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MATHEMATICS

Yu. N. KHAIMULIN

ON SOME PROPERTIES OF {𝑘; 𝑛}𝑞-ARCS IN
GALOIS PLANES
(Presented by Academician P. S. Novikov, 21 I 1966)

1. Let a projective plane 𝑆2,𝑞 over the Galois field 𝐺𝐹(𝑞) = 𝛾𝑞 of order 𝑞 = 𝑝ℎ

be given, where 𝑝 is a prime number (the characteristic of the field) and ℎ is a
natural number. The Galois plane 𝑆2,𝑞 contains 𝑞2 + 𝑞 + 1 = 𝑄 points and the
same number of lines; each line contains 𝑞 + 1 points, and through each point
of the plane pass 𝑞 + 1 lines.

An arbitrary set of 𝑘 points of the plane 𝑆2,𝑞 will be called a 𝑘-system in 𝑆2,𝑞,
𝑘 ≤ 𝑄. To each 𝑘-system 𝐾 in 𝑆2,𝑞 one may assign an integer 𝑛, where 𝑛
denotes the largest number of points of 𝐾 lying on one line. For 𝑘-systems
in 𝑆2,𝑞, an important but little-developed problem is the determination of the
greatest values of 𝑘 as a function of various values of 𝑛 and 𝑞.

For 𝑛 = 2, 𝑘-systems are customarily called 𝑘-arcs, and for them it has been
proved that 𝑘max = 𝑞 + 1 for odd 𝑞 and 𝑘max = 𝑞 + 2 for even 𝑞 (1).
If 3 ≤ 𝑛 ≤ 𝑞, then a 𝑘-system in 𝑆2,𝑞 is called a {𝑘; 𝑛}𝑞-arc (the cases 𝑛 = 1 and
𝑛 = 𝑞 + 1 at the maximal value of 𝑘 are discarded as trivial) (2).
By virtue of this definition of a {𝑘; 𝑛}𝑞-arc, all points of the plane 𝑆2,𝑞 are
divided into two classes: the 𝑘 points of the arc (absolute points) and the 𝑄 − 𝑘
points external to the arc. A line of the plane is called an 𝑙-secant of the {𝑘; 𝑛}𝑞-
arc if it has 𝑙 common points with the arc (𝑙 = 0, 1, … , 𝑛). By the principle of
duality, valid in 𝑆2,𝑞, dual {𝑘; 𝑛}∗

𝑞-arcs are also considered.

We shall next consider various Diophantine systems connected with {𝑘; 𝑛}𝑞-
arcs. For an arbitrary absolute point 𝐴, through which pass 𝑎𝑙 𝑙-secants (𝑙 =
1, 2, … , 𝑛), we have the following system of Diophantine equations (the system
of absolute points):

𝑛
∑
𝑙=1

𝑎𝑙 = 𝑞 + 1,
𝑛

∑
𝑙=2

(𝑙 − 1)𝑎𝑙 = 𝑘 − 1. (1)

To each solution (𝛼1𝑖, 𝛼2𝑖, … , 𝛼𝑛𝑖) of system (1) in positive integers there cor-
responds a type of absolute point 𝐴𝛼1𝑖…𝛼𝑛𝑖

and a type of homogeneous arc
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𝐾𝛼1𝑖…𝛼𝑛𝑖
(𝑖 = 1, 2, … , 𝑚). A nonhomogeneous {𝑘; 𝑛}𝑞-arc consists of points of

different types.

