
Soviet-era science, translated into English

GENERALIZED
DERIVATIVES AND
DIFFERENTIABILITY
ALMOST
EVERYWHERE
MATHEMATICS

1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.66687

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196601.66687


Abstract
Full Text
UDC 517.514

MATHEMATICS

Yu. G. Reshetnyak

GENERALIZED DERIVATIVES AND DIF-
FERENTIABILITY ALMOST EVERYWHERE
(Presented by Academician A. D. Aleksandrov, January 17, 1966)

Let 𝐺 be an arbitrary open domain of 𝑛-dimensional Euclidean space 𝑅𝑛. By the
symbol 𝑊 𝑙

𝑝(𝐺), where 𝑙 ≥ 1 is an integer, 𝑝 ≥ 1, we shall denote the set of all real
functions that are defined and locally integrable in the domain 𝐺 and such that,
in the sense of the theory of generalized functions, all their partial derivatives
of order 𝑙, in the case 𝑝 = 1, are completely additive set functions defined on
the 𝜎-ring of Borel sets contained in 𝐺, while for 𝑝 > 1 these derivatives are
ordinary functions locally integrable in 𝐺 to the power 𝑝.

Further, 𝐵 denotes the ball {𝑥 ∈ 𝑅𝑛 ∶ |𝑥| < 1}; 𝐶 is the set of all functions that
are defined and uniformly continuous in the ball 𝐵; 𝐿𝑝 is the set of all functions
integrable in 𝐵 to the power 𝑝, where 𝑝 > 1. The norm in the spaces 𝐶 and 𝐿𝑝
is defined in the usual way. By the symbol 𝐿1 we shall denote the totality of
all completely additive functions defined on the 𝜎-ring of Borel sets contained
in the ball 𝐵. We define the norm in 𝐿1 by putting, for 𝜑 ∈ 𝐿1, ‖𝜑‖𝐿1

= |𝜑|(𝐵),
where |𝜑|(𝐸) is the absolute variation of the set function 𝜑(𝐸).
Let ℜ be an arbitrary Banach space whose elements are real functions defined
on the ball 𝐵; let 𝑢 be an arbitrary measurable function defined in the domain
𝐺; let 𝑥 be a point of the domain; and let 𝑃𝑥(𝑋) be a polynomial in the variable
𝑋 = (𝑋1, 𝑋2, … , 𝑋𝑛) of degree not exceeding 𝑙. We shall say that 𝑃𝑥(𝑋) is the
complete differential of order 𝑙 of the function 𝑢 at the point 𝑥 in the sense of
convergence in ℜ, if

∥𝑢(𝑥 + ℎ𝑋) − 𝑃𝑥(ℎ𝑋)
ℎ𝑙 ∥

ℜ
→ 0

as ℎ → 0.

We introduce the following notation. Let 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑛), where 𝛼𝑖, 𝑖 =
1, 2, … , 𝑛, are nonnegative integers. We put:

|𝛼| = 𝛼1 + 𝛼2 + ⋯ + 𝛼𝑛, 𝛼! = 𝛼1!𝛼2! ⋯ 𝛼𝑛!.
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If 𝑋 = (𝑋1, 𝑋2, … , 𝑋𝑛), then we put 𝑋𝛼 = 𝑋𝛼1
1 𝑋𝛼2

2 ⋯ 𝑋𝛼𝑛𝑛 . Finally, 𝐷𝛼 de-
notes the differential operator

𝐷𝛼 = 𝜕 |𝛼|

𝜕𝑥𝛼1
1 𝜕𝑥𝛼2

2 ⋯ 𝜕𝑥𝛼𝑛𝑛
.

Let 𝑢 ∈ 𝑊 𝑙
𝑝(𝐺). The formal differential of order 𝑙 of the function 𝑢 at the point

𝑥 ∈ 𝐺 is the polynomial

∑
0≤|𝛼|≤𝑙

𝐷𝛼𝑢(𝑥)
𝛼! 𝑋𝛼. (1)

In the case 𝑝 = 1, the derivative 𝐷𝛼𝑢, where |𝛼| = 𝑙, is a completely additive
set function in 𝐺. In this case 𝐷𝛼𝑢(𝑥) in formula (1) should be understood as
the derivative of the set function 𝐷𝛼𝑢 with respect to Lebesgue measure in 𝑅𝑛.

In what follows 𝑊 𝑙
𝑝 denotes the space 𝑊 𝑙

𝑝(𝐵). We introduce a norm in 𝑊 𝑙
𝑝,

setting, for 𝑢 ∈ 𝑊 𝑙
𝑝,

‖𝑢‖𝑊 𝑙𝑝
= ∑

0≤|𝛼|≤𝑙
‖𝐷𝛼𝑢‖𝐿𝑝

.

The main result of the present paper is the following theorem.

Theorem 1. For every function 𝑢 ∈ 𝑊 𝑙
𝑝(𝐺), its formal differential of order 𝑙 at

the point 𝑥 ∈ 𝐺 is a complete differential of order 𝑙 at the point 𝑥 in the sense
of convergence in 𝑊 𝑙

𝑝 for almost all 𝑥 ∈ 𝐺.

