
Soviet-era science, translated into English

ON FUNDAMENTAL
SOLUTIONS OF
PARTIAL
DIFFERENTIAL
EQUATIONS WITH A
BESSEL DIFFERENTIAL
OPERATOR
MATHEMATICS

1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196601.62049

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196601.62049


Abstract
Full Text
UDC 517.947

MATHEMATICS

I. A. KIPRIYANOV, V. I. KONONENKO

ON FUNDAMENTAL SOLUTIONS OF PAR-
TIAL DIFFERENTIAL EQUATIONS WITH A
BESSEL DIFFERENTIAL OPERATOR
(Presented by Academician I. N. Vekua, December 17, 1965)

In the modern theory of differential equations with constant coefficients, ques-
tions of the existence of a fundamental solution occupy a central place. There is
an extensive literature devoted to the construction of fundamental solutions for
broad classes of differential operators. In the present note we intend to indicate
fundamental solutions for certain singular differential operators with constant
coefficients.

Let

ℒ = ℒ ( 𝜕
𝜕𝑥1

, … , 𝜕
𝜕𝑥𝑛

, 𝐵𝑦) = ∑
2𝑗+𝜈≤2𝑚

𝑛
∑

𝑖1,…,𝑖𝜈=1
𝑎(𝑖1,…,𝑖𝜈)

𝑗
𝜕𝜈

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝜈

𝐵𝑗
𝑦 (1)

be a linear differential operator with constant coefficients of order 2𝑚.

Here and in what follows 𝐵𝑗
𝑦 denotes the iteration of the Bessel operator

𝐵𝑦 = 𝜕2

𝜕𝑦2 + 𝑘
𝑦

𝜕
𝜕𝑦 (𝑘 > 0, 𝑦 ≥ 0). (2)

The operator ℒ is called 𝐵-elliptic (3) if, for every real vector 𝛼 =
(𝛼1, … , 𝛼𝑛, 𝛼𝑛+1) (𝛼𝑛+1 ≥ 0), the inequality

∣ℒ0 (𝑖𝛼1, … , 𝑖𝛼𝑛, (𝑖𝑛+1)2)∣ ≥ 𝛿|𝛼|2𝑚, (3)

holds, where 𝛿 is a positive number and ℒ0 is the principal part of the operator
ℒ.

The subsequent exposition is devoted to the search for fundamental solutions of
𝐵-elliptic equations.
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1. A complex-valued function 𝜑(𝑥, 𝑦) (𝑥 = (𝑥1, … , 𝑥𝑛)) is called a basic
function if it is infinitely differentiable, even in 𝑦, and satisfies inequalities
of the form

∣𝐷𝑞
𝑥,𝑦𝜑∣ ≤ 𝐶𝑞𝜈/(1 + 𝑟2)𝜈, (4)

where

𝑟2 =
𝑛

∑
𝑖=1

𝑥2
𝑖 + 𝑦2

for any integers 𝑞 ≥ 0, 𝜈 ≥ 0. The set of all basic functions will be called the
basic space 𝑆𝐵.

For basic functions the mixed Fourier–Bessel transform is defined:

𝐹[𝜑] = ∫
𝑅𝑛

∫
∞

0
𝜑(𝑥, 𝑦)𝑒𝑖𝑥𝜎𝑗𝜈(𝑦𝜏)𝑦𝑘 𝑑𝑥 𝑑𝑦, (5)

𝐹 −1[𝜓] = 𝐶𝜈 ∫
𝑅𝑛

∫
∞

0
𝜓(𝜎, 𝜏)𝑒−𝑖𝑥𝜎𝑗𝜈(𝑦𝜏)𝜏𝑘 𝑑𝜎 𝑑𝜏, (6)

where 𝜈 = (𝑘 − 1)/2 > −1/2, 𝐶𝜈 = 1/(2𝜋)𝑛22𝜈Γ2(𝜈 + 1). In recent times this
transform has found wide application in the theory of embeddings for weighted
classes (4). The mixed Fourier–Bessel transform maps the space 𝑆𝐵 one-to-one
onto itself.

By the convolution of the basic functions 𝑓 and 𝜑 we shall mean the expression

𝑓 ∗ 𝜑 = ∫
𝑅𝑛

∫
∞

0
𝑇 𝑠,𝑡

𝑥,𝑦𝑓(𝑥, 𝑦)𝜑(𝑠, 𝑡)𝑡𝑘 𝑑𝑡 𝑑𝑠, (7)

where the generalized translation operator 𝑇 𝑠,𝑡
𝑥,𝑦 is defined by the formula

𝑇 𝑠,𝑡
𝑥,𝑦𝑓(𝑥, 𝑦) = (8)

= Γ(𝜈 + 1)
Γ(1/2)Γ(𝜈 + 1/2) ∫

𝜋

0
𝑓(𝑥1 −𝑠1, … , 𝑥𝑛 −𝑠𝑛, √𝑦2 + 𝑡2 − 2𝑦𝑡 cos 𝛼) sin𝑘−1 𝛼 𝑑𝛼.

