑦1

𝛿1, 𝛿 = 1, … , 𝑒 ≤ 𝑚, (6)

where 𝑐𝛽, 𝑦𝑘
𝑖1 are real constants; Φ𝛼 and Ψ𝛽 are functions continuous in 𝑥 and

having continuous first-order derivatives with respect to 𝑢𝑖 and 𝑡.
It is required, among all admissible controls transferring the system from the
state {(2), (5)} to the state (6), to find a control such that the solution of
problem (1)—(5) corresponding to it realizes the minimum of the functional

𝑆 =
𝑛

∑
𝑖=1

{∫
𝑇

0
[𝐴0

𝑖 (𝑡)𝑢0
𝑖 + 𝐴1

𝑖 (𝑡)𝑢1
𝑖 ] 𝑑𝑡 + ∫

1

0
𝐵𝑖(𝑥)𝑢𝑖(𝑇 , 𝑥) 𝑑𝑥 + ∬

𝐷
𝐶𝑖(𝑡, 𝑥)𝑢𝑖(𝑡, 𝑥) 𝑑𝑥 𝑑𝑡}+

𝑙
∑

𝑗=𝑑+1
𝑐0

𝑗 𝑦0
𝑗 (𝑇 )+

𝑚
∑

𝑘=𝑒+1
𝑐1

𝑘𝑦1
𝑘(𝑇 ),
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where 𝐴𝑘
𝑖 , 𝐵𝑖, and 𝐶𝑖(𝑡, 𝑥) are given continuous functions; 𝑐𝑘

𝑖 are real constants;
the value of 𝑇 is not fixed in advance.

The special case of this problem, when 𝑇 is fixed and the final state of the
system is free, was considered in [2].

If there exists only a finite number of admissible controls transferring the system
from the state {(2), (5)} to the state (6), then the formulated problem will
not be variational. In order to apply variational methods, one must assume a
sufficient completeness of the class of admissible controls. Let this completeness
be determined by the following property.

Take arbitrary admissible controls 𝑤(𝑡, 𝑥) and 𝑤1(𝑡, 𝑥), defined in the domains
𝐷 (0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇 ) and 𝐷1 (0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇 ), and transferring
the system from the state {(2), (5)} to the state (6). Then, for arbitrarily small
𝜀 > 0, it is possible to specify an admissible control 𝑤𝜀(𝑡, 𝑥), defined in the
domain 𝐷𝜀 (0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇𝜀), such that:

1) it transfers the system from the state {(2), (5)} to the state (6), with
conditions (6) being satisfied at 𝑡 = 𝑇𝜀;

2) in the domain 𝐷𝐷𝜀 it is defined by the formula

𝑤𝜀(𝑡, 𝑥) = {𝑤1(𝑡, 𝑥), for (𝑡, 𝑥) ∈ 𝐺𝜀,
𝑤(𝑡, 𝑥), for (𝑡, 𝑥) ∈ 𝐷𝐷𝜀 − 𝐺𝜀,

where 𝐺𝜀 (𝐺𝜀 ⊂ 𝐷) is an arbitrary prescribed domain of area 𝜀;

3) the inequality |𝑇 − 𝑇𝜀| ≤ 𝐿𝜀 is satisfied, where the constant 𝐿 does not
depend on 𝜀 and is determined by the controls 𝑤 and 𝑤1.

Introduce the notation

𝐻(𝑡, 𝑥, 𝑢, 𝑣, 𝑎) = ∑ 𝑣𝑖𝑓𝑖, ℎ𝑘(𝑡, 𝑢𝑘, 𝑣𝑘, 𝑦𝑘, 𝑧𝑘, 𝛽𝑘) = ∑ 𝑎𝑘
𝑖 𝑣𝑘

𝑖 𝜑𝑘
𝑖 +∑ 𝑧𝑘

𝑗 𝜓𝑘
𝑗 , 𝑘 = 0, 1,

where 𝑣0 = 𝑣(𝑡, 0), 𝑣1 = 𝑣(𝑡, 1).
We define the auxiliary functions 𝑣(𝑡, 𝑥) and 𝑧𝑘(𝑡) by the boundary-value prob-
lem

𝑣𝑖𝑡 + 𝑎2
𝑖 𝑣𝑖𝑥𝑥 = −𝜕𝐻

𝜕𝑢𝑖
+ 𝑑

𝑑𝑥 ( 𝜕𝐻
𝜕𝑢𝑖𝑥

) + 𝐶𝑖(𝑡, 𝑥), 0 ≤ 𝑡 < 𝑇 , 0 < 𝑥 < 1,

𝑣𝑖(𝑇 , 𝑥) = −𝐵𝑖(𝑥) −
𝜈

∑
𝛼=1

𝐴𝛼(𝑥)𝜕Φ𝛼(𝑇 , 𝑥, 𝑢(𝑇 , 𝑥))
𝜕𝑢𝑖

−
𝜇

∑
𝛽=1

𝑏𝛽
𝜕Ψ𝛽(𝑇 , 𝑥, 𝑢(𝑇 , 𝑥))

