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Let G be an arbitrary open domain of n-dimensional Euclidean space R". By the
symbol WII)(G), where [ > 1 is an integer, p > 1, we shall denote the set of all real
functions that are defined and locally integrable in the domain G and such that,
in the sense of the theory of generalized functions, all their partial derivatives
of order [, in the case p = 1, are completely additive set functions defined on
the o-ring of Borel sets contained in G, while for p > 1 these derivatives are
ordinary functions locally integrable in G to the power p.

Further, B denotes the ball {x € R™ : |x| < 1}; C' is the set of all functions that
are defined and uniformly continuous in the ball B; L,, is the set of all functions
integrable in B to the power p, where p > 1. The norm in the spaces C and L,
is defined in the usual way. By the symbol L; we shall denote the totality of
all completely additive functions defined on the o-ring of Borel sets contained
in the ball B. We define the norm in L, by putting, for p € Ly, @[, = [»l(B),
where |p|(E) is the absolute variation of the set function ¢(FE).

Let SR be an arbitrary Banach space whose elements are real functions defined
on the ball B; let u be an arbitrary measurable function defined in the domain
G; let = be a point of the domain; and let P,(X) be a polynomial in the variable
X = (X1, X5, ..., X,,) of degree not exceeding . We shall say that P, (X) is the
complete differential of order [ of the function u at the point x in the sense of
convergence in R, if

u hX)— P, (hX
(o +hX) = PN
nl
R
as h — 0.
We introduce the following notation. Let o = (ay, @, ..., q,,), where o, i =
1,2,...,n, are nonnegative integers. We put:
o] = oy + ay + -+, al = aqlag! - a,l.
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If X = (X,,X,,...,X,), then we put X¢ = X{" X352 X", Finally, D* de-
notes the differential operator

olal

= (03 (o3 [ 7%
0x]'0xy> -+ Oxn"

Da

Let u € W}(G). The formal differential of order [ of the function u at the point
x € G is the polynomial

D%u(x)
al

xe. (1)

0<|er| <l

In the case p = 1, the derivative D®u, where || = [, is a completely additive
set function in G. In this case D*u(x) in formula (1) should be understood as
the derivative of the set function D“u with respect to Lebesgue measure in R"™.

In what follows W/ denotes the space W/(B). We introduce a norm in W},
setting, for u € Wé,

lulwy = 3 Dl .

0<[al<l

The main result of the present paper is the following theorem.

Theorem 1. For every function u € WIIJ(G), its formal differential of order! at
the point x € G is a complete differential of order [ at the point x in the sense
of convergence in W; for almost all x € G.

In other words, if u € WIIJ(G), then for almost all z € G the equality

u(w+hX)— Y whla\xa =0 (2)

0<]a|<l

lim |[—
h—0 hl
w

holds.

The proof of the theorem is based on the following considerations. Denote
the expression under the norm sign in equality (2) by R, (h,X). For |a| =1,
obviously, we have

D%R,(h,X) = Du(z + hX) — D*u(x). (3)

If v is a function locally integrable in G to the power p > 1, then, as is known
(see, for example, (2)), for almost all z € G
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Jo(w + hX) — v(@)], =0

as h — 0. Hence, by virtue of equality (3), it follows that for almost all z € G
Z ‘|D3X(Rz<h7X)HLP —0
la|=l

as h — 0.

Let ¢, (X), where |a] < 1—1, be finite in B infinitely differentiable functions
such that

/gpa(X)XBdX =0 fora#p; /(pa(X)XBdX =1 fora=24.
B B

By virtue of the well-known theorems of S. L. Sobolev on equivalent norms in
VVZZ,7 in order to complete the proof of the theorem it is sufficient to show that,
for almost all z € G,

/@Q(X)Rm(h,X)dX —0
B

as h — 0. The validity of this assertion follows from the property of functions
locally integrable to the power p > 1 indicated above, and also from the equality

A DPu(z +tX) — DPu(x) 4
4@@(X)Rx(h7X)dX_ hl/o t I:/Bﬁz_:l 5' X tpa(X)dX dt,

valid for almost all x € G.
As one of the consequences of Theorem 1, we note the following result.

Theorem 2. Let u € W/(G), where Ip > n. Then for almost all z € G the
equality

D%u(x)

u(z + X) — o

0<|ar|<l

X =o(|X]"). (4)

holds.
Proof. By Theorem 1, for almost all x € G,
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D%u(x)

% lu(x +hX)— o h“'Xa] -0

0<|er| <l
Wi

as h — 0. By the embedding theorem for the class W;l; in C when Ip >n (1), it

follows that, for almost all z € G,

D>u(x)

1
7 lu(m +hX)— h"’X”‘} -0

0<|a|<t
C

as h — 0, which, as is not difficult to see, is equivalent to equality (4). For the
particular case [ = 1, the theorem was proved earlier by A. Calderén (3) (see
also (%)).

In conclusion we note that, in an analogous way, by combining Theorem 1 with
embedding theorems, one can obtain a number of known results on differentiabil-
ity almost everywhere for certain classes of functions, for example the theorem
on the existence almost everywhere of the second differential of a convex func-
tion (°), the theorem on differentiability of a monotone function of the class W,
where p > h — 1 (%), and others.
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