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Yu. M. RYZHOV

ON A CLASS OF FUNCTIONALS OF SAMPLE
FUNCTIONS OF A STATIONARY GAUSSIAN
PROCESS
(Presented by Academician Yu. V. Linnik on 22 X 1965)

1. Let 𝜉(𝑡), 𝑡 ∈ [0, 𝑇 ], be a stationary Gaussian process with zero mathemati-
cal expectation and correlation function 𝑅(𝜏). Without loss of generality,
we assume that 𝑅(0) = 1.

Everywhere below, by 𝑓(𝑥) (with an index or without an index) we denote Borel
functions such that the integral

𝐽 = ∫
𝑇

0
𝑓(𝜉(𝑡)) 𝑑𝑡 (1)

exists in the mean-square sense and, for all 𝑚 ⩾ 0,

𝑥𝑚𝑒−𝑥2/2𝑓(𝑥) ∈ 𝐿(−∞, ∞).

In this note we study the structure of the closure (in the sense of convergence in
mean square) of the class of functionals of the form (1) of the sample functions
of the process 𝜉(𝑡).

2. By 𝐻𝑚(𝑥), 𝑚 = 0, 1, …, we shall denote the normalized Chebyshev–Her-
mite polynomials

𝐻𝑚(𝑥) = (−1)𝑚(𝑚!)−1/2𝑒𝑥2/2 𝑑𝑚

𝑑𝑥𝑚 𝑒−𝑥2/2.

The collection {𝐻𝑚(𝑥)} forms a complete orthonormal system of polynomials
with weight 𝜑(𝑥) = (2𝜋)−1/2 exp{−𝑥2/2}. Everywhere below

𝐴(𝑛1,𝑛2)
𝑚 = 1√

2𝜋 ∫
∞

−∞
[𝑓𝑛1

(𝑥) − 𝑓𝑛2
(𝑥)]𝐻𝑚(𝑥)𝑒−𝑥2/2 𝑑𝑥. (2)
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Consider the two-dimensional Gaussian density

𝜑𝑡𝑠(𝑥, 𝑦) = 1
2𝜋√1 − 𝑅2(𝑡 − 𝑠)

exp{−𝑥2 + 𝑦2 − 2𝑅(𝑡 − 𝑠)𝑥𝑦
2[1 − 𝑅2(𝑡 − 𝑠)] } .

It is known (1) that for 𝜑𝑡𝑠(𝑥, 𝑦) the expansion

𝜑𝑡𝑠(𝑥, 𝑦) = 1
2𝜋 𝑒−(𝑥2+𝑦2)/2

∞
∑
𝑚=0

𝑅𝑚(𝑡 − 𝑠)𝐻𝑚(𝑥)𝐻𝑚(𝑦) (3)

holds.

We shall need the following lemmas.

Lemma 1. Let

𝐽𝑛 = ∫
𝑇

0
𝑓𝑛(𝜉(𝑡)) 𝑑𝑡, 𝑛 = 1, 2, … .

For the existence of the limit l. i.m.𝑛→∞ 𝐽𝑛* it is necessary and sufficient that

* l.i.m. —limit in the mean-square sense.

was satisfied

lim
𝑛1,𝑛2→∞

∞
∑
𝑚=0

𝑝𝑚𝐴(𝑛1,𝑛2)2
𝑚 = 0,

where

𝑝𝑚 = ∫
𝑇

0
∫

𝑇

0
𝑅𝑚(𝑡 − 𝑠) 𝑑𝑡 𝑑𝑠.

Lemma 2. Let the correlation function 𝑅(𝜏) be continuous, real-valued, posi-
tive, and let 𝑅(𝜏) ≠ 𝑅(0) for 𝜏 ≠ 0. In addition, suppose that, for sufficiently
small 𝜏 > 0,

1 − 𝐶2𝜏𝛼 ≤ 𝑅(𝜏) ≤ 1 − 𝐶1𝜏𝛼,

for some constants 𝛼 > 0, 𝐶1 > 0, 𝐶2 > 0. Then there exist constants 𝐾1 > 0
and 𝐾2 > 0 such that for all 𝑚 = 1, 2, … one has
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𝐾2𝑚−1/𝛼 ≤ ∫
𝑇

0
∫

𝑇

0
𝑅𝑚(𝑡 − 𝑠) 𝑑𝑡 𝑑𝑠 ≤ 𝐾1𝑚−1/𝛼.

3. Let the functions 𝑓𝑛(𝜉(𝑡)) be such that M𝑓𝑛(𝜉(𝑡)) = 0 for all 𝑛. Then
𝐴(𝑛1,𝑛2)

0 = 0 for all 𝑛1 and 𝑛2.