𝜕𝑢𝑖
,
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𝑎2
𝑖 𝑣0

𝑖𝑥 = 𝜕ℎ0

𝜕𝑢0
𝑖

+ 𝜕𝐻
𝜕𝑢𝑖𝑥

∣
𝑥=0

+𝐴0
𝑖 (𝑡), 𝑎2

𝑖 𝑣1
𝑖𝑥 = 𝜕ℎ1

𝜕𝑢1
𝑖

+ 𝜕𝐻
𝜕𝑢𝑖𝑥

∣
𝑥=1

−𝐴1
𝑖 (𝑡), 𝑖 = 1, … , 𝑛,

(7)

̇𝑧0
𝑗 = −𝜕ℎ0

𝜕𝑦0
𝑗

, ̇𝑧1
𝑘 = −𝜕ℎ1

𝜕𝑦1
𝑘

, 𝑗 = 1, … , 𝑙; 𝑘 = 1, … , 𝑚,

𝑧0
𝑗 (𝑇 ) = −𝑐0

𝑗 , 𝑧1
𝑘(𝑇 ) = 𝑐1

𝑘, 𝑗 = 𝑑 + 1, … , 𝑙; 𝑘 = 𝑙 + 1, … , 𝑚.

Here 𝐴𝑘
𝑖 (𝑡), 𝐵𝑖(𝑥), 𝐶𝑖(𝑡, 𝑥), and 𝑐𝑘

𝑗 are taken from the functional 𝑆, while 𝐴𝛼(𝑥)
and 𝑏𝛽 are not yet defined.

Let 𝑤(𝑡, 𝑥) be an arbitrary admissible control defined in the domain 𝐷 and
carrying the system from the state {(2), (5)} into the state (6), and let 𝑢(𝑡, 𝑥),
𝑦𝑘(𝑡) and 𝑣(𝑡, 𝑥), 𝑧𝑘(𝑡) be the corresponding solutions of the boundary-value
problems (1)—(5) and (7). We shall say that 𝑤(𝑡, 𝑥) satisfies the maximum
conditions if, for any admissible control 𝑤(𝑡, 𝑥) = {𝑎(𝑡, 𝑥), 𝛽0(𝑡), 𝛽1(𝑡)}, defined
in the domain 𝐷1 (0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 𝑇1), the inequalities

∬
𝐺

[𝐻(𝑡, 𝑥, 𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥), 𝛼1) − 𝐻(𝑡, 𝑥, 𝑢(𝑡, 𝑥), 𝑣(𝑡, 𝑥), 𝛼)] 𝑑𝑥 𝑑𝑡 ≤ 0,

∫
𝜏

0
[ℎ𝑘(𝑡, 𝑢𝑘(𝑡), 𝑣𝑘(𝑡), 𝑦𝑘(𝑡), 𝑧𝑘(𝑡), 𝛽𝑘

1) − ℎ𝑘(𝑡, 𝑢𝑘(𝑡), 𝑣𝑘(𝑡), 𝑦𝑘(𝑡), 𝑧𝑘(𝑡), 𝛽𝑘)] 𝑑𝑡 ≤

≤ 0, 𝑘 = 0, 1,

are satisfied, where 𝜏 = min{𝑇 , 𝑇1}, and 𝐺 = 𝐷𝐷1.

Theorem. Let 𝑤(𝑡, 𝑥) be an admissible control, defined in the domain 𝐷 and
carrying the system from the state {(2); (5)} into the state (6), and let the func-
tions 𝑢(𝑡, 𝑥), 𝑦𝑘(𝑡), 𝑣(𝑡, 𝑥), 𝑧𝑘(𝑡) be the corresponding solutions of the boundary-
value problems (1)—(5) and (6) for certain 𝐴𝛼(𝑥), 𝑏𝛽.

Then, for the optimality of this control, it is necessary that:

1) the control 𝑤(𝑡, 𝑥) satisfy the maximum conditions;

2) all the listed functions and constants satisfy the equality

𝑑𝑆
𝑑𝑇 + ∫

1

0
[

𝜈
∑
𝛼=1

𝐴𝛼(𝑥)𝑑Φ𝛼
𝑑𝑇 +

𝜇
∑
𝛽=1

𝑏𝛽
𝑑Ψ𝛽
𝑑𝑇 ] 𝑑𝑡 −

𝑑
∑
𝑗=1

𝑧0
𝑗 (𝑇 ) ̇𝑦0

𝑗 (𝑇 )+
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+
𝑙

∑
𝑘=1

𝑧1
𝑘(𝑇 ) ̇𝑦1

𝑘(𝑇 ) = 0.

It is easy to verify (2) that the conditions of the theorem determine, generally
speaking, isolated controls among which the optimal ones may be found.

An analogous result is obtained if, instead of (2), the conditions

𝑢0
𝑖 = 𝜑0

𝑖 (𝑦0
1, … , 𝑦0

𝑙 ), 𝑢1
𝑖 = 𝜑1

𝑖 (𝑦1
1, … , 𝑦1

𝑚), 𝑖 = 1, … , 𝑛.

are taken.

If, instead of 𝑆, the optimality criterion is the functional

𝐼 = ∬
𝐷

𝑓0(𝑡, 𝑥, 𝑢1, … , 𝑢𝑛, 𝑢1𝑥, … , 𝑢𝑛𝑥, 𝛼) 𝑑𝑥 𝑑𝑡,

then, in order to obtain the optimality conditions, one must introduce an aux-
iliary variable 𝑢0 in the same way as was done in (2).

Institute of Automation
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