The operators 𝑇 𝑠,𝑡
𝑥,𝑦 and 𝑃(𝐷𝑥, 𝐵𝑦) commute. Here 𝑃(𝐷𝑥, 𝐵𝑦) is an arbitrary

polynomial with constant coefficients.
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A linear continuous functional on the space 𝑆𝐵 will be called a generalized
function. The space of all functionals will be denoted by 𝑆′

𝐵. The operation of
applying the Bessel operator with respect to the argument 𝑦 is defined by the
formula

(𝐵𝑦𝑓, 𝜑) = (𝑓, 𝐵𝑦𝜑). (9)

The translation operation for generalized functions is defined by the formula

(𝑇 𝑠,𝑡
𝑥,𝑦𝑓, 𝜑) = (𝑓, 𝑇 𝑠,𝑡

𝑥,𝑦𝜑). (10)

The convolution of a functional 𝑓 and a basic function 𝜑 is defined by the
formula

𝑓 ∗ 𝜑 = (𝑓(𝑠, 𝑡), 𝑇 𝑠,𝑡
𝑥,𝑦𝜑). (11)

As the definition of the mixed Fourier–Bessel transform of generalized functions,
the equality

( ̂𝑓, 𝜑) = 𝐶𝜈(𝐹 [𝑓], 𝐹 [𝜑]) (12)

is adopted. Note that 𝐹 −1[𝛿] = 𝐶𝜈, 𝐹[𝛿] = 1.

Consider the functional 𝑟𝜆, acting according to the formula

(𝑟𝜆, 𝜑) = ∫
𝑅𝑛

∫
∞

0
𝑟𝜆𝜑(𝑥, 𝑦)𝑦𝑘 𝑑𝑦 𝑑𝑥. (13)

For Re 𝜆 < −(𝑛 + 𝑘 + 1), the functional (13) is defined by the method of
analytic continuation with respect to the parameter 𝜆. Thus, the generalized
function 𝑟𝜆 is analytically continued to the whole 𝜆-plane, except for the points
𝜆 = −𝛾, −(𝛾 + 2), …, where 𝛾 = 𝑛 + 𝑘 + 1, at which it has simple poles.

The generalized function

2𝑟𝜆

𝑎0Γ((𝜆 + 𝛾)/2) (14)

is an entire analytic function of 𝜆. The value of this function at the singular
points of the numerator and denominator can be found as the ratio of the
corresponding residues. Thus, we have

2𝑟𝜆

𝑎0Γ((𝜆 + 𝛾)/2) ∣
𝜆=−𝛾−2𝑝

= (−1)𝑝 Δ𝑝
𝐵𝛿(𝑥, 𝑦)

2𝑝𝛾(𝛾 + 2) … (𝛾 + 2𝑝 − 2) , (15)
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where

𝑎0 = ∫
Ω

cos𝑘 𝜑1 𝑑Ω

(Ω is the hemisphere 𝑦 ⩾ 0 in 𝑅𝑛+1),

Δ𝐵 =
𝑛

∑
𝑖=1

𝜕2

𝜕𝑥2
𝑖

+ 𝐵𝑦. (16)

In particular, for 𝑝 = 0 we have

2𝑟𝜆

𝑎0Γ((𝜆 + 𝛾)/2) ∣
𝜆=−𝛾

= 𝛿(𝑥, 𝑦). (17)

Using Sonine’s second definite integral (1) and Weber’s improper integral (1),
we find that

𝐹[𝑟𝜆] = 𝐶𝜆𝜌−𝜆−𝛾, (18)

where

𝐶𝜆 = 2𝜆+𝛾−2𝜋𝑛/2−1Γ((𝑘 + 1)/2)Γ((𝜆 + 𝛾)/2)/Γ(−𝜆/2)

and 𝜌 is the distance in the corresponding Euclidean space.

Formula (18) makes it possible, with the aid of the mixed Fourier–Bessel trans-
form, to find a solution of the equation Δ𝑚

𝐵 𝑢 = 𝛿, and thereby to construct the
fundamental solution for this case. The required fundamental solution has the
form

𝑢(𝑥, 𝑦) = {𝐶1𝑟2𝑚−𝛾 ln 𝑟, if 2𝑚 ⩾ 𝛾 and 𝛾 is even,
𝐶2𝑟2𝑚−𝛾, in all other cases. (19)

To obtain the fundamental solution with a singularity at an arbitrary point
(𝑠, 𝑡), one must apply the shift operator 𝑇 𝑠,𝑡

𝑥,𝑦 to the function 𝑢(𝑥, 𝑦). In the case
𝑚 = 1 the fundamental solution was found by A. Weinstein (5).

2. We now turn to the consideration of the general case. The formula for the
expansion of 𝑟𝜆 into weighted plane waves has the form
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1
𝜋𝑛/2Γ(𝑘/2)Γ((𝜆 + 1)/2) ∫

Ω
|𝜔 ⋅ 𝑥|𝜆𝐵|𝜔𝑛+1|𝑘 𝑑Ω = 2𝑟𝜆

Γ((𝜆 + 𝛾)/2) , (20)

where it is put that

|𝜔 ⋅ 𝑥|𝜆𝐵 = ∫
𝜋

0
∣

𝑛
∑
𝑖=1

𝜔𝑖𝑥𝑖 + 𝜔𝑛+1𝑦 cos 𝛼∣
𝜆

sin𝑘−1 𝛼 𝑑𝛼.

