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In the modern theory of differential equations with constant coefficients, ques-
tions of the existence of a fundamental solution occupy a central place. There is
an extensive literature devoted to the construction of fundamental solutions for
broad classes of differential operators. In the present note we intend to indicate
fundamental solutions for certain singular differential operators with constant
coefficients.
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be a linear differential operator with constant coefficients of order 2m.
Here and in what follows Bi denotes the iteration of the Bessel operator
0% ko

=42 >0).
B, 8y2+y8y (k>0, y>0) (2)

The operator £ is called B-elliptic (3) if, for every real vector a =
(Qpy s, 00,41) (0, > 0), the inequality

n?

| Lo (i, ... icy,, (i,,1)%)] = 0laf*™, (3)
holds, where § is a positive number and £ is the principal part of the operator
L.

The subsequent exposition is devoted to the search for fundamental solutions of
B-elliptic equations.
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1. A complex-valued function ¢(z,y) (x = (zq,...,2,)) is called a basic
function if it is infinitely differentiable, even in y, and satisfies inequalities
of the form

D% ol < Cp /(L +12)", (4)

where

n
2 _ 2., .2
r —E i t+y
=1

for any integers ¢ > 0, v > 0. The set of all basic functions will be called the
basic space Sg.

For basic functions the mixed Fourier-Bessel transform is defined:

- / / oz, 9)e= ], (yr)y* da dy, (5)
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Fw=c, [
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0

where v = (k—1)/2 > —1/,, C, = 1/(2m)"2%T%(v + 1). In recent times this
transform has found wide application in the theory of embeddings for weighted
classes (). The mixed Fourier-Bessel transform maps the space Sp one-to-one
onto itself.

By the convolution of the basic functions f and ¢ we shall mean the expression

ree= | [ s ettt dras @
where the generalized translation operator T} is defined by the formula

Tryf(zy) = (8)

1/+1 / 5 - k-1
= T, —S,, + 12 —2ytcosa)sin” ~ ada.
NOANTESYAN ARG Vy yt cos )

The operators T3 and P(D,, B,) commute. Here P(D,, B,) is an arbitrary
polynomial with constant coefficients.
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A linear continuous functional on the space Sp will be called a generalized
function. The space of all functionals will be denoted by S%. The operation of
applying the Bessel operator with respect to the argument y is defined by the
formula

(Byf o) = (f, Byp). (9)

The translation operation for generalized functions is defined by the formula

(Teif,e) = (f, Toie)- (10)

The convolution of a functional f and a basic function ¢ is defined by the
formula

fx* Y= (f(sat%T;:Z(p)' (11)

As the definition of the mixed Fourier-Bessel transform of generalized functions,
the equality

(f.) = C(FLS], Fle)) (12)

is adopted. Note that F~1[] = C,, F[§] = 1.

Consider the functional r*, acting according to the formula

™, @) = OOTA z,y)y* dy dz.
() /Rn/o oz, y)y" dy (13)

For ReA < —(n + k + 1), the functional (13) is defined by the method of
analytic continuation with respect to the parameter A. Thus, the generalized
function r* is analytically continued to the whole A-plane, except for the points
A=—v,—(v+2),..., where v = n + k + 1, at which it has simple poles.

The generalized function

27
agl'(A+7)/2)
is an entire analytic function of A. The value of this function at the singular

points of the numerator and denominator can be found as the ratio of the
corresponding residues. Thus, we have

(14)

2 ALS(z,y)

agI'((A+7)/2) Ae—y—2p = (=17 209(y+2) . (v +2p —2)’

(15)
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where

ay = /cos’C Py dS2
Q

(Q is the hemisphere y > 0 in R,, ),

n 82
A= 2 92 + B,. (16)
In particular, for p = 0 we have
27
=0(z,y). (17)

Wl (O + /2|,

Using Sonine’ s second definite integral (1) and Weber’ s improper integral (1),
we find that

where

Oy = 22722710 ((k + 1) /2)T((A +7)/2)/T(=A/2)

and p is the distance in the corresponding Euclidean space.

Formula (18) makes it possible, with the aid of the mixed Fourier-Bessel trans-
form, to find a solution of the equation AZu = 6, and thereby to construct the
fundamental solution for this case. The required fundamental solution has the
form

Cir?*™ Inr, if 2m > and 7 is even,
ulw,y) = {7 (19)
Cor=m=7, in all other cases.

To obtain the fundamental solution with a singularity at an arbitrary point
(s,1), one must apply the shift operator T3’} to the function u(x,y). In the case
m = 1 the fundamental solution was found by A. Weinstein (°).

2. We now turn to the consideration of the general case. The formula for the
expansion of * into weighted plane waves has the form
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(20)

where it is put that

s
fo-aly = [
0

Here w = (wy,...,w, ;1) is an arbitrary vector on the unit sphere Q (jw| = 1).
In particular, if y =n + k+ 1 and A = —v, with v not an even number, then

A

s k-1
sin™ " ada.

n
E W;T; + Wy, 1Y cosa
i=1

5(z,y) = Cy(n, k) / - 2l [ A2 (21)
Q

with the corresponding value of C;(n, k). If, however, vy =n + k + 1 is an even
number, then

A
R T2V I
- 2l ML T+ 1)/2)

and then we have

5(z,y) = Cy(n, k) / - 25w [* . (22)
Q
For solving the equation

L’(DI,By)u = aoé(x7y>7 (23)

where £ is a linear differential operator of order 2m with constant coefficients
of B-elliptic type (3), we apply the following scheme (see, for example, (2)). We
replace the right-hand side of equation (23) by the func-

27
L((A+7)/2)°
and expand the latter into plane waves according to formula (20). Then the
problem reduces to the solution of the corresponding ordinary equation. As a
result we obtain the following formulas for the fundamental solution (£ = £).

If2m >n+k+1and n+ k + 1 is not an even number, then the fundamental
solution has the form
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T n 2m—y ‘ ‘de
. ke Wyt g
u(z,y) = C(n, k) / / W, T; + W, 1Y COS & sin" ! a da nt
o 1o ; ¢ +1 L'(wl,...,wn,wiﬂ)
(24)
In the case of even n + k + 1 we have
T n 2m—y
u(z,y) = C(n, k)/ / Z“il‘i + wyycosa X
Q|70 |i=1
x In zn:w-m- +w, ycosalsin" T ado e[ 2 (25)
e ntl L(Wys ey Wy, w2 1)

with the corresponding value of the constant C(n, k), which we do not write
out explicitly. In both cases the fundamental solution is an ordinary function,
continuous at the origin.

If 2m < n + k + 1, then the fundamental solution has the form

|wn+1|de

(wlv 7wn7w%+1>

) = Clm k) [ ool 7 (26)

and in this case too the fundamental solution is an ordinary function.

To obtain a fundamental solution with singularity at an arbitrary point (s,t),
one must apply the shift operator to formulas (24)—(26).

In a neighborhood of the origin the fundamental solution admits the estimates

w(z,y) = {O(szw Inr), if 2m >+ and 7 is even, (27)

O(r®m=), in the remaining cases.

After application of the shift operator T,f;;, the character of the singularity is
smoothed out, and the solution inside the domain (y > 0) behaves in the same

way as the fundamental solution of an ordinary elliptic equation.
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