Similarly, we have the system of external points of the arc:

𝑛
∑
𝑙=0

𝑏𝑙 = 𝑞 + 1,
𝑛

∑
𝑙=1

𝑙𝑏𝑙 = 𝑘, (2)

where 𝑏𝑙 is the number of 𝑙-secants passing through an external point. To each
solution (𝛽0𝑗, 𝛽1𝑗, … , 𝛽𝑛𝑗) of system (2) in positive integers there corresponds a
type of external point 𝐵𝛽0𝑗…𝛽𝑛𝑗

(𝑗 = 1, 2, … , 𝑚′).
If a {𝑘; 𝑛}𝑞-arc contains 𝑘𝑖 absolute points of the 𝑖-th type, then the number of
𝑙-secants of the arc is determined by the formula

𝑁𝑙 =
𝑚

∑
𝑖=1

𝑘𝑖𝛼𝑙𝑖/𝑙 (𝑙 = 1, 2, … , 𝑛); 𝑁0 = 𝑄 −
𝑛

∑
𝑙=1

𝑁𝑙. (3)

If an arbitrary 𝑙′-secant of a {𝑘; 𝑛}𝑞-arc contains 𝑥𝑗 external points and 𝑦𝑖 ab-
solute points, then for it there is the following 𝑙′-secant system of Diophantine
equations with 𝑚 unknowns:

𝑚′

∑
𝑗=1

𝑥𝑗 = 𝑞 − 𝑙′ + 1,

𝑚′

∑
𝑗=1

(𝛽𝑒′𝑗 − 1)𝑥𝑗 = 𝑁𝑙′ −
𝑚

∑
𝑖=1

𝑦𝑖(𝛼𝑙′𝑖 − 1) − 1, (4)

𝑚′

∑
𝑗=1

𝛽𝑙𝑗𝑥𝑗 = 𝑁𝑙 −
𝑚

∑
𝑖=1

𝑦𝑖𝛼𝑙𝑖, (𝑙 = 0, 1, 2, … , 𝑛; 𝑙 ≠ 𝑙′).

2. For {𝑘; 𝑛}𝑞-arcs in 𝑆2,𝑞 (𝑛 > 2), Barlotti proved the following (2):

if 𝑞 ≡ 0 (mod 𝑛), then 𝑘 ≤ (𝑛 − 1)𝑞 + 𝑛; (I)

if 𝑞 ≢ 0 (mod 𝑛), then 𝑘 ≤ (𝑛 − 1)𝑞 + 𝑛 − 2. (II)

We also have another proof of Barlotti’s formulas, based on the Diophantine
systems associated with {𝑘; 𝑛}𝑞-arcs. For certain particular values of 𝑛 and 𝑞,
the greatest value for the number 𝑘 does not attain the indicated bound (I) or
(II). For example, it is known that for 𝑛 = 𝑞 the bound (I) is attained (2), while
for 𝑛 = 3, 𝑞 = 9 it is not attained (3); the bound (II) is attained for 𝑛 = 3 (4).
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In the present note the case 𝑛 = 𝑞/2 (𝑝 = 2) is indicated, in which the bound (I)
is actually attained, and it is proved that for 𝑛 = 4 (𝑝 ≠ 2) and 𝑛 = 𝑞−1 (𝑞 ≥ 5)
the bound (II) is not attained; moreover, for 𝑛 = 4 (𝑝 ≠ 2) an upper bound
for 𝑘 is found, which is attained in some cases; the corresponding examples of
{𝑘; 𝑛}𝑞-arcs in 𝑆2,𝑞 are given.

In the plane 𝑆2,𝑞 (𝑞 = 2ℎ, ℎ > 2), in the case 𝑛 = 𝑞/2, the bound (I) is attained,
i.e. there exist {(𝑞2 − 𝑞)/2; 𝑞/2}𝑞-arcs.

Indeed, in a finite plane of characteristic 2 there exists a (𝑞 + 2)-arc, which
contains (𝑞2 +3𝑞 +2)/2 points of the plane 𝑆2,2ℎ . Using the Diophantine system
of external lines (𝑙′ = 0) for a (𝑞+2)-arc, which follows from (2) by the principle
of duality in the plane 𝑆2,𝑞, it is not difficult to show that the set 𝑄 − (𝑞2 +
3𝑞 + 2)/2 of points forms a {(𝑞2 − 𝑞)/2; 𝑞/2}𝑞-arc in 𝑆2,2ℎ . Consequently, the
bound (I) is indeed attained for 𝑛 = 𝑞/2, 𝑞 = 2ℎ (ℎ > 2). The construction of
an example of such an arc follows directly from the very method of proving its
existence.

