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The present note is devoted to the application of the following principle in the
theory of approximation of functions of a complex variable: the behavior of the
best approximation of a function of a complex variable from a given class, in
the metric of a given functional space in infinite domains bounded by straight
lines, by means of entire analytic functions can be studied on the basis of the
behavior of the same quantities along the boundary straight lines.

Denote by D(lp ) and D(Qp ), respectively, the domains of the opposite angles

1 1
|argz|<z(1—7> and |argz—|—7r|<z(1—f>,
2 p 2 p

and set

° _ E(lm +ﬁ<2p)7 D) — D(lp) n D(Qp),

ﬁ<
where p > 1 is a given number.*
Further, denote by £ [bm] the set of functions f(z) for which
[ ierlas < <o p=1)
Cle)

for every ¢ in the interval
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where C(yp) is the straight line with equation

. 1
z=tew(—oo<t<oo, |<,0|§E(1—7>),
2 p

and M does not depend on ¢.

In particular, the set of functions from L’;[ﬁ(p)] analytic inside D) is denoted

by £,[D"]. Obviously,

« =P
£,[D¥)] c £3[D

]
Let us note that if, for a function f(z) from the set L'p[ﬁ(p)], one defines the
norm

1/p
Il 5o, = sup {/ |f(2)|p|d2|} ;
4P lel<z(1-1) L/Cle)

then the set £, [E(m] turns out to be a linear normed space.

Further, denote by £§,‘7> [ﬁ<p)] the set of entire functions** of order p (1 < p <

+00) and type o, belonging to £, [EW}. We shall call the quantity

—=(p) .
A,5D), = b ) =g e
.qe(:;a)[ﬁﬁ)] P

]

the mixed best approximation of the function f(z) € £p[5(p)] on the set

ﬁ(p), and the expression

%S 1/p
w(f;5D7), = sup {sup (/ !f[(t+h)e“"]—f(tew>!p|d2|> }

lpl<z(1-2) LIhl<é

—(1
* In the case p = 1, the set D( ) is the whole real axis.

—a =), . .
** In the case p = 1, the sets L'p[D( )] and L';, >[D( )] coincide respectively with

the well-known classes of functions L, (—o0, o0) and ww (see (2), p. 38).

with mixed modulus of continuity of the function f(z) € £,[D)].
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Finally, let us denote by BP[G<p)] the set of functions f(2) (z = re’?), regular
in the domain G*) (|argz| < 7/2p, p > 1), having second partial derivatives

with respect to r and ¢ in the closed domain G(») (Jargz| < 7/2p, 2z = 0) and
satisfying the conditions:

L. |f(z)] = 0as|z| = oo (z € GW).
2a. -
/ |f(rei™/2P) [P dr = MP < +o0.
0

2b. N
/ |f(re="/20)|P dr = M} < 4.
0

3. The integral / |f(re™?)|P dr exists, and the equality
0

9
Y

dd/o rei“’)|pdr=/0 8%2|f(7"ei‘/’)|palr

holds.

In the present work, applying the principle formulated above:

1) a relation is established in the form of inequalities between the quantities
A (f; D), and w(f;0/7; D), for functions f(z) € £,[D@)];*

2) it is proved that w(f;d; DI?)), tends to zero as § — 0.

3) an estimate of A_(f; D))
of o and p.

p in the form of an inequality is found by means

The solution of these questions is based on the following auxiliary lemmas:

Lemma 1. If A > 0 is an even integer, then the entire function
A

() = { B xea) — B (-ix 2]} (o)

belongs to the set £4[D®)], where

7

nZF (I+np=t

is the entire Mittag-Leffler function of order p and type 1.

Lemma 2. For a function f(z) (z = re®¥) from the class BP[G(f’)], the formula

f(z ze G,

)_ efiﬂ’/Qp /00 f(ue ’L7T/2p du lTl'/2p f uewr/2p du
2w o

wue—tm/2p — 4 wuei™/2p — 5
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holds.
Moreover, we have
k

lim rk"'l%f(?“ew) =0 (k=0,1,2,..).

=00

Lemma 3. Let K(¢) = asinp + bcos @, where a,b are real numbers, and let
the real function g(p) satisfy the conditions

r(e) =9"(p) +9(p) 20,  g(0)=K(0), gla)=K(a),
where 0 < a < 7.
Then g(¢) < K(p) for 0 < ¢ < a.

* A similar problem was considered in work (1) on the real axis in the metric
of the space C'(—o00,0), in work (3) in the strip D = D(—c0 < z < 00, —a <
y < a) in the metric of the space £,[D], and in work (4) on the set D(®) in the

metric of the space C[D»)].

We note that the proof of the convergence to zero of w(f; 5;5(,)))17 as § — 0 is
based on the following assertion, which is an analogue of the classical Phragmén-
Lindel6f theorem.

Theorem 1. For a function f(z) of the class Bp[G(P)], the inequality

o X MP + MP M?P — MY s
NP dp < 1 2 1 2 o ( < 7)
/0 [Flret)l? dr < 2cosT/2p cos@+ 2sin7/2p Sy Il < 2p) "

holds, where MY, MY are defined by equalities 2a and 2b.

We observe that, by virtue of this assertion, the norm of the function f(z) €

£p[ﬁ(p)] in the domain b(m is estimated in terms of its same norm along the
boundary straight lines C; = C;(7/2p) and Cy = Cy(—7/2p). Owing to this,

the modulus of continuity of f(z) € £p[ﬁ(p>] over the domain D and its
best approximation in the sense of the metric £, [b(p)] by entire functions from

the class £§,U) [ﬁ@)] are estimated* respectively in terms of the same moduli of
continuity and the same best approximations along the boundary straight lines

of the domain ﬁ(m.

Theorem 2. If f(z) € £, [ﬁ(m], then the quantities
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1/p
w(f;6;Cy), = sup {/C |f(z+&) = f(2)P Idzl} ;

135y
§eCy

1/p
w(f;6;Cy), = sup {/ |f(z+ &) — f(2)P IdZ}
|gl<s Yo,
£eCy

and w(f;; ﬁ(p))p are connected by the inequality

=P 5. . 5. #
w(f,é,D )p S [OJ(f,CS, Ol)p +w(f’ 6’ CQ)P] Si]fl7'('/2p7
where
T 1 ™ 1
=05 (1‘;)]’ 6=c|3 <1_5)]
Moreover,

. —(p)
1 :5:D"). =o0.
limw(f;6; D7), =0

Theorem 3. If f(z) € £ E(p)], then there exists an entire function gy (z) from

[
P
the class ££f’) [B(m] for which the inequalities

w(f;o e D) < 24, (£; D7), + w(gy; oo D)) |

A (f; D), < Bu(fio Ve, D),

hold, where B is a constant independent of o, p.

Corollary 1. If w(f; 0_1/p;ﬁ(p)

o — 00, and conversely.

), — 0 as ¢ — oo, then A (f; D), — 0 as

Corollary 2. For every function f(z) € £, [b(m] there exists an entire function
from £ [E<p)] such that
—(P)
lim A,(f;D"),=0.

T—00
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Theorem 4. If f(z), together with all derivatives up to order m, belongs to

—(p)
£,[D 7], then

e
)P = om/p

Aa(f;ﬁ(p

)

where C,, does not depend on o.
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* The authors have considered similar problems in a horizontal and in a vertical
strip of the given width, bounded by straight lines.
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