In other words, if 𝑢 ∈ 𝑊 𝑙
𝑝(𝐺), then for almost all 𝑥 ∈ 𝐺 the equality

lim
ℎ→0

∥ 1
ℎ𝑙

⎡⎢
⎣

𝑢(𝑥 + ℎ𝑋) − ∑
0≤|𝛼|≤𝑙

𝐷𝛼𝑢(𝑥)
𝛼! ℎ|𝛼|𝑋𝛼⎤⎥

⎦
∥

𝑊 𝑙𝑝

= 0 (2)

holds.

The proof of the theorem is based on the following considerations. Denote
the expression under the norm sign in equality (2) by 𝑅𝑥(ℎ, 𝑋). For |𝛼| = 𝑙,
obviously, we have

𝐷𝛼
𝑋𝑅𝑥(ℎ, 𝑋) = 𝐷𝛼𝑢(𝑥 + ℎ𝑋) − 𝐷𝛼𝑢(𝑥). (3)

If 𝑣 is a function locally integrable in 𝐺 to the power 𝑝 ≥ 1, then, as is known
(see, for example, (2)), for almost all 𝑥 ∈ 𝐺
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‖𝑣(𝑥 + ℎ𝑋) − 𝑣(𝑥)‖𝐿𝑝
→ 0

as ℎ → 0. Hence, by virtue of equality (3), it follows that for almost all 𝑥 ∈ 𝐺

∑
|𝛼|=𝑙

‖𝐷𝛼
𝑋𝑅𝑥(ℎ, 𝑋)‖𝐿𝑝

→ 0

as ℎ → 0.

Let 𝜑𝛼(𝑋), where |𝛼| ≤ 𝑙 − 1, be finite in 𝐵 infinitely differentiable functions
such that

∫
𝐵

𝜑𝛼(𝑋)𝑋𝛽 𝑑𝑋 = 0 for 𝛼 ≠ 𝛽; ∫
𝐵

𝜑𝛼(𝑋)𝑋𝛽 𝑑𝑋 = 1 for 𝛼 = 𝛽.

By virtue of the well-known theorems of S. L. Sobolev on equivalent norms in
𝑊 𝑙

𝑝, in order to complete the proof of the theorem it is sufficient to show that,
for almost all 𝑥 ∈ 𝐺,

∫
𝐵

𝜑𝛼(𝑋)𝑅𝑥(ℎ, 𝑋) 𝑑𝑋 → 0

as ℎ → 0. The validity of this assertion follows from the property of functions
locally integrable to the power 𝑝 ≥ 1 indicated above, and also from the equality

∫
𝐵

𝜑𝛼(𝑋)𝑅𝑥(ℎ, 𝑋) 𝑑𝑋 = 1
ℎ𝑙 ∫

ℎ

0
𝑡 𝑙−1 ⎡⎢

⎣
∫

𝐵
∑
|𝛽|=𝑙

𝐷𝛽𝑢(𝑥 + 𝑡𝑋) − 𝐷𝛽𝑢(𝑥)
𝛽! 𝑋𝛽𝜑𝛼(𝑋) 𝑑𝑋⎤⎥

⎦
𝑑𝑡,

valid for almost all 𝑥 ∈ 𝐺.

As one of the consequences of Theorem 1, we note the following result.

Theorem 2. Let 𝑢 ∈ 𝑊 𝑙
𝑝(𝐺), where 𝑙𝑝 > 𝑛. Then for almost all 𝑥 ∈ 𝐺 the

equality

𝑢(𝑥 + 𝑋) − ∑
0≤|𝛼|≤𝑙

𝐷𝛼𝑢(𝑥)
𝛼! 𝑋𝛼 = 𝑜(|𝑋|𝑙). (4)

holds.

Proof. By Theorem 1, for almost all 𝑥 ∈ 𝐺,
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∥ 1
ℎ𝑙

⎡⎢
⎣

𝑢(𝑥 + ℎ𝑋) − ∑
0≤|𝛼|≤𝑙

𝐷𝛼𝑢(𝑥)
𝛼! ℎ|𝛼|𝑋𝛼⎤⎥

⎦
∥

𝑊 𝑙𝑝

→ 0

as ℎ → 0. By the embedding theorem for the class 𝑊 𝑙
𝑝 in 𝐶 when 𝑙𝑝 > 𝑛 (1), it

follows that, for almost all 𝑥 ∈ 𝐺,

∥ 1
ℎ𝑙

⎡⎢
⎣

𝑢(𝑥 + ℎ𝑋) − ∑
0≤|𝛼|≤𝑙

𝐷𝛼𝑢(𝑥)
𝛼! ℎ|𝛼|𝑋𝛼⎤⎥

⎦
∥

𝐶

→ 0

as ℎ → 0, which, as is not difficult to see, is equivalent to equality (4). For the
particular case 𝑙 = 1, the theorem was proved earlier by A. Calderón (3) (see
also (4)).
In conclusion we note that, in an analogous way, by combining Theorem 1 with
embedding theorems, one can obtain a number of known results on differentiabil-
ity almost everywhere for certain classes of functions, for example the theorem
on the existence almost everywhere of the second differential of a convex func-
tion (5), the theorem on differentiability of a monotone function of the class 𝑊 1

𝑝 ,
where 𝑝 > ℎ − 1 (6), and others.
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