Case 𝑛 = 4 (𝑝 ≠ 2). From the system of absolute points (1) for a {3𝑞 + 2; 4}𝑞-
arc there follows the possibility of the existence of two types of points 𝐴002,𝑞−1
and 𝐴010𝑞. The nonexistence of homogeneous arcs follows directly from formulas
(3).

For an inhomogeneous arc we distinguish two cases: 𝑞 ≡ 1 (mod 4) and 𝑞 ≡ 3
(mod 4).
Consider the case 𝑞 ≡ 1 (mod 4). In this case (𝑞 −1)/4 different inhomogeneous
arcs are possible, and formulas (3) can be given the following form:

𝑁1 = 0; 𝑁2 = (3𝑞 − 12𝑡 + 5)/2; 𝑁3 = 8𝑡 − 2;

𝑁4 = (3𝑞2 + 2𝑞 − 12𝑡 + 3)/4; 𝑁0 = (𝑞2 − 4𝑞 + 4𝑡 − 1)/4 (5)

(𝑡 = 1, 2, … , (𝑞 − 1)/4).

From the system of external points (2) for a {3𝑞 + 2; 4}𝑞-arc we obtain a table
of the types of external points lying on external lines. Using this table and
equalities (5), we compose the system of an external line ((4) for

𝑙′ = 0), from which for consideration we take the following two equations:

𝑞2+2𝑞−3
16

∑
𝑖=1

𝑥𝑖 = 𝑞 + 1,
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𝑞−3
∑

𝑖= 𝑞+1
2

𝑥𝑖+2
3𝑞−15

2

∑
𝑖=𝑞−2

𝑥𝑖+⋯+𝑞 − 9
4

𝑞2+2𝑞−35
16

∑
𝑖= 𝑞2+2𝑞−83

16

𝑥𝑖+
𝑞 − 5

4

𝑞2+2𝑞−3
16

∑
𝑖= 𝑞2+2𝑞−19

16

𝑥𝑖 = 𝑞2 − 4𝑞 + 4𝑡 − 5
4 .

These equations are inconsistent for 𝑞 ≠ 5 and for any 𝑡 = 1, 2, … , (𝑞 − 1)/4; by
another method the nonexistence of the arcs under consideration is also proved
for 𝑞 = 5.

The proof of the nonexistence of {3𝑞 + 2; 4}𝑞-arcs for the case 𝑞 ≡ 3 (mod 4)
is carried out by an analogous method. Consequently, we have proved that
𝑘 ≤ 3𝑞 + 1 for all odd 𝑞 ≥ 5.

Let us give an example of a nonhomogeneous arc with the found bound for
𝑞 = 7 (it has been proved that no homogeneous arcs with this bound exist).
Investigation of the structure of the external lines for the arc under consideration
by means of the Diophantine systems (2) and (4) shows that all external points
of the arc lie on 7 external lines forming a dual 7∗-arc in 𝑆2,7. Consequently,
a nonhomogeneous {22; 4}7-arc is the set of those points of the plane which
supplement the points of the 7∗-arc to the set of all points of the plane 𝑆2,7.

Case 𝑛 = 𝑞 − 1. Here the following theorem has been proved:

For all 𝑞 ≥ 5 in the plane 𝑆2,𝑞, {𝑘; 𝑞 − 1}𝑞-arcs can exist only for 𝑘 ≤ 𝑞2 − 𝑞 − 4.

For 𝑞 = 5 this bound is actually attained. An example of a homogeneous
{16; 4}5-arc, consisting of points of type 𝐴0033, is constructed as follows: from
the plane 𝑆2,5 we remove a dual 3∗-arc together with all its points; it is not hard
to see that the set of the remaining points of the plane 𝑆2,5 forms the required
arc.

