Soviet-era science, translated into English

GENERALIZED
NORMAL
CORRELATION

MATHEMATICS
1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.65333

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196601.65333

Abstract

Full Text

UDC 519.21
MATHEMATICS

0. V. SARMANOV

GENERALIZED NORMAL CORRELATION
AND TWO-DIMENSIONAL FRECHET CLASSES

(Presented by Academician S. N. Bernstein on 17 VIII 1965)

1. Consider the class of functions N{f(x,y)} representable by bilinear expan-
sions in Hermite polynomials
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The series (1) is assumed to converge in the mean, which is equivalent to the
condition
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where H,(z) are orthogonal and normal with weight e~*°/2/v/27 on the whole
real axis, i.e.
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Tt follows from (1) that
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Definition. When the sum of the series (1) is nonnegative for all real x and y,
we shall say that there is a generalized normal correlation between x and y.

Z: flz,y)dz

2. Theorem. In order that the sum of the series (1) be the density of a gen-
eralized normal correlation, it is necessary and sufficient that the coefficients c,,
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be the moments of some probability distribution concentrated inside the interval
[—1,1].

Necessity. Let the sum of the series (1) be nonnegative for all  and y. Find
the conditional mathematical expectation of the quantity (y/z)* for fixed x # 0.
Express y* through the polynomials (3):

yh = mHk(y) +ay oHy o(y) +ap_gHy 4(y) + -,

where a;,_o,a;_,, ... are fully determined constants.

M,y* = VEle Hy(x) 4 a)_ocy oHy o(x) + -

= Ck,l'k + bk72xk72 + bk74$k74 + Tty

where b;,_o,b;_4, ... are also certain constants. Thus,

Mac(y/x)k:Ck+bk_2/:172+bk_4/;c4+..._ (5)

and for sufficiently large x, ¢, differs arbitrarily little from the k-th moment of
the variable y/x; moreover, by virtue of (2), ¢, cannot be a moment of a variable
that, with positive probability, goes outside the interval [—1,1] or assumes the
values +1.

Sufficiency. Let {c;} form the sequence of moments of some variable £, con-
centrated inside the interval [—1,1] and given by the distribution function G(&);
then for each fixed €] < 1 consider the well-known expansion for the density of
normal correlation with correlation coefficient £
24y 2wy 224y
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where, by assumption,
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From (6) and (7) it follows that
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which completes the proof.

] dG(§) > 0, (8)

Remark. In normal correlation, ¢ = R with probability 1, and ¢, = R*. If ¢
assumes the two values +R with probabilities 1/2, so that ¢y, = R**| ¢y = 0,
k = 1,2,..., the corresponding density was considered in (!) and was given
the name pseudonormal correlation; finally, if all ¢, = 0, then x and y are
independent.

Corollary 1. If the sum (1) has constant sign and the variables z and y are
dependent, then ¢y, > 0 for all k =1,2,....

Corollary 2. It is easy to verify that the characteristic function of the density
(8) has the form

oty 1) = exp {—t% ‘2”5] /_ i expl— Rt t,] dG(R). )

In particular, if it is known that the correlation between = and y is normal, but
the correlation coefficient is not known exactly and is uniformly distributed on
the interval [R —e,R + €], R—e > —1, R+ ¢ < 1, then the characteristic
function of such a generalized normal correlation is expressed with the aid of
(9) as follows:

_t] + 13 + 2Rty 1, ] sh(etyty)
2 gtyty

@(tlvt%s) = exp (10)

2. M. Fréchet in (2, 3) posed the following general problem: to find the class of
two-dimensional distribution functions {P(z,y)} having given partial (extreme
or marginal) one-dimensional distributions F(x) and Fj(y). In the preceding
section an important part of the normal Fréchet class has been found.