Theorem 1. Let the correlation function 𝑅(𝜏) of the stationary Gaussian pro-
cess 𝜉(𝑡), 𝑡 ∈ [0, 𝑇 ], satisfy the conditions of Lemma 2. The limit l. i.m.𝑛→∞ 𝐽𝑛
exists if and only if the limit exists

l. i.m.𝑛→∞ 𝑔(𝛼)
𝑛 (𝜉(𝑡)) = 𝐺𝛼(𝜉(𝑡)), (4)

where

𝑔(𝛼)
𝑛 (𝑥) = √2𝜋𝑒𝑥2/2 ∫

∞

−∞
𝐾𝛼(𝑥, 𝑦)𝑓𝑛(𝑦) 𝑑𝑦,

𝐾𝛼(𝑥, 𝑦) = ∫
𝑇

0
∫

𝑇

0

1
2𝜋√1 − 𝑄2𝛼(𝑡 − 𝑠)

exp{−𝑥2 + 𝑦2 − 2𝑄𝛼(𝑡 − 𝑠)𝑥𝑦
2[1 − 𝑄2𝛼(𝑡 − 𝑠)] } 𝑑𝑡 𝑑𝑠,

𝑄𝛼(𝜏) = 1 − (|𝜏|/𝑇 )2𝛼.

Proof. From Lemmas 1 and 2 it follows that the limit l. i.m.𝑛→∞ 𝐽𝑛 exists if
and only if

lim
𝑛1,𝑛2→∞

∞
∑
𝑚=1

( 1
𝑚)

1/𝛼
𝐴(𝑛1,𝑛2)2

𝑚 = 0. (5)

Let us show that conditions (4) and (5) are equivalent. Using expansion (3) of
the Gaussian density, we obtain

𝑔(𝛼)
𝑛 (𝑥) = 1√

2𝜋
∞

∑
𝑚=0

𝐻𝑚(𝑥)𝑞(𝛼)
𝑚 ∫

∞

−∞
𝑓𝑛(𝑦)𝐻𝑚(𝑦)𝑒−𝑦2/2 𝑑𝑦,

where

𝑞(𝛼)
𝑚 = ∫

𝑇

0
∫

𝑇

0
𝑄𝑚

𝛼 (𝑡 − 𝑠) 𝑑𝑡 𝑑𝑠.

It is easy to show that
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M(𝑔(𝛼)
𝑛1 (𝜉(𝑡)) − 𝑔(𝛼)

𝑛2 (𝜉(𝑡)))2 =
∞

∑
𝑚=1

𝑞(𝛼)2
𝑚 𝐴(𝑛1,𝑛2)2

𝑚 .

It follows from this that, for the existence of the limit (4), it is necessary and
sufficient that

lim
𝑛1,𝑛2→∞

∞
∑
𝑚=1

𝑞(𝛼)2
𝑚 𝐴(𝑛1,𝑛2)2

𝑚 = 0. (6)

From Lemma 2 it follows that, for some constants 𝐾1 > 0 and 𝐾2 > 0,

𝐾1
∞

∑
𝑚=1

( 1
𝑚)

1/𝛼
𝐴(𝑛1,𝑛2)2

𝑚 ≤
∞

∑
𝑚=1

𝑞(𝛼)2
𝑚 𝐴(𝑛1,𝑛2)2

𝑚 ≤ 𝐾2
∞

∑
𝑚=1

( 1
𝑚)

1/𝛼
𝐴(𝑛1,𝑛2)2

𝑚 .

(7)

From (5), (6), and (7) the assertion of the theorem follows.

4. Condition (4) has a very simple meaning in the case where 1/𝛼 is an
integer.

Let 𝑔(∗𝑘)
𝑛 (𝑥) denote the 𝑘-th antiderivative of the function 𝑓𝑛(𝑥), which satisfies

the conditions

M𝑔(∗𝑖)
𝑛 (𝜉(𝑡)) = 0 (8)

for 𝑖 = 1, 2, … , 𝑘. Thus, 𝑔(∗𝑘)
𝑛 (𝑥) is determined uniquely.

Theorem 2. Let the correlation function 𝑅(𝜏) of the stationary Gaussian
process 𝜉(𝑡), 𝑡 ∈ [0, 𝑇 ], satisfy the conditions of Lemma 2 with 𝛼 = 1/𝑘, where
𝑘 is a positive integer. The limit l. i.m.𝑛→∞ 𝐽𝑛 exists if and only if there exists
the limit

l. i.m.𝑛→∞ 𝑔(∗𝑘)
𝑛 (𝜉(𝑡)) = 𝐺∗

𝑘(𝜉(𝑡)), (9)

where 𝑔(∗𝑘)
𝑛 (𝑥) is the above-defined 𝑘-th antiderivative of the function 𝑓𝑛(𝑥).

Proof. By repeated integration by parts it is not hard to show that

M(𝑔(∗𝑘)
𝑛1 (𝜉(𝑡)) − 𝑔(∗𝑘)

𝑛2 (𝜉(𝑡)))2 =
∞

∑
𝑚=𝑘+1

𝐴(𝑛1,𝑛2)2
𝑚−𝑘

𝑚(𝑚 − 1) … (𝑚 − 𝑘 + 1) .

Hence, for the existence of the limit (9), it is necessary and sufficient that the
condition
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lim
𝑛1,𝑛2→∞

∞
∑
𝑚=1

( 1
𝑚)

𝑘
𝐴(𝑛1,𝑛2)2

𝑚 = 0

be satisfied.

But from Lemmas 1 and 2 it follows that this same condition is the necessary
and sufficient condition for the existence of the limit l. i.m.𝑛→∞ 𝐽𝑛. The theorem
is proved.

In conclusion, the author expresses his deep gratitude to A. V. Skorokhod for
posing the problem and for valuable advice.

Kyiv State University
named after T. G. Shevchenko

Received
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