3. Completeness of {𝑘; 𝑛}𝑞-arcs. A {𝑘; 𝑛}𝑞-arc in the plane 𝑆2,𝑞 is called
complete if it is not contained in any {𝑘′; 𝑛}𝑞-arc for any 𝑘′ > 𝑘.

Obviously, any {𝑘; 𝑛}𝑞-arc with maximal value of 𝑘 is complete; therefore we
shall always assume that 𝑘 < 𝑘max.

For 𝑛 = 2 it is known that, for 𝑞 = 4𝑑 + 3 (𝑑 ≠ 0), complete (𝑞 + 5)/2-arcs (5)
exist, and for 𝑞 = 22ℎ+1 (ℎ ≥ 2) complete (𝑞 + 4)/2-arcs (6) exist.

Here we shall prove the following theorem:

If 𝑞 = 𝑝2ℎ, then in 𝑆2,𝑞 there exist complete {𝑝2ℎ + 𝑝ℎ; 𝑝ℎ}𝑞-arcs.

Proof. It is not hard to see that the plane 𝑆2,𝑝2ℎ , constructed over the field
𝐺𝐹(𝑝2ℎ), contains the plane 𝑆2,𝑝ℎ , constructed over the field 𝐺𝐹(𝑝ℎ), as its
subplane. Further, the 𝑝2ℎ + 𝑝ℎ + 1 lines of the subplane 𝑆2,𝑝ℎ , considered
simultaneously as lines of the plane 𝑆2,𝑝2ℎ , contain all points of the plane 𝑆2,𝑝2ℎ .
Indeed, each line of the subplane 𝑆2,𝑝ℎ contains 𝑝ℎ + 1 points of this subplane
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and 𝑝ℎ(𝑝ℎ − 1) points of the plane 𝑆2,𝑝2ℎ not contained in 𝑆2,𝑝ℎ . The total
number of the latter points on the 𝑝2ℎ + 𝑝ℎ + 1 lines under consideration is
equal to 𝑝ℎ(𝑝3ℎ − 1), which exactly corresponds to the num-

of all points of 𝑆2,𝑝2ℎ not contained in 𝑆2,𝑝ℎ . Consequently, the plane 𝑆2,𝑝2ℎ ,
outside the lines forming the subplane 𝑆2,𝑝ℎ , has no points.

We shall consider the set of points of the subplane 𝑆2,𝑝ℎ without one of its lines
𝑙∞, which we denote by 𝐴2,𝑝ℎ (the finite affine plane); it contains 𝑝2ℎ points.
On the line 𝑙∞ take any 𝑝ℎ points not belonging to the subplane 𝑆2,𝑝ℎ , which is
always possible (𝑝2ℎ−𝑝ℎ ≥ 𝑝ℎ). Obviously, the set of points consisting of the 𝑝2ℎ

points of 𝐴2,𝑝ℎ and the chosen 𝑝ℎ points of the line 𝑙∞ forms a {𝑝2ℎ+𝑝ℎ; 𝑝ℎ}𝑞-arc
in 𝑆2,𝑝2ℎ . From the very method of constructing the arc it is clear that through
any point of the plane 𝑆2,𝑝2ℎ there passes at least one 𝑝ℎ-secant, whence the
completeness of the arc follows.

I have also proved that, in the case of subplanes of the plane 𝑆2,𝑝𝑥ℎ (𝑥 > 2),
complete {𝑝𝑥ℎ + 𝑝ℎ; 𝑝ℎ}𝑞-arcs cannot exist.

In conclusion, I consider it my pleasant duty to express my heartfelt gratitude
to Prof. G. B. Gurevich for his attention and interest in this work.

Moscow State
Pedagogical Institute
named after V. I. Lenin

Received
20 I 1966
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