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In the rectangle Q{(¢t,z) : 0 < ¢ < T, 0 < x < [} consider the parabolic equation

uy = alt, o, u, ug )y, + b(t, 2, u,u,) (1)

under the following assumptions concerning the measurable functions
a(t,z,u,p) and b(t,z,u,p): for (t,x) € Q, |u| < M, and arbitrary p,

0<ay<a(t,z,u,p) <ay(lp|™+1), m=>0, (2)

[b(t, z, u,p)| < Ka(t, ,u,p)(p® + 1). (3)

Let the function u(t,z) be continuous in @ and satisfy equation (1), with
|u(t,x)] < M. In the present paper a priori estimates are established for the
modulus of the derivative u, and for its Hoélder constants, depending only on
M, ay,a;,m, and K, i.e., without any assumptions whatsoever on the continuity
of the coefficients of the equation. In the particular case of the linear equation

uy, = a(t, x)u,, + b(t,x)u, + c(t,z)u + d(t, ) (4)

these estimates refine the known Schauder-type estimates (see (1)): the Hélder
norm of a bounded solution of equation (4) is estimated in (?).

The results obtained are applied to the study of boundary-value problems and
the Cauchy problem for equation (1), as well as to a nonlinear parabolic equation
of the form

up = a(t, Ty Uy Uy, Uy ). (5)

x) Yrx
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The proofs of the a priori estimates are based on the fact that, by means of a
certain device of introducing an additional spatial variable (see also (3,%)), the
derivation of an interior estimate can be reduced to the study of the solution of
a new quasilinear parabolic equation near a part of the boundary of a certain
three-dimensional domain, where this solution vanishes; moreover, the smallness
estimate for such a solution near the indicated part of the boundary does not
depend on the smoothness of the coefficients of the equation (see, for example,
Lemma 3 in (°)).

1. A priori estimates. We introduce some notation. Let the function u(t, z)
be defined on some set D; for v € (0,1) define the norms:

ut, ) = u(r,y)|

ul = sup |u(t,z)|+ sup

(t,2)eD (tayep (Jt— T2+ |z —y|)"
(t,y)eD
ul Py = [ul? + [u, |2

By @Q° and Qg we shall denote, respectively, the rectangles
{(t,2): 0<6<t<T, §<ax<I1—-4}

and
{(t,x) : 0<t<T, 6§ <z <l—46}, 5 <l/2.

Let T be the lower base and the lateral sides of the rectangle ). Any constants
depending only on M, ay,a;, m, and K will be denoted by C' if a constant also
depends on 4, then it is denoted by Cj.

Theorem 1. Let the function u(¢,x) be continuous in Q and satisfy equation
(1), for which conditions (2) and (3) are fulfilled; let |u(t,z)] < M in Q. Then

Q25
sup |uz| < 067 |u‘2/3 < C(S-
Qé
If the function wu(t,z) has in @ generalized derivatives u,, and u,, summable
with square, then there exists a v = y(M, ag,ay, m, K, J) such that
25
|u|?+'y < C(S'
If, in addition, w(0,2) = 0, then
Q
ul 1} < Cs.

The following theorem, in whose proof Theorem 1 is used, concerns an estimate
up to the boundary.
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Theorem 2. Let the function wu(¢,x) have in () continuous derivatives
Upy Uy y Uy, Uy, and satisfy equation (1), with conditions (2) and (3) fulfilled.
Let u(t,z)|r = 0 and |u(t, )| < M in Q. Then, for some v = v(M, ay, a,, m, K),

ul?., < C.

We note that the case of nonzero, but sufficiently smooth, boundary values of
the function u(t,z) on I' is reduced to Theorem 2.

The main part of the proof of Theorem 1 is the derivation of an a priori estimate
for the modulus of the derivative u,, where the following lemma is used essen-
tially; it is analogous to Lemma 3 in [5] and is of some independent interest (in
this lemma = = (z4,...,z,) € R, (z),

1/2
n
|x| = (Z xf) o Uy = (Vg 550, ), GY s the half-cylinder {(¢,2) : —7 <t <0, |z[ <7, 2 > 0}).
=1

Lemma. Let the function v(¢, z) be continuous in G%Z and satisfy the equation

n

v, — Z aij(t,m,vz)vzizj =b(t,x,v,),

ij=1
and suppose that for (¢,z) € G%Z the following conditions are fulfilled:

n

n
1) Z a;(t, @, v,)§&5 = ag z;flza ay = const > 0;
=

i,5=1

2) for some § € (0,1] i la;;(t,2,0,)] < K, [A(v)1= + 1],

ij—1
where .
A(”) = Z aij(tvxavx)vmivm‘;
i,j=1 -
3) |b(t,.’£, vx)' < KZ[A(U) + 1}
Let |v(t,z)| < M in G%Z and v[, _o = 0. Then for (¢,z) € Gh
|U(t,$)| S lea
where N depends only on M,ay, K, Ky, 3, p, h.