Morgenstern and Gumbel (*) considered the following example of functions be-
longing to the Fréchet class K{F(x), F}(y)} for arbitrary given F(x) and Fj(y):

P(z,y) = Fx)Fi(y) 1+ A1 = F(x)) (1 - Fi(y)], —1<A<l. (11)

If, however, densities exist (denoted by the corresponding lowercase letters),
then

p(x,y) = f(@) fi(y) 1+ A2F(z) = D(2F(y) = 1)]; (12)
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in particular, in the normal case,

exp [—QT

play) = L+ vewew, (13)

where
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3. Let us consider the following more general method of constructing functions
from the Fréchet class k{f(x), f,(y)}, specified by the densities f(x) and f;(y)
on L=[a<z<b and L; = [a; <y < b]. Let o(z) be an arbitrary function
(not equal to a constant) bounded on L, and let ¢, (y) be an arbitrary function
bounded on L;. Then the quantities

b by
mszwﬂmm, m:/’%@mmw

b by
ot = [lpte) = mPs@yds, = [l -mPhwdy ()

are meaningful.

Denote

lp(z) —m| |<p1(y)—m1|.

h =sup ——, h, = sup (15)
z€L o yel, 01
The one-parameter family of densities
A o) = mllp: (y) — my]
A) = 14— 1

where —1 < A < 1, belongs to the Fréchet class k{f(x), f1(y)}, since p(z) —m
and ¢, (y) — m, are orthogonal to unity with weights f(z) and f,(y), and the
sum (16) is nonnegative.

We note that, by virtue of (14), h > 1 and hy > 1, and

p = A hhy (17)

is the maximal correlation coefficient (5) between z and y.
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Integrating (16), we pass to the distribution functions

Pl = F@ R ) + g [ S ar [ 2= 0, ),

1 (18)
Since F(x) and F;(y) are bounded functions, one may put ¢(z) = F(x), and
1 (y) = Fy(y); then, for continuous F(z) and F}(y), we obtain that

b
1
5= | F@)dF@ =m=m, =sw|F() ~m| = sup |Fy(y) ~ m].
a zeLl yeL,

Py(2,y,\) = F(z)Fy(y) + A(F*(z) — F(2))(F{(y) — Fi(y)) =

= F(z)Fy(y)[1+ A(F(z) = D(Fy(y) — 1), (19)

as in example (11). The assumption of continuity is not a restriction, for, if it
is proved that (19) is a distribution function for

for arbitrary discontinuous F'(x) and Fj (y), then (19) gives a distribution func-
tion also for arbitrary distribution functions F(x) and F; (y).

4. If the densities p,(z,y) belong to some Fréchet class, then a linear combi-
nation of them of the form }_, e,p,(x,y), where ¢, > 0 and ), &, = 1,
also belongs to the same class. With the help of this remark and (16),
one can construct new examples of densities and distribution functions
belonging to a given class (the possibility of similar bilinear constructions
was indicated in ©).

Let us give several examples

p(z,y) = f(2) fi(y) |1+ Eoo e, cos 2km(F(x) —1/,) cos 2km(F (y) —1/2)1 7
k=1
(20)

where 220:1 le,] <1, and, integrating (20), we obtain the corresponding family
of distribution functions

L 2k sin 2k(F(x)— /) sin 27k (F (y)— /). (21)

P(x,y) :F(I>F1(y>+47ﬂ_2 L
k=1

If in (18) we put ¢(x) = F¥(z), ¢,(y) = FF(y), and then consider the linear
combination of the functions obtained, putting ¢, = e*, k =1,2,..., 0 < e < Y/,,
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then we arrive at the following expression, also giving functions from the Fréchet
class:

Potase) = F)R) |14 72| - 22 ier )
B yep @) 4 iR @) R W), (22)

where

“In(1 — >, Lk
z<z)/0 mt’f)dt;kw and  P,(z,y,0) = F(z)F,(y).

In conclusion, let us give one example of discontinuous densities from the normal
Fréchet class

-
exp | ———
5 (I14+ M), foray >0,
o) =1 o [0 (23)
5 2 (1—=2), forazy <0,
™
—1<AL1.

For the distribution (23), A is the maximal correlation coefficient.
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