Here 𝜔 = (𝜔1, … , 𝜔𝑛+1) is an arbitrary vector on the unit sphere Ω (|𝜔| = 1).
In particular, if 𝛾 = 𝑛 + 𝑘 + 1 and 𝜆 = −𝛾, with 𝛾 not an even number, then

𝛿(𝑥, 𝑦) = 𝐶1(𝑛, 𝑘) ∫
Ω

|𝜔 ⋅ 𝑥|𝜆𝐵|𝜔𝑛+1|𝑘 𝑑Ω (21)

with the corresponding value of 𝐶1(𝑛, 𝑘). If, however, 𝛾 = 𝑛 + 𝑘 + 1 is an even
number, then

|𝜔 ⋅ 𝑥|−𝛾
𝐵 = lim

𝜆→−𝛾
|𝜔 ⋅ 𝑥|𝜆𝐵

Γ((𝜆 + 1)/2) ,

and then we have

𝛿(𝑥, 𝑦) = 𝐶2(𝑛, 𝑘) ∫
Ω

|𝜔 ⋅ 𝑥|−𝛾
𝐵 |𝜔𝑛+1|𝑘 𝑑Ω. (22)

For solving the equation

ℒ(𝐷𝑥, 𝐵𝑦)𝑢 = 𝑎0𝛿(𝑥, 𝑦), (23)

where ℒ is a linear differential operator of order 2𝑚 with constant coefficients
of 𝐵-elliptic type (3), we apply the following scheme (see, for example, (2)). We
replace the right-hand side of equation (23) by the func-

2𝑟𝜆

Γ((𝜆 + 𝛾)/2) ,

and expand the latter into plane waves according to formula (20). Then the
problem reduces to the solution of the corresponding ordinary equation. As a
result we obtain the following formulas for the fundamental solution (ℒ = ℒ0).
If 2𝑚 ≥ 𝑛 + 𝑘 + 1 and 𝑛 + 𝑘 + 1 is not an even number, then the fundamental
solution has the form
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𝑢(𝑥, 𝑦) = 𝐶(𝑛, 𝑘)
⎧{
⎨{⎩

∫
Ω

⎡⎢
⎣

∫
𝜋

0
∣

𝑛
∑
𝑖=1

𝜔𝑖𝑥𝑖 + 𝜔𝑛+1𝑦 cos 𝛼∣
2𝑚−𝛾

sin𝑘−1 𝛼 𝑑𝛼⎤⎥
⎦

|𝜔𝑛+1|𝑘 𝑑Ω
ℒ(𝜔1, … , 𝜔𝑛, 𝜔2

𝑛+1)
⎫}
⎬}⎭

(24)

In the case of even 𝑛 + 𝑘 + 1 we have

𝑢(𝑥, 𝑦) = 𝐶(𝑛, 𝑘) ∫
Ω

⎡⎢
⎣

∫
𝜋

0
∣

𝑛
∑
𝑖=1

𝜔𝑖𝑥𝑖 + 𝜔𝑛+1𝑦 cos 𝛼∣
2𝑚−𝛾

×

× ln ∣
𝑛

∑
𝑖=1

𝜔𝑖𝑥𝑖 + 𝜔𝑛+1𝑦 cos 𝛼∣ sin𝑘−1 𝛼 𝑑𝛼] |𝜔𝑛+1|𝑘 𝑑Ω
ℒ(𝜔1, … , 𝜔𝑛, 𝜔2

𝑛+1) (25)

with the corresponding value of the constant 𝐶(𝑛, 𝑘), which we do not write
out explicitly. In both cases the fundamental solution is an ordinary function,
continuous at the origin.

If 2𝑚 < 𝑛 + 𝑘 + 1, then the fundamental solution has the form

𝑢(𝑥, 𝑦) = 𝐶(𝑛, 𝑘) ∫
Ω

|𝜔 ⋅ 𝑥|2𝑚−𝛾
𝐵

|𝜔𝑛+1|𝑘 𝑑Ω
ℒ(𝜔1, … , 𝜔𝑛, 𝜔2

𝑛+1) , (26)

and in this case too the fundamental solution is an ordinary function.

To obtain a fundamental solution with singularity at an arbitrary point (𝑠, 𝑡),
one must apply the shift operator to formulas (24)—(26).

In a neighborhood of the origin the fundamental solution admits the estimates

𝑢(𝑥, 𝑦) = {𝑂(𝑟2𝑚−𝛾 ln 𝑟), if 2𝑚 ≥ 𝛾 and 𝛾 is even,
𝑂(𝑟2𝑚−𝛾), in the remaining cases.

(27)

After application of the shift operator 𝑇 𝑠,𝑡
𝑥,𝑦, the character of the singularity is

smoothed out, and the solution inside the domain (𝑦 > 0) behaves in the same
way as the fundamental solution of an ordinary elliptic equation.
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