In conclusion of this section, we explain the proof of Theorem 1 on the example
of the linear equation (4), in which

0<ay<alt,z) <ay, b(t, )| < by, |e(t,x)] < ¢, |d(t,x)] < dy.
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We note that the function

v(t,z,y) = u(t,x) —ult,y)

in the prism
{t,z,y): 0<t<T, 0<y<a<l}

satisfies the equation
vy = alt,x)v,, +a(t,y)v,, + ut, z,y,v,,v,),

where

|,U,(t,£l,',y, ’U:mvy>| < N’O(‘vx| + ‘vy| + 2)7 Ho = QmaX(McmbOde)'

Obviously, [v| < 2M and v|,_, = 0. To the function v(t, x,y) one may apply the
lemma, according to which, for 6 <t < T and § <y < x <[— 4, the inequality

o(t, 2,y)| = lu(t, z) —u(t,y)| < Cs(x —y).

is valid. Consequently, |u,(t,z)] < Cs for (t,x) € Q% from this estimate it
follows that

26
‘u|§/3 S C&

(see Lemma 6 in (°)).

In order to estimate the Holder norm of the function z = w,, assuming (for
simplicity) that the solution u(t,z) and the coefficients of equation (4) are suf-
ficiently smooth, we use the known result of Nash () and its generalization in
(3). Let f(t,x) = b(t,2)u, + c(t,r)u + d(t,z); since |f(t,z)| < f, in Q° and
z, = (az,), + f., the function w = z + y satisfies the parabolic equation

where B =1+ (2f2/ay). As a consequence of the results of (3,°),

26
12|97 < Cs

for some Y= ’Y(a07a17 fO) € (Ov 1)

2. Boundary-value problems and the Cauchy problem. Numerous works
(7—9 and others) are devoted to the nonlocal theory of boundary-value problems
and the Cauchy problem for equation (1); the technique for proving existence
theorems for solutions of these problems in the presence of an a priori estimate
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for |u|?+,y is well developed. Therefore, without going into details, we note only
that Theorems 1 and 2 make it possible to study equation (1) with conditions
(2) and (3) under very small assumptions on the coefficients a and b: it is
enough to require that from equation (1) there follow an a priori estimate for
the modulus of the solution of the problem under consideration and that the
functions a(t, z,u,p) and b(t, z,u, p) satisfy a Holder condition in any bounded
domain with respect to all arguments (cf. the corresponding results for the linear
equation (4)).

We now consider the nonlinear equation (5), assuming that the function
a(t, z,u,p,r) satisfies a Holder condition in ¢ and is continuously differentiable
with respect to the remaining arguments, and that for (¢,2) € Q, |u| < M, and
arbitrary p and r,

0<a’0 Sar(t,x,u,p,r) §a1(|p|m+1)’ mzo? (6)

la(t,x,u,p,0)] < K,(p?> + Da,(t,z,u,p,7), (7)

and if, moreover, |p| < pg, then

|a:r‘ + |a‘u| + |Ta’p| S K2<T2 + 1) (8)

Theorem 3. Suppose that for the function a(t,x,u,p,r) inequalities (6)-(8)
are satisfied and a,(t,x,u,0,0) < ay for (t,x) € Q and all u. Then there exists
a solution u(t,x) of equation (5), satisfying the condition u|p = 0, and for some
v>0

Q

1+7<OO

Jul

and, for any 0,

[ 5% + |97 < 0. (9)

Theorem 4. If the conditions on the function a(t,x,u,p,r) in Theorem 3 are
satisfied for (t,x) € II{(t,z) : 0 <t < T, —oo <z < 400} and |a(t,z,0,0,0)| <
as, then there exists a unique solution u(t,x) of the Cauchy problem for equation
(5) with zero initial condition in the class of functions characterized by the
inequality

Julils, + fug [+ g, |5 < o0, (10)

It follows from conditions (6) and (7) that in Theorems 3 and 4 equation (5) is
almost quasilinear. However, by similar methods equation (5) is also studied in
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the case when the function a(t, x, u,p,r) has arbitrary growth with respect to r.
For example, the following holds.

Theorem 5. Let the function u(¢,z) be continuous in @ and satisfy equation
(5), with |u(t,z)| < M; suppose there exist constants a, > 0, K > 0, and H
such that, for (¢,z) € @, |u| < M, and arbitrary real p and r, the inequalities

a,(t,z,u,p,r) > ag >0,

+a(t, z,u,p, FKp®) < H
hold.* Then for (t,z) € Q° the estimate

lu, (t,z)| < C(M,ay, K, H,0)

is valid.**
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* These inequalities are, respectively, the parabolicity condition and the condi-
tion of subordination of the lower-order terms.

** This estimate is used in proofs of existence theorems for solutions of boundary-
value problems and the Cauchy problem for equation (5).
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